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q a prime power

m1,m2, · · · ,m` positive integers coprime to q

n = m1 + m2 + · · ·+ m`

Fq the finite field of order q

Fn
q the vector space of all n-tuples over Fq

We shall represent each element a ∈ Fn
q as

a = (a1,0, a1,1, · · · , a1,m1−1; a2,0, a2,1, · · · , a2,m2−1; · · · · · · ; a`,0, a`,1, · · · , a`,m`−1),

where ai,j ∈ Fq for 1 ≤ i ≤ ` and 0 ≤ j ≤ mi − 1.

Definition

A linear code of length n over Fq is defined as an Fq-subspace of Fn
q .
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λ1, λ2, · · · , λ` non-zero elements of Fq

Λ = (λ1, λ2, · · · , λ`)

MT shift operator

A map TΛ : Fn
q → Fn

q , defined by

TΛ(a) = TΛ(a1,0, a1,1, · · · , a1,m1−1; · · · · · · ; a`,0, a`,1, · · · , a`,m`−1)

= (λ1a1,m1−1, a1,0, · · · , a1,m1−2; · · · · · · ;λ`a`,m`−1, a`,0, · · · , a`,m`−2)

for all a ∈ Fn
q , is called a Λ-MT shift operator on Fn

q .

Multi-twisted (MT) code [Aydin and Halilović (2017)]

A Λ-MT code C of length n and block lengths (m1,m2, · · · ,m`) over Fq is a linear

code, which is invariant under the Λ-MT shift operator TΛ, that is,

TΛ(C ) = C .
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t an integer ≥ 2

Fn
qt (tn)-dimensional vector space over Fq

Additive code

An additive code of length n over Fqt is defined as an Fq-linear subspace of Fn
qt .

Multi-twisted additive code [S. & A. Sharma (2021)]

A Λ-MT additive code C of length n and block lengths (m1,m2, · · · ,m`) over Fqt is

an additive code, which is invariant under the Λ-MT shift operator, that is,

TΛ(C ) = C .

` = 1 =⇒ λ1-constacyclic additive codes of length m1 over Fqt

[Cao et al. (2015), Kaur and Sharma (2017)]

` = 1 & λ = 1 =⇒ cyclic additive codes of length m1 over Fqt

[Huffman (2010)]
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Vi = Fqt [x]/〈xmi − λi〉 for 1 ≤ i ≤ `

V =
∏̀
i=1
Vi , a Λ-MT module

Define ψ : Fn
qt −→ V as

ψ(c) = (c1(x), c2(x), · · · , c`(x)) for each c ∈ Fn
qt ,

where

ci(x) = ci,0 + ci,1x + ci,2x2 + · · ·+ ci,mi−1xmi−1 ∈ Vi for all 1 ≤ i ≤ `.

ψ is an Fq-linear vector space isomorphism.

A subset C of Fn
qt is a Λ-MT additive code if and only if ψ(C ) is an Fq [x]-

submodule of V.

In order to study Λ-MT additive codes of length n and block lengths

(m1,m2, · · · ,m`) over Fqt , it is enough to study Fq [x]-submodules of V.
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Let g1(x), g2(x), · · · , gr (x) be all the distinct irreducible factors of the polynomials

xm1 − λ1, xm2 − λ2, · · · , xm` − λ` in Fq [x].

For 1 ≤ u ≤ r, let us define

du = deg gu(x)

au = gcd(t , du)

gu(x) = gu,0(x)gu,1(x) · · · gu,au−1(x), the irreducible factorization of the

polynomial gu(x) in Fqt [x]

The polynomials gu,h(x) for 1 ≤ u ≤ r and 0 ≤ h ≤ au − 1 are all the distinct

irreducible factors of the polynomials xmi − λi over Fqt for 1 ≤ i ≤ `.
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For 1 ≤ u ≤ r, 1 ≤ i ≤ ` and 0 ≤ h ≤ au − 1, let us define

εu,i =

{
1 if gu(x) divides xmi − λi in Fq [x];

0 otherwise,

εu =
∑̀
i=1
εu,i

Fu =
Fq [x]

〈gu(x)〉

Fu,h =
Fqt [x]

〈gu,h(x)〉

By the Chinese Remainder Theorem, we have

V '
r⊕

u=1

au−1⊕
h=0

(
εu,1Fu,h, εu,2Fu,h, · · · , εu,`Fu,h

)
︸ ︷︷ ︸

Gu

=

r⊕
u=1

Gu.

Note that Gu is an εut-dimensional vector space over Fu under the component-wise

addition and the component-wise scalar multiplication.
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Theorem [S. & A. Sharma (2021)]

Each Λ-MT additive code C of length n and block lengths (m1,m2, · · · ,m`)

over Fqt can be uniquely expressed as

C =

r⊕
u=1

Cu,

where Cu is an Fu-subspace of Gu for each u.

Conversely, if Cu is an Fu-subspace of Gu for 1 ≤ u ≤ r, then the direct sum

C =

r⊕
u=1

Cu

is a Λ-MT additive code of length n and block lengths (m1,m2, · · · ,m`) over

Fqt .

The subspaces C1, C2, · · · ,Cr are called the constituents of C .
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Enumeration formula for Λ-MT additive codes of length n over Fqt

For positive integers k,n with 1 ≤ k ≤ n and a prime power q, the number of

distinct k-dimensional subspaces of an n-dimensional vector space over Fq is given by

the Gaussian binomial coefficient[n

k

]
q

=
(qn − 1)(qn − q) · · · (qn − qk−1)

(qk − 1)(qk − q) · · · (qk − qk−1)
.

Recall that
[n

0

]
q

= 1.

Theorem [S. & A. Sharma (2021)]

The total number of distinct Λ-MT additive codes of length n and block lengths

(m1,m2, · · · ,m`) over Fqt is given by

NΛ =

r∏
u=1

(
εu t∑
b=0

[εut

b

]
qdu

)
.
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Are MT additive codes over finite fields asymptotically good?

Cyclic additive codes of length q is a primitive root modulo a prime
Kabatyansky (1977) pa over finite field Fqt are p satisfying qp−1 6≡ 1 (mod p2) and

asymptotically good by assuming Artin’s conjecture on
primitive roots

Cyclic additive codes of prime
Chepyzhov (1992) lengths over finite fields are By applying Chebyshev’s Theorem

asymptotically good for prime numbers
λ-constacyclic additive codes

Shi et al. (2018) of prime power length m over The polynomial xm − λ is
Fqt are asymptotically good irreducible over Fq

Cyclic additive codes of prime By assuming Artin’s conjecture on
Shi et al. (2018) power lengths over finite fields primitive roots

are asymptotically good

Artin’s conjecture on primitive roots (1927)

An integer a, which is neither a perfect square nor equal to −1, is a primitive root

modulo infinitely many primes.

10 / 36



Some preliminaries
Are MT additive codes over finite fields asymptotically good?

Dual codes of MT additive codes
Enumeration formulae

Open questions

1-generator Λ-MT additive codes
MT additive codes are asymptotically good

Are MT additive codes over finite fields asymptotically good?

Cyclic additive codes of length q is a primitive root modulo a prime
Kabatyansky (1977) pa over finite field Fqt are p satisfying qp−1 6≡ 1 (mod p2) and

asymptotically good by assuming Artin’s conjecture on
primitive roots

Cyclic additive codes of prime
Chepyzhov (1992) lengths over finite fields are By applying Chebyshev’s Theorem

asymptotically good for prime numbers
λ-constacyclic additive codes

Shi et al. (2018) of prime power length m over The polynomial xm − λ is
Fqt are asymptotically good irreducible over Fq

Cyclic additive codes of prime By assuming Artin’s conjecture on
Shi et al. (2018) power lengths over finite fields primitive roots

are asymptotically good

Artin’s conjecture on primitive roots (1927)

An integer a, which is neither a perfect square nor equal to −1, is a primitive root

modulo infinitely many primes.

10 / 36



Some preliminaries
Are MT additive codes over finite fields asymptotically good?

Dual codes of MT additive codes
Enumeration formulae

Open questions

1-generator Λ-MT additive codes
MT additive codes are asymptotically good

Let F = {Ci}i≥1 be a sequence of additive codes Ci of length ni , dimension ki and

Hamming distance di over Fqt such that lim
i→∞
{ni} =∞.

The rate RF of the sequence F is defined as RF := lim sup
i→∞

{
ki

ni

}
.

The relative Hamming distance ∆F of the sequence F is defined as

∆F := lim inf
i→∞

{
di

ni

}
.

Definition

A sequence F = {Ci}i≥1 of additive codes over Fqt is said to be asymptotically good

if it satisfies ∆F RF > 0.
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Dual codes of MT additive codes
Enumeration formulae

Open questions

1-generator Λ-MT additive codes
MT additive codes are asymptotically good

p odd prime number satisfying gcd(p, q) = gcd(p, q − 1) = 1

mi = pγ , γ ≥ 1 for 1 ≤ i ≤ `

λi = λ for 1 ≤ i ≤ `

e multiplicative order of λ

η fixed primitive (epγ)-th root of unity

S =
Fq [x]

〈xpγ−λ〉

R =
Fqt [x]

〈xpγ−λ〉

In view of this, any Λ-MT additive code of length n = pγ` and block lengths

(pγ , pγ , · · · , pγ) over Fqt can be viewed as an S-submodule of R`.
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Some preliminaries
Are MT additive codes over finite fields asymptotically good?

Dual codes of MT additive codes
Enumeration formulae

Open questions

1-generator Λ-MT additive codes
MT additive codes are asymptotically good

OT (q) the multiplicative order of q modulo T

Θ = Oepγ (q)

Let Op(q) = f . Let us write qf = 1 + pd c, where d ≥ 1 and c are integers with

gcd(p, c) = 1. Further, we see that

Θ = Oepγ (q) = Opγ (q) =

{
fpγ−d if γ ≥ d + 1;

f if γ ≤ d.

From now on, we assume that the integer γ satisfies γ ≥ d + 1, so that we have

Θ = fpγ−d .
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Some preliminaries
Are MT additive codes over finite fields asymptotically good?

Dual codes of MT additive codes
Enumeration formulae

Open questions

1-generator Λ-MT additive codes
MT additive codes are asymptotically good

Let h1(x) be the minimal polynomial of the element η over Fq . Note that h1(x)

divides xpγ − λ in Fq [x] and deg h1(x) = Θ. Now let us define

Jpγ =
〈

xpγ−λ
h1(x)

〉
S

Kpγ =
〈

xpγ−λ
h1(x)

〉
R

By the Chinese Remainder Theorem, we get

S ∼= 〈h1(x)〉S ⊕ Jpγ and R ∼= 〈h1(x)〉R ⊕Kpγ .

To study the asymptotic properties of MT additive codes of length pγ` over Fqt , we

will view the set K`pγ as a sample space, where each sample of K`pγ is chosen with

equal probability.

Theorem [S. & A. Sharma (2022)]

Multi-twisted additive codes over finite fields are asymptotically good.
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Some preliminaries
Are MT additive codes over finite fields asymptotically good?

Dual codes of MT additive codes
Enumeration formulae

Open questions

1-generator Λ-MT additive codes
MT additive codes are asymptotically good

Outline of the proof I

Let {γi}i≥1 be a strictly increasing infinite sequence of positive integers satisfying

γi ≥ d + 1 for all i ≥ 1 and lim
i→∞
{γi} =∞.

For each positive integer i, let us take

Θi = Opγi (q) = fpγi−d

For each positive integer i and ai(x) = (ai1
(x), ai2

(x), · · · , ai`(x)) ∈ K`
pγi
, let

Cai = {(f (x)ai1
(x), f (x)ai2

(x), · · · , f (x)ai`(x)) : f (x) ∈ Jpγi } ⊆ K`pγi

be the random MT additive code of length pγi ` and block lengths (pγi , pγi , · · · , pγi )

over Fqt defined over the probability space K`
pγi
.
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1-generator Λ-MT additive codes
MT additive codes are asymptotically good

Outline of the proof II

Theorem [S. & A. Sharma (2022)]

If δ is a positive real number satisfying hqt (δ) < 1− 1
`t , then we have

lim
i→∞

{
Pr
(

∆(Cai ) > δ
)}

= 1,

where hqt (·) is the qt -ary entropy function.

Theorem [S. & A. Sharma (2022)]

Let {γi}i≥1 be a strictly increasing infinite sequence of positive integers satisfying

γi ≥ d + 1. Then we have

lim
i→∞

{
R(Cai )

}
=

f

pd`t
.
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Enumeration formulae

Open questions

1-generator Λ-MT additive codes
MT additive codes are asymptotically good

Outline of the proof III

Theorem [S. & A. Sharma (2022)]

Let δ be a positive real number satisfying hqt (δ) < 1− 1
`t . There exists an infinite

sequence F = {Ci}i≥1 of MT additive codes Ci of length pγi `, block length pγi and

dimension
fpγi−d

t over Fqt with lim
i→∞
{pγi} =∞, such that

(i) RF = lim
i→∞
{R(Ci)} =

f

pd`t
> 0, and

(ii) ∆F = lim
i→∞
{∆(Ci)} > δ.

As a consequence of the above theorem, we deduce that

The class of λ-constacyclic additive codes of length pγ over Fqt is

asymptotically good when the polynomial xpγ − λ is reducible over Fq .

The class of cyclic additive codes of odd prime power lengths over finite fields is

asymptotically good without applying Chebyshev’s Theorem and without

assuming the unresolved Artin’s conjecture on primitive roots.
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Are MT additive codes over finite fields asymptotically good?

Dual codes of MT additive codes
Enumeration formulae

Open questions

Trace bilinear forms
δ-dual code of Λ-MT additive code

Trqt ,q trace map from Fqt onto Fq

Ordinary trace bilinear form [Huffman (2010)]

The ordinary trace bilinear form on Fn
qt is a map 〈·, ·〉0 : Fn

qt × Fn
qt → Fq , defined as

〈a, b〉0 =
∑̀
i=1

mi−1∑
j=0

Trqt ,q(ai,j bi,j ) ∀ a, b ∈ Fn
qt .

The ordinary trace bilinear form 〈·, ·〉0 is a non-degenerate and symmetric

bilinear form on Fn
qt .
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Dual codes of MT additive codes
Enumeration formulae

Open questions

Trace bilinear forms
δ-dual code of Λ-MT additive code

The Hermitian trace bilinear form on Fn
qt is defined only when t is an even integer.

t = 2AU A = 2a−1, where a ≥ 1 and the integer U is odd

γ a non-zero element of Fq2A satisfying γ + γqA
= 0

Hermitian trace bilinear form [Huffman (2010)]

The Hermitian trace bilinear form on Fn
qt is a map 〈·, ·〉γ : Fn

qt × Fn
qt → Fq , defined as

〈a, b〉γ =
∑̀
i=1

mi−1∑
j=0

Trqt ,q(γai,j bqt/2

i,j ) ∀ a, b ∈ Fn
qt .

The Hermitian trace bilinear form 〈·, ·〉γ is a non-degenerate, reflexive and

alternating bilinear form on Fn
qt .
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Enumeration formulae

Open questions

Trace bilinear forms
δ-dual code of Λ-MT additive code

Let t ≥ 2 be an integer satisfying t 6≡ 1 (mod p). Define φ : Fqt → Fqt as

φ(α) = αq + αq2
+ · · ·+ αqt−1

for each α ∈ Fqt .

Note that

φ(α) = Trqt ,q(α)− α for all α ∈ Fqt .

φ is an Fq-linear vector space isomorphism.

∗ Trace bilinear form [Sharma & Kaur (2017)]

The ∗ trace bilinear form on Fn
qt is a map 〈·, ·〉∗ : Fn

qt × Fn
qt → Fq , defined as

〈a, b〉∗ =
∑̀
i=1

mi−1∑
j=0

Trqt ,q(ai,jφ(bi,j )) ∀ a, b ∈ Fn
qt .

The ∗ trace bilinear form 〈·, ·〉∗ is a non-degenerate and symmetric bilinear form

on Fn
qt , and is alternating in the case when q is even.
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Open questions

Trace bilinear forms
δ-dual code of Λ-MT additive code

Λ′ = (λ−1
1 , λ−1

2 , · · · , λ−1
` )

The δ-dual code

If C is a Λ-MT additive code of length n and block lengths (m1,m2, · · · ,m`) over

Fqt , then its δ-dual code C⊥δ is defined as

C⊥δ =
{

a ∈ Fn
qt : 〈a, c〉δ = 0 for all c ∈ C

}
.

The δ-dual code C⊥δ of a Λ-MT additive code C is a Λ′-MT additive code of length

n and block lengths (m1,m2, · · · ,m`) over Fqt .
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Trace bilinear forms
δ-dual code of Λ-MT additive code

Definition

A Λ-MT additive code C of length n over Fqt is said to be

1 δ-self-orthogonal if it satisfies C ⊆ C⊥δ .

2 δ-self-dual if it satisfies C = C⊥δ .

3 δ-complementary dual if it satisfies C ∩ C⊥δ = {0}.

Reciprocal polynomial

If f (x) = a0 + a1x + · · ·+ ak xk is a non-zero polynomial of degree k in Fq [x] such

that f (0) 6= 0, then its reciprocal polynomial is defined as

f †(x) =
xk

f (0)
f (x−1) = a−1

0 (ak + ak−1x + · · ·+ a0xk ).

A non-zero polynomial f (x) in Fq [x] is called a self-reciprocal polynomial if it

satisfies 〈f †(x)〉 = 〈f (x)〉.
Two non-zero coprime polynomials f (x), g(x) ∈ Fq [x] form a reciprocal pair if

they satisfy 〈f †(x)〉 = 〈g(x)〉.
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δ self-dual Λ-MT additive codes
δ self-orthogonal Λ-MT additive codes
δ-complementary dual Λ-MT additive codes

Suppose (by relabelling gu,h(x)’s if required) that

g1,0(x), , · · · , g1,a1−1(x), · · · , ge1,0(x), · · · , ge1,ae1−1(x) are all the distinct

self-reciprocal polynomials,

ge1+1,0(x), g †e1+1,0(x), · · · , ge1+1,ae1+1−1(x), g †e1+1,ae1+1−1(x), · · · , ge2,0(x),

g †e2,0
(x), · · · , ge2,ae2−1(x), g †e2,ae2−1(x) are all the polynomials forming reciprocal

pairs, and

ge2+1,0(x), · · · , ge2+1,ae2+1−1(x), · · · , ge3,0(x), · · · , ge3,ae3−1(x) are the remaining

polynomials that appear in the irreducible factorizations of the polynomials

xm1 − λ1, xm2 − λ2, · · · , xm` − λ` over Fqt .

23 / 36



Some preliminaries
Are MT additive codes over finite fields asymptotically good?

Dual codes of MT additive codes
Enumeration formulae

Open questions

δ self-dual Λ-MT additive codes
δ self-orthogonal Λ-MT additive codes
δ-complementary dual Λ-MT additive codes

Recall that for 1 ≤ u ≤ r and 1 ≤ i ≤ `, we have

εu,i =

{
1 if gu(x) | xmi − λi in Fq [x];

0 otherwise.

For e1 + 1 ≤ w ≤ e2 and 1 ≤ i ≤ `, let

ε
†
w,i =

{
1 if g †w (x) | xmi − λi in Fq [x];

0 otherwise.

J1 := {v : 1 ≤ v ≤ e1, dv = 1} ηw :=
∑

i∈Iw

εw,i

J2 := {1, 2, · · · , e1} \ J1 τw :=
∑

i∈I′w
ε
†
w,i

Iw := {i : 1 ≤ i ≤ `, εw,i = ε
†
w,i} %w :=

∑
i∈I′w

εw,i

I ′w := {1, 2, · · · , `} \ Iw
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δ self-dual Λ-MT additive codes
δ self-orthogonal Λ-MT additive codes
δ-complementary dual Λ-MT additive codes

Necessary and sufficient conditions for the existence of a δ-self-dual Λ-MT

additive code

Theorem [S. & A. Sharma (2021)]

There exists a δ-self-dual Λ-MT additive code of length n and block lengths

(m1,m2, · · · ,m`) over Fqt if and only if the irreducible factors of the polynomials

xm1 − λ1, xm2 − λ2, · · · , xm` − λ` in Fqt [x] are either self-reciprocal or they form

reciprocal pairs and εv t is an even integer for 1 ≤ v ≤ e1.
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δ self-orthogonal Λ-MT additive codes
δ-complementary dual Λ-MT additive codes

Enumeration formula for δ-self-dual Λ-MT additive codes

Theorem [S. & A. Sharma (2021)]

If all the irreducible factors of the polynomials xm1 − λ1, xm2 − λ2, · · · xm` − λ` in

Fqt [x] are either self-reciprocal or form reciprocal pairs (i.e., e3 ≤ e2) and εv t is even

for 1 ≤ v ≤ e1, then for δ ∈ {0, ∗, γ}, the number N of distinct δ-self-dual Λ-MT

additive codes of length n and block lengths (m1,m2, · · · ,m`) over Fqt is given by

N =
∏

v∈J1

Nv

∏
v∈J2

(εv t/2)−1∏
b=0

(q
dv (εv t−2b−1)

2 + 1)

 e2∏
w=e1+1

(
ηw t∑
d=0

[ηw t

d

]
qdw

)
,

where for each v ∈ J1, the number Nv equals

(εv t/2)−1∏
a=0

(
q
εv t−2a−2

2 + 1
)

when δ ∈ {0, ∗}, q ≡ 3 (mod 4) and

εv t ≡ 2 (mod 4).

(εv t/2)−2∏
a=0

(
q
εv t−2a−2

2 + 1
)

when δ = 0 and q is even.

(εv t/2)−1∏
a=0

(
q
εv t−2a

2 + 1
)

when either δ = γ or δ = ∗ and q is even.
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δ self-dual Λ-MT additive codes
δ self-orthogonal Λ-MT additive codes
δ-complementary dual Λ-MT additive codes

Enumeration formula for δ-self-orthogonal Λ-MT additive codes I

Theorem [S. & A. Sharma (2021)]

For δ ∈ {0, ∗, γ}, the number M of distinct δ-self-orthogonal Λ-MT additive codes of

length n and block lengths (m1,m2, · · · ,m`) over Fqt is given by

M =

e1∏
v=1

Mv

e2∏
w=e1+1

 ηw t∑
k1=0

[ηw t

k1

]
qdw

ηw t−k1∑
k2=0

[ηw t − k1

k2

]
qdw

 ,
where for 1 ≤ v ≤ e1, the number Mv equals

(εv t−2)/2∑
k=0

[(εv t − 2)/2

k

]
q

k−1∏
d=0

(
q
εv t−2d

2 + 1
)

when v ∈ J1 and δ ∈ {0, ∗} with either

εv t is even and q ≡ 1 (mod 4) or εv t ≡ 0 (mod 4) and q ≡ 3 (mod 4).

εv t/2∑
k=0

[εv t/2

k

]
q

k−1∏
d=0

(
q
εv t−2d−2

2 + 1
)

when v ∈ J1, δ ∈ {0, ∗}, q ≡ 3 (mod 4) and

εv t ≡ 2 (mod 4).
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Enumeration formula for δ-self-orthogonal Λ-MT additive codes II

(εv t−2)/2∑
k=0

[(εv t − 2)/2

k

]
q

k−1∏
d=0

(
q
εv t−2d−2

2 + 1
)

+

εv t/2∑
k′=1

qεv t−2k′
[(εv t − 2)/2

k′ − 1

]
q

k′−2∏
d′=0

(
q
εv t−2d′−2

2 + 1
)

when v ∈ J1, δ = 0 and

both εv t , q are even.

(εv t−1)/2∑
k=0

[(εv t − 1)/2

k

]
q

k−1∏
d=0

(q
εv t−2d−1

2 + 1) when v ∈ J1 with either δ = ∗

and both εv t , q are odd or δ = 0 and εv t is odd.

εv t/2∑
k=0

[εv t/2

k

]
q

k−1∏
d=0

(
q
εv t−2d

2 + 1
)

when v ∈ J1 with either δ = γ or δ = ∗

and both εv t , q are even.
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Enumeration formula for δ-self-orthogonal Λ-MT additive codes III

εv t/2∑
k=0

[εv t/2

k

]
qdv

k−1∏
b=0

(
q

dv (εv t−2b−1)
2 + 1

)
when v ∈ J2 and εv t is even.

(εv t−1)/2∑
k=0

[(εv t − 1)/2

k

]
qdv

k−1∏
b=0

(
q

dv (εv t−2b)
2 + 1

)
when v ∈ J2 and εv t is odd.
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Enumeration formula for δ-complementary dual Λ-MT additive codes I

Theorem [S. & A. Sharma (2022)]

For δ ∈ {0, ∗, γ}, the number D of distinct δ-complementary dual Λ-MT additive

codes of length n and block lengths (m1,m2, · · · ,m`) over Fqt is given by

D =

e1∏
v=1

Dv

e2∏
w=e1+1

Dw

e3∏
s=e2+1

(
εs t∑

a=0

[εst

a

]
qds

)
,

where for e1 + 1 ≤ w ≤ e2, the number Dw equals

ηw t∑
k=0

%w t∑
k1=0

τw t∑
k2=0

(
qkdw (ηw t−k)

[ηw t

k

]
qdw

[%w t

k1

]
qdw

[τw t

k2

]
qdw

)
,

and for 1 ≤ v ≤ e1, the number Dv equals

2 +

εv t−1∑
k=2

k is even

q
k(εv t−k)

2

[εv t/2

k/2

]
q2

when v ∈ J1 with either δ = γ and εv t is even

or δ = ∗ and both εv t , q are even.
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Enumeration formula for δ-complementary dual Λ-MT additive codes II

2 +

εv t−1∑
k=1

k is even

q
k(εv t−k+1)

2

[(εv t − 1)/2

k/2

]
q2

+

εv t−1∑
k=1

k is odd

q
(εv t−k)(k+1)

2

[(εv t − 1)/2

(k − 1)/2

]
q2

when v ∈ J1, δ ∈ {0, ∗} and both εv t , q are odd.

2 +

εv t−1∑
k=1

k is even

q
k(εv t−k)

2

[εv t/2

k/2

]
q2

+

εv t−1∑
k=1

k is odd

q
εv tk−k2−1

2 (q
εv t

2 + 1)
[(εv t − 2)/2

(k − 1)/2

]
q2

when

v ∈ J1 and δ ∈ {∗, 0} with either εv t even and q ≡ 1 (mod 4) or

εv t ≡ 0 (mod 4) and q ≡ 3 (mod 4).

2 +

εv t−1∑
k=1

k is even

q
k(εv t−k)

2

[εv t/2

k/2

]
q2

+

t−1∑
k=1

k is odd

q
εv tk−k2−1

2 (q
εv t

2 − 1)
[(εv t − 2)/2

(k − 1)/2

]
q2

when v ∈ J1, δ ∈ {0, ∗}, q ≡ 3 (mod 4) and εv t ≡ 2 (mod 4).
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Enumeration formula for δ-complementary dual Λ-MT additive codes III

2 +

εv t−1∑
k=1

k is even

q
k(εv t−k+1)

2

[(εv t − 1)/2

k/2

]
q2

+

εv t−1∑
k=1

k is odd

q
(εv t−k)(k+1)

2

[(εv t − 1)/2

(k − 1)/2

]
q2

when v ∈ J1, δ = 0, q is even and εv t is odd.

2 +

εv t−1∑
k=1

k is even

q
εv tk−k2−2

2

{
(qk + q − 1)

[(εv t − 2)/2

k/2

]
q2

+ (qεv t−k+1 − qεv t−k + 1)

×
[(εv t − 2)/2

(k − 2)/2

]
q2

}
+

εv t−1∑
k=1

k is odd

q
εv t(k+1)−(k2+1)

2

[(εv t − 2)/2

(k − 1)/2

]
q2

when v ∈ J1, δ = 0

and both εv t , q are even.

2 +

εv t−1∑
k=1

q
k(εv t−k)dv

2

k−1∏
a=0

q
(εv t−a)dv

2 − (−1)εv t−a

q
(k−a)dv

2 − (−1)k−a

 when v ∈ J2.
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Some open questions

Classification of δ-self-dual, δ-self-orthogonal and δ-complementary dual MT

additive codes over finite fields up to equivalence.

Generator theory for MT additive codes over finite fields.

The study of skew MT additive codes over finite fields, their duality and

asymptotic properties.

The study of MT additive codes over finite commutative chain rings and their

duality properties.
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