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Abstract

We consider the diffusive continuous coagulation-fragmentation equations with and
without scattering and show that they admit unique strong solutions for a large
class of initial values. If the latter values are small with respect to a suitable norm,
we provide sufficient conditions for global-in-time existence in the absence of frag-
mentation.
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1 Introduction

The present paper contributes to the mathematical investigation of coagula-
tion and fragmentation processes. Describing the mechanisms by which par-
ticles can merge to build larger particles or break up into smaller ones, these
processes are met in various scientific and industrial disciplines such as physics,
chemistry, biology, or oil and food industry (see [1], [10], [16] for a more de-
tailed list of applications and for further references). In most situations, the
particles are supposed to be fully identified by only one parameter indicating
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the particle’s mass or volume. The continuous models differ from the discrete
ones in that this parameter ranges in the set of all non-negative real numbers
instead just in the positive integers. In this paper we focus on the former case
although all of our results can be applied by analogy to the discrete one. In ad-
dition, we assume that the movement of the particles is driven by diffusion and
thus neglect other effects such as external force fields. Besides the possibility
that a particle can split spontaneously into smaller fragments, two particles
can, as a result of their motion, collide with each other what then may lead
to different outcomes. In the case of high-energy collisions, a shattering of
the involved particles may occur, a process which is referred to as collisional
breakage (cf. [8], [17]). On the other hand, the colliding particles may also
stick together producing a particle of cumulative size. In most of the models
studied in the physical and mathematical literature, the particles formed by
coalescence may become arbitrarily large. Recently, a new and somewhat more
consistent mechanism, called (volume) scattering, has been proposed in [11]
for the particular case of two-phase liquids. There, the obvious fact is taken
into account that particles cannot grow unrestrictedly. The idea is that, if the
cumulative size of the colliding particles exceeds a certain maximal value, the
particles coalesce merely virtually and decay instantaneously into particles all
with size less than or equal to the maximal admissible size.

In this paper we treat the continuous diffusive coagulation-fragmentation equa-
tions with and without scattering simultaneously. More precisely, denoting by
u = u(y) = u(t,y,x) the particle size distribution function at time ¢ and po-
sition = (where y is referring to the particle size), we consider the coupled
reaction-diffusion equations

Owu(y) —d(y)Azu(y) = Liu)(y) in Q, t>0, y € (0,y0) ,
du(y) =0 on &, t>0, ye (0,90), (1)
u(07ya ) = u[)(y) in VRS (anO) ;

in a bounded domain Q C R” with smooth boundary 99, where u® = u%(y, x)
is a given initial distribution, and where the reaction terms

Llu] := Lylu] + Lc[u, u] + Ls[u, u]

are defined by

L [u](y) = Ly [u](y) + Lg[u](y)

/

= /yyov(y’,y) u(y') dy’ — u(y) /Oy‘z Y(y.y') dy’



Le[u, v](y) := L[, v](y) + L2, v](y) — L, v](y)
=3 / Wy =) Ply,y—v) uly —y') v(y') dy’

o [y
_I_ / ‘/0 K(y/,,y/ . y//) Q(y//7y/ o y//)
y

X Be(y'y) w(y”) v(y —y") dy"dy’

1
2

—u(y) /OyOyK(y,y’) {Py.v)+ Q) } vly) dy'

Lolu.e)(9) = LLlu o](y) — L2l o](y)
3 [ K =) Bl ul) ol — o) dy'dy

—u@)éyﬁayy><vdy,

for y € (0,y0). Here, the particles either have an upper bound y, € (0, 00)
(the case with scattering) or may become arbitrarily large if yo = oo (the
case without scattering). In the latter case, the operator Lg is assumed to
be identically zero. It is of importance to point out that we treat the two
situations yy < oo and yy = oo simultaneously in the following.

The meaning of the operators Ly, L., and Ls are as follows:

e The linear operator Ly[u] accounts for the gain and loss of particles of size
y due to multiple spontaneous breakage, where v(y,y’) > 0 denotes the rate
at which a particle of size y € Y decays into a particle of size /' € (0,y).

e The possible events that may happen if two particles y and 3’ with cumula-
tive size y + ¢’ < yo collide, are reflected by the operator Lc[u,u]. Colliding
at the rate K(y,y’) > 0, they may either merge with probability P(y,v’)
or shatter into several particles according to the distribution S.(y + v/, y")
with probability Q(y,%’). The latter process is called collisional breakage.
Clearly, consistency of the model then demands that

0<P(y,y)+Qy,y) <1, y+y <uyo. (2)

e Finally, if yg < 00, the scattering operator Ls[u, u] represents the interaction
of two colliding particles y and 3 with cumulative size beyond the maximal
size 19, which merge into a virtual particle splitting instantaneously into
particles all with size within the admissible range (0,y,). The daughter
particles are then distributed according to fGs(y + v/, y”) > 0. For a more
detailed physical, mathematical, and numerical discussion of this scattering
phenomenon, we refer to [7], [12], [18], [25], [26], [28].



The movement of the particles is controlled by the size dependent diffusion
coefficients d(y) > 0.

For simplicity we refrain from taking into account time dependent and spa-
tially inhomogeneous diffusion coefficients and kernels as it has been done in
earlier works [5], [6], [28].

The equations, as stated above, do not consider particle sources or sinks and
thus, the total mass of all particles is expected to be preserved during time
evolution. From a mathematical viewpoint, this is expressed by the formula

//yU(t,yw) dydx://yuo(y,w) dydz, t>0, (3)
QJY QJY

which, indeed, is valid under suitable assumptions on the kernels, as we shall
see.

Continuous coagulation-fragmentation equations including diffusion have not
attracted much attention so far. It is their discrete counterpart which has been
the object of several papers (see [16] for a comprehensive list of references
for that issue). Nevertheless, the equations that are obtained from (1) by
putting P = 1 (implying @ = 0 according to (2)) in the case yy = oo are
investigated in [15]. There it is shown that a careful study of the reaction
terms allows a treatment of the problem in the space L;(§2x (0, 00)) for general
diffusion coefficients d(y) by using weak and strong compactness methods.
Provided the kernels satisfy some suitable growth and additional structural
conditions, global-in-time existence of weak solutions is proven and also their
large-time behaviour is investigated in a particular situation. Subsequently, the
global existence result has been improved in [19] in that also less restrictive
structural conditions for the kernels have to be imposed. However, neither of
these papers provides uniqueness nor conservation of mass, in general, due to
the low regularity of the solutions. At this point we also refer to [9] and the
references therein for probabilistic interpretations and approaches to equations
of type (1). A completely different approach is chosen in [5] and [6] for the full
space problem ©Q = R" (with P = 1 and yy = o0). There, the basic idea is to
treat the problem as a semilinear evolution equation of the form

U+ Au= f(u), t>0, u(0) = u’ | (4)

where the operator A := —d(-)A, acts on Banach-space-valued functions. In
this reformulated form, the general semigroup-theory applies. This approach
remedies the lack of regularity and thus guarantees uniqueness of strong solu-
tions preserving the total mass. The price to be paid is that a local existence
theorem is obtained only, in general. Additional, restrictive assumptions —
such as particle size independent diffusion coefficients — have to be made to



guarantee global existence. Semigroup-theory is also used in [28] for equations
(1) with yo € (0,00). Again, local existence and uniqueness of strong solu-
tions is shown in the space L, (2, L2((0,y0))), where the physically somewhat
artificial state space Ly((0,%p)) is needed for some delicate interpolation re-
sults of Banach-space-valued L,-spaces involving boundary conditions, and is
also due to the lack of general generation results for analytic semigroups in a
Banach-space-valued setting.

In the present paper we give a simpler approach than the ones in [5], [6], [28],
which also ensures global existence for small initial values. More precisely, we
use again semigroup methods in order to attack equations (1), but we change
the order of the variables x and y, that is, we consider (1) as a problem of the
form (4) but in the space Ly ((0,yo), L,(€2)) instead of L,(£2, L1((0,y0))). We
thus interpret — A rather as a parameter-dependent family of generators than
as generator in a vector-valued framework. It turns out that this change of
the viewpoint not only allows a treatment of the problem in the more natural
space L1((0,y0)), but also simplifies the proof of analyticity of the semigroup
corresponding to the operator —A = d(-)A, considerably. Moreover, there is
no need anymore to interpolate vector-valued L,-spaces with boundary condi-
tions. In addition, the well-known regularizing effects of the Laplace operator
are easily carried over to our parameter-dependent situation. Based on these
properties, a suitable choice of the function space setting allows then to con-
sider initial values possessing only little regularity. We prove local existence
and uniqueness of smooth solutions to (1), which are non-negative and pre-
serve the total mass. Furthermore, we prove global existence for small initial
values in the absence of the linear fragmentation terms.

It might be of interest that our approach also allows to cover the discrete
coagulation-fragmentation equation with diffusion. Recall that in this situation
the particle size only takes values in the positive integers and that the integrals
appearing in the definition of the operator L[u] are replaced by sums (or series).
The only difference in the following would be to take the counting measure
instead of the Lebesgue measure (with respect to the particle size). We point
out that, for the case yg < oo, the discrete analogue of our existence result
(see Theorem 7) improves [27, Thm.1] slightly. For the case yo = oo we refer
to [29] for comparable results. However, in order not to overload this paper
we refrain from considering the discrete equation.

Of course, (1) is only a relatively simple mathematical model for rather com-
plex physical processes. In particular, we restrict ourselves to the case of Fick-
ian diffusion without taking into consideration mutual influences of particles
of different sizes resulting in cross diffusion phenomena. A good realistic model
for the diffusion effects is still lacking. In [6] a first attempt is made to jus-



tify the diffusive equations by considering the whole system as a mixture of
(uncountably many) fluids and by taking cross diffusion into account as well,
resulting in an additional coupling with the Navier-Stokes equations for the
carrier fluid. One of the main results of this paper is the global existence asser-
tion of Theorem 16. With our present day mathematical tools such a theorem
cannot be obtained if the three dimensional Navier-Stokes equations are in-
volved or continuous coupling due to cross diffusion occurs.

We also point out that we consider uniform dynamics only, by restricting our-
selves to kernels which are independent of space and time. As already men-
tioned, this is done for simplicity. It is a not too difficult technical exercise to
extend our results to nonuniform situations.

In the sequel, we denote by Y := (0,yo) the admissible range for the particle
size. Let us emphasize again that ¥ may be bounded or not. Throughout this
paper, the following hypotheses are supposed to be satisfied:

(Hy) K is a non-negative symmetric function belonging to L. (Y xY) and P and
() are non-negative and symmetric functions belonging to L. (Z), where

E={(y,y)eY xY;y+y €Y},
such that

0<P(y,y)+Qy,y) <1 forae. (y,y)€Z.

(Hy) ~yv is a measurable function from {(y,y'); 0 <y’ <y <y} into R* such
that there exists m., > 0 with

Yy
/0 Y(y,y') dy <m, forae yeY .

(H3) [ is a non-negative measurable function on {(y,4') ; 0 <y’ <y < yo} such
that

/ y+y/ " / " " / / —_
Qy, ") /0 Y'B(y+v,y") &y —y—y' )| =0 forae (y,y)€Z,
and there exists m. > 0 with

y+y’
Q(y,y’)/0 By+v,y") dy" <me  forae. (y,y)€=.

H,) B is a measurable function from (g, 2yo) X (0,1g) into RT such that
( Yo, 2y Y

Yo
/o V'Bs(y+y,y") dy =y+y  forae y+y € (yo,2y0),



and there exists m¢ > 2 with

Yo
/0 Bs(y+ v, y") dy” <ms for a.e.y+y' € (yo,2y0) .

Example 1 Observe that these hypotheses are satisfied provided that the split-
ting of particles is subject to a power-law breakup, that is, if the fragmentation
kernels are of the form

Y,y') = hy* (Y 0<y <y<uyo,

Bely.y) = (C+2)y (), 0<y <y<wo,

Bo(y,y') = (v +2) " "y (y)" 0 <y <yo <y <2y,

with h >0,0> & (v > —1, and a > 0 if yop < 0o and o := 0 otherwise. In
the latter case, (s vanishes, of course. Let us point out that these kernels are

more general than those considered in [28, Fx.5.13] for the case yy < co. This
is due to the choice of L1((0,%0)) as state space instead of Lao((0,y0)).

= (
= (

2 The Diffusion Semigroup in [,

In the following, we use c¢ for various constants, which may differ from oc-
currence to occurrence, but are always independent of the free variables. For
a,b € R, we put a Vb :=max{a,b}.

Let Ey and F; be Banach spaces. Then L(E;, Ey) consists of all linear and
bounded operators from F; into Ey, endowed with the usual operator norm.
We put L(FEy) := L(FEy, Ey). By L2(E1, Ey) we denote the set of all continu-
ous bilinear maps from E; x E; into Ey. We write A € H(Ey) if —A, con-
sidered as a linear (and usually unbounded) operator in Ey, is the generator
of an analytic semigroup {e*4; ¢ > 0} on Ey. It is a contraction semigroup
provided ||e™*| sz, < 1 for each ¢ > 0. Furthermore, we use the notation
H(E1, Ey) := H(Ey)NL(E, Ep). Tt is known that H(FE1, Ey) is an open subset
of L(E1, Ep) (cf. [4, Thm.I1.1.3.1]). Finally, if E, is a Banach space ordered by a
closed positive cone Ej, the semigroup is said to be positive if e " (Ef) C Ef
for each t > 0.

The purpose of this section is to prove that, for a given suitably bounded
function d from Y into (0, c0),

—d()A € H(Li(Y, Ly(Q)) , 1<p<oo.



To this end, we introduce further notation. We denote by H/}' := H}/(Q2) the
usual Bessel potential space of order 1 > 0 and integrability index p € (1, 00),
and we put L, := L,(Q) for p € [1,00] so that H) = L, for 1 < p < oo. For
convenience we set Hg = L, for p € {1,00}. By L} we denote the positive
cone of L, that is, the set of all elements in L, which are non-negative almost
everywhere. Recall that

HSHH:]X? q>p, lj’_n/p>a_n/Q7

where < means continuous embedding. Furthermore, we define

= {uEHI’,‘;&,u:O}, pu>1+1/p, 1<p<oo,
p.B =

H otherwise .
Then it is known (see [23]) that, for 1 < p < oo,
Ly, H25), = HZ , 20.€ (0,2)\ {1+ 1/p} , (5)

where [, -]y denotes the complex interpolation functor.
In the sequel, we denote, for 1 < p < oo, by —A,, the closure of the linear
operator

—A:{UEC2(Q);8,,U:O}—>C(Q), u— —Au

in L,. It follows from [2], [21] that A, is well-defined and the generator of a
positive, strongly continuous analytic semigroup {emp ; t > 0} of contractions
on Ly. If p € (1,00), then —A, € H(H} 5, L,). Also note that H} 5 < D(A)
for 1 < p < oo, where D(4,), 1 < ¢ < 00, denotes the domain of definition of
A, equipped with its graph norm, and that

A; DA, and etAP:etA1|Lp, t>0, l<p<oo.

Furthermore, for any 1" > 0,

n(l

HetAIHE(Lp,Lq) < ¢(T) tfé(ifé) , 0<t<T, 1<p<g<o,

and
A2 ppy <c(T)t, 0<t<T, 1<p<co.
By interpolating according to (5) we thus obtain

€4 loqa, ) < (T)EEG707E 0 << ®)

q,B

for o € [0,2] \ {1+ 1/q} and 1 < p < ¢ < 00, where ¢ > 1. Moreover,

||€tA1||£(H§B,H;B) <c(T) =%, 0<t<T, (7)



provided that 1 <p <ooand 0 < a < p <2 with o, u # 1+ 1/p.

We then introduce, for 1 < p < oo and a > 0, the spaces
Ly = Li(Y, Ly, 1+ y)dy) and HZp:= Ly (Y, Hyg, (1+y)dy) |

where L1 (Y, E, 1) consists of all functions from Y into a Banach space E, which
are integrable with respect to the measure u. The specific measure (1 + y)dy
is chosen in order to give a meaning to the total mass as well as to the total
number of particles for a particle size distribution belonging to IL;. Of course,
it can be replaced by the measure dy if Y is bounded. By " we denote the
positive cone of L, i.e., the set of all functions u € L, such that u(y) € L}
for a.e. y € Y. Note that L} is closed in L. Given d € L (Y') and

u € D(Ap) = L1<Yv D(Ap)’ (1 + y)dy)
for some p € [1,00), we set
(Ayu)(y) == —d(y)Ayu(y) , aeyeY.

Evidently, D(A,), endowed with the graph norm, coincides (except for equiv-
alent norms) with H? 4, provided that p € (1,00).

The following theorem shows that the properties of A, carry over to the op-
erator —A,, provided that d is bounded from above and uniformly positive.

Theorem 2 Ifd:Y — R* is a measurable function such that
0<d,<dly) <d"<oo, aeyeyY, (8)

then A, € H(L,) for1 <p < oo and A, D A,, 1 <p < q < oco. The semigroup
{e7t» s ¢ > 0} is positive and given by

(e—tApu)<y) _ etd(y)Apu<y) , ae.yeY ,  t>0, wue ]Lp . (9>

It is a contraction semigroup and satisfies

HeftApHL(Lp’anB) < ¢(T) 1 3G-% , 0<t<T, (10)

fora € [0,2)\ {14+ 1/q} and 1 < p < q < oo, where g € (1,00) if a > 0. In
addition,
||€_tAp||£(H?B,HZB) S C(T) t_% s 0<t S T N (1].)

forl<p<ooand 0 <a<pu<2witha,u#1+1/p.



Proof. Let 1 < p < oco. Clearly, A, is a densely defined closed linear operator
in IL,,, since D(A,) is dense in L, (see [4, Thm.V.2.4.3]) and since A, is a closed
linear operator in L,. Moreover, due to —A, € H(L,), there exist w, > 0 and
M, > 1 such that

_ M,
10 = 8) ey < 7057 ReAZ ey

Assumption (8) then implies

/

-1
0= )8 ey < Ty ReAZ ), aeyeY,
where M), := M,(1V 1/d,) and w), := w,d*. From this we easily derive that
[Re A > wy] belongs to the resolvent set of the operator —A, and that the
resolvent estimate

!/

M
A+A )T < P ReA > W/
||( + p) HE(]Lp) = 1+|)\| ) EAZ Wy,

is valid. Hence A, € H(L,) for 1 < p < oo, due to Hille’s characterization of
generators of analytic semigroups. Observing that

(A+A) ™M) () = (A= dw)A,) Muly) , aeyeY, uel,,

for any sufficiently large A € R, we deduce (9) from the fact that, given any
Banach space F and any A € H(E), the corresponding semigroup can be
represented as
t —k

ey = klim (1 + kA> v in E (12)
for v € E. Therefore, the semigroup generated by —A,, is a positive semigroup
of contractions. Finally, estimates (10) and (11) are easy consequences of (6)-
(9). O

Next we set

1
Pu:zm/ﬂu(-,x)dx, vel,, 1<p<oo.

Clearly, P € L(LL,) is a projection and thus, the space L, has the direct sum
decomposition

Ly = P(Lp) © (1 = P)(Ly) . (13)

The next proposition shows that the operators e=*# ¢ > 0, are decomposed
according to (13) and it characterizes its parts in P(L,) = L;(Y, (1 + y)dy)
and Ly := (1 — P)(L,), respectively.

10



Proposition 3 Let (8) be satisfied. For 1 < p < oo and t > 0, the spaces
P(LL,) and Ly are both invariant under e~ Moreover, e~ vy = u for each
u € P(L,) and there exists wy > 0 such that, for 1 < p < g < oo and some
M := M(p,q) >0,

e feg leepuy < Me 3670 1> 0. (14)

Proof. Since 1 is an eigenvector to the eigenvalue 0 for A,, 1 < p < oo, it
follows from [2, Thm.12.1] and [14, Thm.I11.6.17] that L, has a decomposition
L, =R-1&® Ly, which also decomposes A, into A, = 0& A}, where we put
AS = A, |pa,)nry- Thereby, we have R -1 = P(L,) and Ly = (1 — P)(L,).
Moreover, denoting by J(A;) the spectrum of the operator A}, there exists
w > 0 such that

o(A7) = o(Ap) \ {0} = 0(A1) \ {0} C [Rez < —u] (15)
since A; has a compact resolvent. Observing that

A=AD) = —-4y)"

Ly A>07

the representation formula (12) implies that R - 1 and L3 are both invariant
under e'®#, that e'*ru = u for u € R-1 and ¢ > 0, and that {e'®» |1, ; ¢ > 0}

is an analytic semigroup in Lj with generator AJ, i.e. elBr Ly= etAht > 0.
From (15) we deduce that
2% gy < Me™, >0, 1<p<oo, (16)

with M := M(p) > 1. Since —A3 € H(L3) it follows that
limsup ¢ [|A) etAI.?Hg(LI-)) < 00 .
t—
Hence, there are N := N(p) > 1 and 7 > 0 such that
|AS 2 |l oy S NETH, 0<t<7.

By using the semigroup property, this estimate and (16) give

N

[;(L;)Sce_“/tt_l, t>0, 1<p<oo, (17)

where W’ € (0,w) and ¢ := ¢(p,w) > 0. Assume now that 1 < p < ¢ < oo and
that p:=n(1/p—1/q)/2 < 1. Then

1—
lullz, < ellully lullL”, we Hy,
by the Gagliardo-Nierenberg inequality (e.g. [13, Thm.10.1]). Therefore, notic-

ing that
ePhueD(AY) =HzNLy, t>0, uwel),

11



we derive from (16) and (17) that

H etA;

E(L;,L;) S ce_“’,t t# s t>0. (18)

The semiflow property guarantees that this estimate remains valid also for
p > 1. We now easily infer from (9) that (13) decomposes e~**# into

—thp _ —tA,

e

]-Ll(Yv(l-ﬁ-y)dy) D (6 L;) ) 13 Z 0 ) 1 S p<oo,
and that

(e7try)(y) = W% u(y) , ae.yeY, t>0, uc Ls .
Thus (18) and (8) imply, for wy := d,w’ > 0, that

H@itAp |]L; Hﬁ(ﬂa;,LQ) < c e wot _5(5_5 , t> 0 R

provided 1 < p < ¢ < o0. O

3 Existence and Uniqueness

We now turn to the well-posedness of problem (1). In this section we show
that this problem admits a unique maximal strong solution. The questions of
positivity, conservation of mass, and global existence are postponed to sections
4 and 5, respectively.

In what follows, we always assume that hypotheses (H;) — (H4) and (8) are
satisfied.

Let p € [1,00) and observe that the pointwise product Ly, X Loy, — L, is a
multiplication, that is, a continuous bilinear map of norm at most one. Thus,
hypotheses (H;) — (Hy) readily imply that

Ly € L(L,) and G:= L.+ Ly € L*(Ly,,L,) . (19)
Hence, we may rewrite (1) as a Cauchy problem in L, of the form

w+ Ayu = Lyfu] + Glu,u] , t>0, u(0)=1u’. (20)

Let us first state what we mean by a solution to problem (20). Assume that
J C R* is a perfect interval containing 0 and put J := J \ {0}. A function

12



u € C(J,L,) is said to be a mild L,-solution to (20) on J provided that u
solves the integral equation

u(t) = e+ e 09 (Lyfu(s)] + Glu(s)u(s)]) s, te T . (21)

If, in addition, u € C*(J,1L,) N C(J,D(A,)) then u is a (strong) L,-solution
to (20) on J. Recall that D(A,) = HZ 5 for p € (1, 00).

Given a Banach space F and p € R, we denote by BC,(J, E) the Banach
space of all functions u : J — F such that <t — t“u(t)) is bounded and

continuous from J into E, equipped with the norm

U= HUHBC#(J',E) ;= sup t" [u)& -
teJ

We write C,,(J, E) for the closed linear subspace thereof consisting of all u
satisfying t*u(t) — 0 in E as t — 0. Note that C,((0,T], E) — C,((0,T}], E)
for v < pand T > 0.

For convenience, we set A := A; and U(t) := e " ¢t > 0, and we consider
{U(t); t > 0} as semigroup in any of the spaces L,, p € [1,00), since no
confusion will arise in the sequel thanks to Theorem 2. Furthermore, given
u e Li(J,Ly), we put

U x u(t) ::/OtU(t—s)u(s) ds, teJ,

whenever these integrals exist. For the following, let 7" > 0 be arbitrary and
set J :=[0,T].

Proposition 4 Let 1 < p < g < oo and o € [0,2] \ {1+ 1/q} be such that
n(1/p—1/q)/2+ «/2 <1 and either ¢ € (1,00) or o = 0. Then, for p <1,

(ur U Lofu]) € £(Cul(], L), Cppsionyrs 1 (L HIR))  (22)

and

(= U Glu,u]) € £2(Cupa(J, Lay), Crra-ypa(J, Hey)) . (23)

Proof. Due to (19) it suffices to prove that

(u — U*u) S E(C’#(j, Lp),C;H-C—l(jJ H?,B))

13



for ¢ :=n(1/p —1/q)/2 + a/2. But (10) implies that, for u € C,(J,L,) and
teld,
t
U u(®)ly, < e(T) [ (= )57 ds]lullo, o000
= c(T) " B(1 = ¢, 1 — ) [[ull Boonny) »

where B denotes the beta function. Therefore, U xu € C), +C—1(j ,H2 ) since
lullze, 041,y — 0 as t—0.

Thus the assertion follows. O

Remark 5 It is obvious that the norms of the maps in (22) and (23) are
increasing with respect to length of the interval J, that is, with respect to
T > 0.

Proposition 6 Let 1 < p < ¢ < o0, a € [0,2] \ {1 + 1/q} and assume
that n(1/p —1/q)/2 + /2 < 1, where either « = 0 and p < q or a > 0 and
q € (1,00). Then, for u" € L,,

Uu = (t = U)u®) € Cya 15 (. Hyp)

1_
p

S

Proof. From (5) and the Riesz-Thorin theorem [24, Thm.1.18.4] we infer that
[Lfb Hz,B}g = HE?B ) 20 7é 1 + 1/C] . (24>

Theorem 2 and [4, Thm.V.2.1.3] yield that the H{ s-realization of A belongs
to H(Hg 5). In particular, we have

||AU(t)||£(H;B) <e(Mt™t, teld.

Given t,t + h € J with h > 0, it then follows from [20, Thm.1.2.4] and (10)
that

h
JU(t+ ) — U (£, = ||A/O U(s)U (1) dsllas

h
<IAUW legy | 106 lewpmg, ds 1l
< Ty Rl

for ¢ :=n(1/p —1/q)/2 + a/2. Hence Uu’ is continuous on J with values in
H 5. From this we infer that Uu® € BC¢(J, HS 5). Since HZy is dense in Ly, it
follows from [4, Thm.V.2.4.3] that H 5 is dense in L,,. Thus, given any ¢ > 0,
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there exists v € H 5 such that

lu® = vlle, < &/ sup U] 2, g, -
teJ

Therefore, we have
U@ ey < N0 gz [0l +2 . te .

The assertion is then a consequence of (11) and ¢ > 0, since € > 0 was
arbitrary. O

We can prove now the existence and uniqueness of maximal solutions to (20).

Theorem 7 Assume that p € (n/2,00) and p > 1. Then, given any ini-
tial value u® € L,, problem (20) possesses a unique mazimal L,-solution
u = u(;u’) on J(u®) such that

/4P |u(t)||r,, — 0 as t— 0+ .
Here J(u°) is an open interval in RT. In addition,
uwe C'(J(u),Ly) NC(J(u’),Hg) , g€ (1,00) .
Ift* :=sup J(u®) < oo, then

sup  |u(t)||L, =00, ¢>n/2 with ¢>1. (25)
tt/2<t<tt

Proof. (i) Let 7o > 0 be arbitrary and define Xr := C,((0,7],Ly,) for
T € (0,Tp], where p := n/4p. Proposition 6 yields Uu’ € Xp. Consequently,
Proposition 4 and Remark 5 imply that there exists a constant x := x(7y) > 0
such that the map F': X — X7, given by

F(u) :=Uu’ + U % (G[u,u] + Lb[u]) , ue Xy,
satisfies
[ F(u) = F()llxp < 6 (T + lullxg + [vlx7) lu = vllxp s w,0€ X, (26)

and
1F(u) = Uu|lxp < 6(T + |lullx,) lJullx, , weXp. (27)

Set R := 1/16x and choose T € (0, Ty] such that T' < 1/2x and ||[Uu®||x, < R.
Let Br denote the closed ball in X7 centered at Uu" with radius 3R. Then,
since ||u||x, < 4R for each u € By, (26) and (27) imply that F' : By — Br
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is a contraction. Therefore, there exists a unique u € By with F(u) = u, that
is, u € C,((0,77,Ly,) and

i =Uu® + U (G, a] + Lo[a]) . (28)
Due to pu < 1/2, we derive from Proposition 4 that
U % G[ﬂ, ﬂ] € CQM_1<(0, T],Lp) — C’o((o7 T], ]Lp)

and
U % Lb[ﬂ] S Cu_l((O,T],Lp) — Co((o, T],Lp) .
Hence u € C([0,T],L,) N C,((0,T],Ly,) is a mild L,-solution to (20).

(ii) Let ¢ > p and fix o € (n/2q,2) \ {1 + 1/q} such that n/p —n/q+ a < 2.
Invoking Propositions 4 and 6, equality (28) shows that there is a 1 > 0 with
i € Cl(0.T) H2) (20)

Since o > n/2q, the pointwise product Hig x Hy's — H/ i is a multiplication,
where v > 0 is chosen sufficiently small (see [22, Cor.4.5.2]). Therefore,

G e ﬁQ(HgB,H;B) and Ly € L(HY 5, HY 5) ,

so (29) gives h := G[u,u] + Ly[u] € Cou((0,T],Hy ). In particular, for each
e € (0,7), we have

he = h(-+¢) € C([0,T — ], H ) .

Thus, since A € H(H? 4, L,) due to Theorem 2, it follows from (24), [4,
Thm.IV.1.5.1], and u(e) € HY 5 that the linear problem

V+Av="h(), 0<t<T—¢, v(0) = a(e) , (30)
possesses a unique solution
vE C((OaT - 6]7H2,B) N Cl((()’T - 5]7LQ) N C([O,T - 6]7LQ) :

It coincides with u(-+¢) in view of the facts that the latter is a mild solution to
(30) as well and that mild solutions to linear problems are unique. This being
true for every e € (0,T), we conclude that @ € C((0,T], Hz 5) N C*((0,T], L),
so that it is indeed a strong L,-solution to (20).

(iii) Clearly, we can extend @ to a unique maximal solution v = u(-; u®), where
the maximal interval of existence, J(u®), is necessarily open in RT. Consider
then the case that t* := sup J(u’) < oco. First assume that there exists a
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sequence t; /' t* such that |lu(t;)[jr, < r < oo for each j € N and some
q € (p,2p). Fix Ty > t* and let R = R(T}) denote the corresponding constant
from part (i). Then, since, for j € Nand 0 <t < T < Ty,

nel 1 nel 1
F OOt oy <7 ( sp TEEB U ) THE
0<t<Tp
we can choose T' > 0 sufficiently small such that ||Uu(t;)|x, < R for j € N.
Part (i) now shows that u exists at least on [¢;,t; + T contradicting its max-
imality. Thus, for u° € L, we have

sup  |ju(t)|l, =00, ¢>p. (31)

t+/2<t<tt
Next suppose that p > 1 and let (n/2V 1) < ¢ < p be arbitrary. Denoting by
uz the unique maximal Lg-solution to the initial value u° € L, < L;, whereas
u still denotes the unique maximal L,-solution on J(u’), we obviously have

uz D u. Assume that J;, the domain of ug, is a proper extension of J(u).
Then, by virtue of (31),

sup ug(t)|l, = sup u(@), = oo
tt/2<t<tt tt/2<t<tt

for ¢ > p, which contradicts the fact that u; € C'(JzL,) according to part
(ii). We infer that u; = u. Hence, by applying (31) to ug, we derive

sup  Ju(t)||L, =00, ¢>(n/2V1). (32)
tt/2<t<tt

Therefore, we are left to prove that (32) is valid for ¢ = 1 in the particular
case n = 1. For that purpose, assume, by contradiction, that this would be
false. Then, since u € C(J(u®),1Ly) N Cya(J(u),Ly), there is co > 0 with
|u(t)||L, < cofort e J(u®). Choose q € (1,2) and a € (1/¢,141/q) arbitrarily
and put ¢ := (1 —1/q)/2+ /2 € (0,1). From Propositions 4 and 6 we infer
that u € C’C(j(uo),]HI;B). Moreover, (Hy) — (Hy) yield

IZ[u@®)]lle, < e+ fu@)le) lu@®)llie < & llu®) g, , € (@),
due to the embedding H 5 < L. Taking (10) into account, we obtain

t
Ja®llzg y < 10O ewa sy 100, + [ 10 = 5)legaimg o I1Lkus)l, ds

t
< c(t) 6 [, +c(t+)/0 (t =) [lu(s)[lmg , ds

for t € J(u®). Since u € C¢(J(u°), H2 5), we may apply the singular Gronwall
inequality [4, Cor.I1.3.3.2] to obtain that

lu@®)lL, < cllu@®)lme, <), th/2<t<th,
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which is impossible according to (32). O

Remarks 8 (a) Letp € (n/2,00) withp > 1 and v € Cy,45((0,T], Lop). Then
v is a mild L,-solution to (20) if and only if v is a strong L,-solution. In this
case, v belongs to C((0,T7],1L,) N C((0,T]), HZ 5) for each q € (1,00).

Proof. This is a consequence of part (ii) of the proof of the previous theorem.
O

(b) Let (n/2V 1) < p < oo and u € L,. Then the solution u(-;u") is
unique among all mild Ly-solutions v satisfying t"/49 ||v(t)||r,, — O for some
g € ((n/2v1),p].

Proof. This has been observed in part (iii) of the proof of Theorem 7 and the
previous remark (a). O

(c) Let p € (n/2,00) with p > 1 and assume that u® € L,. Then there exist
6 >0 and T := T(u®) > 0 such that J(v°) D [0,T] for each v € L, with
|u® — 0|, < 6. Moreover,

u(0°) = u(5u’) in Cuuap((0,T),Lyy) as 0 —u® in L, .

Proof. We use the notation of the proof of Theorem 7. Choose T' € (0, Tp)
such that T' < 1/4k and ||[Uu®||x, < R/2, and put 6 := R/2p, where

0:= sup t"/4pHU(t)||£(JLp,L2p) :
0<t<Tp

Then [|[Uv°||x, < R provided that v° € L, with [Ju® —0°||r,, < 4. From part (i)

of the proof of Theorem 7 we infer the existence of solutions @ = u(+;u°) |j1]

and 0 = u(+;0°) |7, both belonging to Xr, with initial value u" and 7,

respectively, such that
|z — Uu’||x, <3R and |v—U|x, <3R,
whence ||@l|x, + ||7||x, < 8R. Since, due to (26),
17 = vllx, < ollu” =", + 5 (T + llallx, + 19]lx,) 1@ = Bl
we thus conclude that
la = ollx, <4ollu’ =", |
which proves everything. O

(d) If (n/2V 1) < p < oo, then u(:;u’) € C(J(u°),HS ) provided that
u’ € HY 5 with 0 < a <2 —n/p and o # 1+ 1/p.
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Proof. Observing that u = u(-;u’) € Cpyp((0,T),Lyy) for T € J(u) and
that v:=n/2p — 1+ «/2 < 0, it follows from Proposition 4 that

U x G[u7 u] € C,,((O, T]? H;Of,zs) - CO<<Oa T]a HIO;,B)

and
U Ly[u] € Cp_pyap((0, T],HZ 5) — Co((0,T], Hy 5) .

Taking into account that Uu’ € C(R", HS 3) since the HS s-realization of A
belongs to H(H, 5) (see the proof of Proposition 6), the assertion follows from
(21). O

4 Positivity and Conservation of Mass

We now prove that the solution u(-;u°), given by Theorem 4, remains non-
negative whenever it is non-negative at time zero, that is, if u° € IL;;.

First, we need the following auxiliary lemma.

Lemma 9 Let ¢ > p > 1 and a > 0 with « # 1+ 1/q. Then HZBD]L; 18
dense in L} .

Proof. For an open subset X of R™ denote by Dt (X) the non-negative test
functions on X. Clearly, D*(f2) is dense in L. Hence, the tensor product
D*(R) ® D*(R) is dense in D (R) ® L. By (the proof of) [4, Prop.V.2.4.1]
the latter space is dense in DT (R, L,), i.e., in the space of all test functions
on R with values in L; . Standard cutting and mollification arguments show
that DT (R, L,) is dense in LT (R, L,). Consequently, D™ (R) @ D(Q) is dense
in L (R, L,). By extending the elements of L\ = LT (Y, L,, (1 + y)dy) by zero
outside of Y, we deduce the claimed statement. O

The proof of the positivity of the solution u(-;u°) is based on the previous
lemma and the continuous dependence on the initial value.

Theorem 10 Let p € (n/2,00) with p > 1. Then u(t;u’) € L} fort € J(u)
provided that u® € L}

Proof. (i) First suppose that u* € HSz N LS with n/p < o <2—n/p and
a # 1+ 1/p. Remark 8(d) implies that

u=u(u’) € C(J(uo),Hg‘vB) — C(J(u°), Li(Y,C(Q))) .

Let Ty € J(u’) be arbitrary. Then, there is some constant w = w(Ty) > 0
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such that, for t € [0, Tp],

’ / K(y,y)u(t,y,z) dy’
Y

y/
—i—‘/ Zy(y,y’)dy/gw, ae.yeY ,  xef.
0

For v € Ly, and 0 <t < T set

H<t7 U) = Lb[v] + L}; [Ua U] + Lg[va U] + Li[’U, U] - LE[U, u(t)] - Lz[% u(t)] +wu,

so H(t,v)(y,x) > 0 fi
(

for (t,x) € [0,Tp] x Q and a.e. y € Y, provided that v
belongs to Li (Y, C(9), (1 + y)dy). Next observe that u satisfies the equation

U+ (w+Au=H(t,u), te (0,7, u(0) = u° ,
which can be solved by the method of successive approximation. Thus, define
F(v) :=Uu’ +U,x H(,v) , v € Xp:= Chysp((0,T],Lay) ,

where U,(t) := e “'U(t), t > 0. Then one shows, analogously to the proof of
Theorem 7, that F' is a contraction from a suitable ball By in X centered
at Uu® into itself. By making T" smaller if necessary we also may assume that
u € Br. Therefore, the sequence (u;), determined by

Ug :=u iy = F(u;), jeN,

converges to u in Xr. In particular, u;(t) — w(t) in L, for ¢ € (0,7]. Since
{U(t);t > 0} is a positive semigroup according to Theorem 2, we see by
induction that u;(t) € L3, for 0 <¢ < T and j € N. So u(t) € L, since L3, is
closed. Let T* < Tj denote the maximal time for which w is positive on [0, 7*].
Then T* = T since, otherwise, repeating the above arguments for problem

(W Aw=HE+Tv), te0,T—T7, v0)=uT"),

would lead to a contradiction. Ty € J(u") being arbitrary, we deduce that
u(t) € Lf for all t € J(uP).

(i) Finally, for arbitrary p € (n/2,00) with p > 1 and «’ € L}, we can
use Remark 8(c), Lemma 9, and part (i) to conclude that u(t) € L for all
t € J(u"). This proves the claim. O

We now substantiate the intuitive guess that the total mass is preserved during
time. This simple observation is based on the following identities, which are
easy consequences of hypotheses (H;) — (Hy) and the Fubini theorem (see [25,
Lem.2.6)).
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Lemma 11 Given v € Li(Y, (1 +y)dy) and k = 0,1, the following identities
are valid:

Yo

v Lol dy = [7 [0 =y ) ay olw) dy

Yo

k L rvo rvoy (k) / / / /
v Llvolw) dy = 5 [T [T W y) K)oy vly) dy'dy

Yo

k L fvo rvo (k) / / / /
y" Ls[v,v](y) dy = 2/0 /y yq)s (v,9) K(y,9')v(y') v(y) dy'dy ,
.
where
¥ (y,y') == P(y,y) (y+9)" —v* = )")

+Qy, ) (/Oy+y W Bely+y,y") dy' —yF — (y’)k>

and
Yo
®£k)(y,y') — /0 (y//)k ﬁs(y + y/)y//) dy// . yk . (y/)k )

Theorem 12 Let p € (n/2,00) with p > 1. Then, for each u® € L,,

//yu(t,y,w) dydx://yuo(y,x) dyde , te J(u’) .
QJY QJY

Proof. Lemma 11 and (H3), (Hy4) yield that, for v € L1 (Y, (1 + y)dy),

[ v (Lolelw) + Lo o)(w) + Lilo,ol(w)) dy = 0. (33)

Taking into account the fact that, by virtue of the Neumann boundary con-
ditions,
—/Alwdx:O, t>0, wGD(Al),
Q

the assertion is a consequence the regularity properties of u. O

5 Global Existence

In this concluding section we derive sufficient conditions ensuring the global-
in-time existence of solutions to problem (20). The first result is dedicated
to the simplest case of particle size independent diffusion coefficients. This
assumption yields a priori bounds, pointwise with respect to x € €2, as has al-
ready been observed in [28]. Subsequently, we consider the general case either
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if space dimension equals 1 or in the absence of fragmentation.

Throughout, we denote by u = u(-;u’) the solution to (20) provided by The-
orem 4.

Theorem 13 Let n < 3 and p € (n/2,00) with p > 1 and assume that
u’ € IL;. Then u exists globally, that is, J(u®) = R™, provided that one of the
following conditions is valid:

(i) for each T > 0 there exists C(T) > 0 such that
@@Ly < CT) € J(W)N[0,T]
(ii) there exists ko > 0 with
K(y,y) <k (y+y), ae (y,y)eY xY, (34)
and, for each T > 0, there exists C(T) > 0 such that
[l Laiorivpayy < C(T) , t€ J(u’)N[0,T] .
Proof. It follows as in Lemma 11 that, for v € Li(Y, (1 4+ y)dy), one has

| L[] 2y (viay) < (X + vz, viay) 1]z (viay)
L[]z, vy < (X4 (vl viay) 10l 2y vydy)

under the general assumptions (Hy) — (Hy), whereas (34) implies that

L[]l (viay) < €1+ ([0l Ly vgan) 0]l viay) -
Hence, in both cases (i) and (ii), we see
ILIu@®ll, < o) u@®l, < oT) [u@ll, , ¢t € J@)n[0,T].

Since n < 4, we may assume that n(l — 1/p)/2 < 1 by making p > n/2
smaller if necessary. Therefore, applying the singular Gronwall inequality (cf.
[4, Cor.I1.3.3.2]) to the estimate

()l < 1%, + [ N0 =)oy NEL(3)]y ds
< Jul, +e(T) [ (6= )70 Ju(s), ds
we deduce that
Ju(t)lh, < e(T) .t €T N0, T].

Recalling Theorem 7, this implies J(u?) =R*. 0O
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For diffusion coefficients independent of the particle size y, sufficient condi-
tions for (i) or (ii) are collected in the next corollary. Roughly, solutions exist
globally if, for small particles, either collisional breakage is dominated by co-
agulation, or collision at all is not very frequent. These results are slightly
more general than those contained in [28, Cor.5.7].

Corollary 14 Let n < 3 and p € (n/2,00) with p > 1 and assume that the
diffusion coefficients are independent of y € Y. For u° € ]L; suppose that, in
addition, one of the following conditions is valid:

(1) u® belongs to Loo(QY, Li(Y, (1 +y)dy)), and there exists 29 € Y such that
/ y+y, / ! /" / /
Qy,v) /0 Pely +y,9") dy" =2) < Py,y), y+y <z; (35)

(11) u® belongs to Loo(Q, Li(Y,ydy)) and there exists ko > 0 with
Ky o)<k (y+y), ae (yy)e¥Y xY.
Then u exists globally.
Proof. Define
wg(t, ) ::/Yyku(t,y,:c) dy, (tx)eJuw)xQ, k=01,
and observe that 1w, — dAjw; = 0, due to (33). Hence
lor @)z = €1 w1(0)][2 < i (0)||z. <00, te @),  (36)

since €451t > 0, restricts to a semigroup of contractions on L, (see [21]).
By Theorem 13 we may focus on case (i) in the following. Lemma 11 and
inequality (35) imply that, for v € L] (Y, (1 + y)dy),

[ LI ay < e+ 0liemn) 0]

as has been observed in [25, Thm.2.9]. Consequently, wy(t) being non-negative,
estimate (36) yields

wolt) — dAywo(t) = /Y Liu(®)] dy < cwolt) , te J@) .
Therefore,

lwo ()l < e wo(0)llz., , € J(u")
which shows that condition (i) is satisfied. O

Now we consider the case that the space dimension equals 1, for which criterion
(25) allows to give a much simpler proof for global existence than the ones in
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[5, Thm.8.1.] and [28, Thm.5.11.].
For this purpose, let us assume that, similarly as in (35), collisional breakage
is dominated by coalescence, i.e., that

y+y’
Qy.y) (/0 Bely +y',y") dy" — 2) <Plyy), y+y ey, (37)
and that scattering is a binary processes, meaning that

Bs(y, ) =0Bs(y,y—v), 0<y—wo<y <wo, (38)

and
By, y) =0, 0<y <y—yo<wo. (39)
The latter assumption is mandatory since each of the daughter particles 1/

and y — 3/ in (38) has to belong to Y. Note that hypothesis (H4) and (38),
(39) imply the identities

Yo
/0 Bs(y,y) dy' =2, a.e. y € (yo,2v0) - (40)

Referring to Example 1, we observe that (37) is satisfied provided that

C ! !
ﬁQ(y W) S Pyy), y+y <wo,

and (38) is valid if v = 0.

Theorem 15 Suppose thatn =1 and let (37)-(39) be satisfied. Then u exists
globally for each u® € L.

Proof. Notice that hypotheses (Hs) — (H,), Lemma 11, (37), and (40) imply
that, since u(t) is non-negative,

Ci/g/yu(t)(l—i—y)dy:// Lyp[u) +L[uu]+Ls[u,u])(1+y)dydm
<m7// ) (1 +y) dydx

for t € J(u®). It follows ||u(t)|[L, < ¢(T) for t € J(u®) N[0,T], where T' > 0 is
arbitrary. The assertion is now a consequence of (25). O

We turn to the main result concerning global existence of solutions. Namely,
we prove that solutions exist globally-in-time for small initial values in the
absence of fragmentation, but for general diffusion coefficients and for any
space dimension. This result is based on (13), (14) and makes use of the
quadratic terms L. and Ls. More precisely, it relies on the facts that an a
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priori estimate in P(LL,) is available and that the restriction of —A,, to Ly has
a negative spectral bound.

Theorem 16 Suppose that there is no fragmentation, i.e. v = 0. Let (37)-
(89) be satisfied and assume that p € (n/2,00) and p > 2. Then there exists
Ry > 0 such that the solution w is bounded in L, whenever v’ € 1L} with
|u’|lr, < Ro. In particular, J(u®) = RT in this case.

Proof. Let P denote the projection introduced in section 2. Decompose u into
u = w + v, where

w:=Pu e O(J(u®), LT (Y, (1 +y)dy)) N C*(J (), Li(Y, (1 +y)dy)) ,
and
= (1=P)u e C(J(u’),L,) NC*(J(u®),L,) N C(j(uo),HaB) , g€ (1,00).
Taking Proposition 3 into account, we see that (w,v) solves the system

W= IP’(LC[u, u] + Lg[u, u]) :
0+ Avo = (1= P)(Lelu,u] + Ls[u,u)) =: f(w,v) ,

where AS is the L-realization of A,. As in the proof of Theorem 15 we infer
from (H3), (H,), Lemma 11, (37), and (40) that

dt/ ) (1+y) dy—|Q|// uu+L[uu])(1+y)dydx§0.
Because w is independent of x € (), we therefore have
lw(®ll, < wO), , t€J’). (41)

Next observe that
1f(w,v)

by < L= Bllc, s oy Ll u] + Lofu,ulll,
2
i)

According to Proposition 3, there exist M > 1 and wy > 0 such that

< co (Jlwll?, + [lv

||U(t)||£(L;) < M e~wot , t>0,

and
||U(t)||£(L;/27L;) < M e—«ot t—n/2p . t> 0.

Let I" denote the gamma function and put

d:= <8Mcowg/2p_1 I'(1— 71/2]9))71
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Now assume that ||u’||r, < Ry, where Ry := §/8M. Since then ||v(0)]
it follows that

s < 6/4,

t* = sup {7‘ € J(u°); o)y <0,0<t < T} >0.

Consequently, due to ||w(0)||r, < J, we have, for 0 <t < t*,

[o(®lly < M e u(O)llg + | U = $)lleqs g 17 (w(s), 0(3)) s, ds
<6/4+ M /0 et (4 — )72 ([lao(s) 12, + o(s) 2, ) ds
<0/ M ey (Jw(O)}, +6) [ e (6 = )=/ ds
< 6/44262 M cowh™ T T(1 = n/2p)
<5/2.

From this we readily infer that t* = sup J(u"), that is, [lu(t)|lLs < 0 for

t € J(u®). Estimate (41) thus yields that u is bounded in L,. Hence, u exists
for all time according to Theorem 7. O

Remarks 17 (a) Since L, embeds in Ly, this theorem implies, in particular,
that the total number of particles is bounded above. (Recall that from Theorem
12 we know that the total mass is preserved.)

(b) Note that the solution u exists globally also for v # 0 provided that there
s no collision of particles, i.e. K = 0, since in this case the evolution equation
18 linear.
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