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Subspace Codes

Definition

Denote by P(n) the set of all linear subspaces inside the vector
space Fn

q.

Definition

On P(n) define a metric through:

dS(V ,W ) := dim(V + W )− dim(V ∩W ).

Remark

Check that the map: dS : P(n)× P(n)→ N+ defines a metric on
P(n).
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Subspace Codes for Linear Network Codes

Definition

A subset C of P(n) will be called a subspace code.

Definition

In the usual way one defines the distance of the subspace code
C ⊂ P(n) through:

dist(C) := min {dS(V ,W ) | V ,W ∈ C, V 6= W }

and the size of C as M := |C|.

Remark

As always one has as a goal to construct for any natural numbers
n,M and any finite field Fq codes having maximal distance d and
efficient decoding algorithms.
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Induced Metric on the the Grassmannian G(k ,Fn
q)

Definition

In the sequel we will assume that a subspace code is a subset of
the Grassmannian G(k ,Fn

q). We call such codes also
constant-dimension codes.

Definition

The metric on P(n) induces a metric on the Grassmannian
G(k ,Fn

q):

dS(V ,W ) := dim(V + W )− dim(V ∩W )

Remark

The main constant-dimension subspace coding problem is: For
every size M construct codes C ⊂ G(k ,Fn

q) having maximal
possible distance.
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Fundamental Research Questions

For every finite field and positive integers d , k , n find the
maximum number of subspaces in the Grassmannian G(k,Fn

q)
such that this code has distance d .

Find constructions of codes together with efficient decoding
algorithms.
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Evaluation Codes in the Theory of Block Codes

Let X be a curve (or a variety) defined over the finite field Fq. Let
G be a divisor and let (P1, . . . ,Pn) be n distinct points on X and
define the divisor P := P1 + · · ·+ Pn. We assume that the
supports of G and P are disjoint.

Definition

Consider the Riemann-Roch space L(G ). The evaluation code, or
function code, is defined as the image under the map

ϕ : L(G ) −→ Fn
q

f 7−→ (f (P1), . . . , f (Pn))

Remark

The importance of evaluation codes was recognized by Valery
Goppa in 1972 and algebraic geometric Goppa codes belong to the
most important classes of codes.
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Aim for a construction

Like in Goppa’s construction of algebraic geometric codes

ϕ : L(G ) −→ Fn
q

f 7−→ (f (P1), . . . , f (Pn))

wee seek:

A variety X .
A morphism

ϕ : X −→ G(k ,Fn
q),

such that the image is a subspace code having excellent
distance.
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Hermann Martin map

It was an important contribution of [MH78] that every linear
system defines in a natural way a curve of genus zero in a
Grassmann variety. One often calls the resulting curve the
Hermann-Martin curve induced by the linear system.

Definition

Let G (s) be a k ×m transfer function and consider the map

h : K −→ G(k,Kk+m), s 7→ rowspaceK[Ik G (s)]. (1)

Then h is called the Hermann-Martin map associated to the
transfer function G (s).
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Evaluation of Hermann Martin Curves

In the sequel assume that the base field is the finite field F. If
G (s) is a transfer function having the left coprime factorization
G (s) = D−1(s)N(s) then we know from systems theory that
rowspaceK[D(α) N(α)] has full row rank for all elements α in any
extension field of F.

Based on this observation one can define a subspace code through:

{rowspaceK[D(α) N(α)] | α ∈ K} , (2)

where K = Fqm is a finite extension field of F.
Of course note that the resulting subspace code is a subspace code
in the Grassmannian G(k ,Kn) defined over the extension field. It
is also not clear how good the codes can be if one does such an
evaluation.
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Spread inside G(k ,Fn
q)

Definition

S ⊂ G(k,Fn
q) is a spread of Fn

q if:

V ∩W = {0} for all V ,W ∈ S, and

for any v ∈ Fn
q, v 6= 0, exists unique V ∈ S such that v ∈ V .

Question

Spreads exist for every choice of k and n?

Theorem

There exists a spread S ⊂ G(k ,Fn
q) if and only if k | n.
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Spread Codes

Setting:

n, k , r ∈ N+ such that n = kr ;

p ∈ Fq[x ] irreducible of degree k and P ∈ Matk×k(Fq) its
companion matrix;

Fq[P] ⊂ GLk(Fq), Fq[P] ∼= Fqk .

Theorem

The collection of subspaces

S :=
r⋃

i=1

{rowsp [0k · · · 0k Ik Ai+1 · · · Ar ] | Ai+1, . . . ,Ar ∈ Fq[P]}

is a subset of G(k ,Fn
q) and a spread of Fn

q.
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Definition and Properties

Definition

The set S constructed as in the previous slide will be called a
Spread Codes of G(k ,Fn

q).

Properties:

MDS-like for the distance d = 2k .

every nonzero vector of Fn
q belong to one and only one

code-word.
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Constructing spreads from permutation rational maps

As before let p ∈ Fq[x ] be irreducible of degree k and
P ∈ Matk×k(Fq) its companion matrix. Let

ψ : Fqk −→ Fq[P]

be the induced isomorphism.

Definition

A permutation rational map over the field Fqk is a bijectiove map

ρ : P1
F
qk
−→ : P1

F
qk

(s, t) 7−→ (ρ1(s, t)), ρ2(s, t))
,

where ρ1, ρ2 are both homogeneous polynomials of the same
degree.
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Constructing spreads from permutation rational maps

Remark

permutation rational maps naturally generalize permutation
polynomials and Ferraguti and Micheli recently provided some
classification.

Theorem

Let ρ be a permutation rational map. Then the morphism

ρ : P1
F
qk
−→ G(k,F2k

q ),

(s, t) 7−→ rowsp(ψ(ρ1(s, t)), ψ(ρ2(s, t)))
,

defines a spread code.

Evaluation Subspace Codes and Convolutional Codes



Subspace Codes
Relations to Linear Systems Theory

Spread Codes
Construction of Subspace Codes using Evaluation

Constructing spreads from permutation rational maps

Remark

permutation rational maps naturally generalize permutation
polynomials and Ferraguti and Micheli recently provided some
classification.

Theorem

Let ρ be a permutation rational map. Then the morphism

ρ : P1
F
qk
−→ G(k,F2k

q ),

(s, t) 7−→ rowsp(ψ(ρ1(s, t)), ψ(ρ2(s, t)))
,

defines a spread code.

Evaluation Subspace Codes and Convolutional Codes



Subspace Codes
Relations to Linear Systems Theory

Spread Codes
Construction of Subspace Codes using Evaluation

Constructing spreads from permutation morphisms

Definition

A permutation morphism over the field Fqk is a bijectiove map

ρ : Pm
F
qk

−→ : Pm
F
qk

(s1, . . . , sm+1) 7−→ (ρ1(s1, . . . , sm+1), . . . , ρm+1(s1, . . . , sm+1))

where ρ1, . . . , ρm+1 are homogeneous polynomials of the same
degree.

Theorem

Let ρ be a permutation morphism. Then the morphism

ρ : Pm
F
qk

−→ G(k ,F(m+1)k
q ),

(s1, . . . , sm+1) 7−→

rowsp(ψ(ρ1(s1, . . . , sm+1)), . . . , ψ(ρm+1(s1, . . . , sm+1)))

defines a spread code.
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Conclusion

1 Subspace codes are a class of codes heavily studied in the area
of network coding.

2 Kötter and Kschischang [KK08] showed a relation to rank
metric codes which provides a way to construct good subspace
codes through a ’lifting technique’. Beyond this there are few
algebraic construction techniques for subspace codes.

3 It would be desirable to have classes of good network codes
which appear as images inside the Grassmannian variety.

4 Using permutation rational maps and and permutation
morphisms we showed how to construct spread codes.
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Thank you for your attention.
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