OPTIMAL CONTROL PROBLEMS WITH FINAL OBSERVATION
GOVERNED BY EXPLOSIVE PARABOLIC EQUATIONS
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ABSTRACT. We study optimal controls problems with final observation. The
governing parabolic equations or systems involve superlinear nonlinearities and
their solutions may blow up in finite time. Our proof of the existence, regularity
and optimality conditions for an optimal pair is based on uniform a priori
estimates for the approximating solutions. Our conditions on the growth of the
nonlinearity are essentially optimal. In particular, we also solve a longstanding
open problem of J.L. Lions concerning singular systems.

1. INTRODUCTION
In his book [21], J.L. Lions studied several optimal control problems governed
by nonlinear parabolic equations of the form
oy —Ay=y*+u, xcQ tel0,T], (1.1)
where © is a bounded domain in R™, X € {2,3}, u = u(x,t) is the control and y =

y(x,t) is the state variable. Equation (1.1) is complemented by suitable boundary
and initial conditions, for example

y=0 on 00 x (0,7), y(+,0) = yo, (1.2)
where y9 € Loo(2). If u is regular enough then the state problem (1.1)-(1.2)
possesses a unique strong solution y = y(u) defined on the maximal existence

interval J,, (see Section 2 for the definition of a strong solution). However, even
for smooth controls u, the solution y(u) need not be global — the interval .J,, need
not coincide with [0, T]. In this case, y(u) blows up at the time t(u) := sup J,, i.e.
it develops a singularity and leaves its natural regularity class. After blow-up, the
solution either can be continued in a weak sense (the blow-up is incomplete [16])
or such continuation is not possible (the solution blows up completely [9]).

Let U.q denote the set of admissible controls,

UY, := {u € U,q : the solution y(u) is global},

and J = J(y,u) be the cost functional. A standard way to solve the optimal control
problem

minimize J(y(u),u) over u € U%, (1.3)
is to consider controls ug, k = 1,2,..., such that (J(y(ug),ux)) is a minimizing
sequence for (1.3) and to show that a suitable subsequence of ((y(ux),ur)) converges
to an optimal pair (y(u),u). Assume, for example, that U,q is a (weakly closed)
subset of a reflexive Banach space. If J is coercive with respect to u (or U,q is
bounded) then the sequence (uy) is bounded and we may assume that uy — u in
the weak topology. Similarly, if J is coercive with respect to y (in a suitable space
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of functions defined in @ := Q x [0,T7]), then the sequence (y(uy)) is bounded and
standard compactness results for the state problem enable us to pass to the limit
in order to find a minimizer for (1.3).

If we consider problems with final observation (where J depends just on v and the
final value y(-,T')), then the coerciveness of J provides a priori estimates for uy, and
final values of y(ux). However, such estimates are, in general, not sufficient for the
uniform boundedness of solutions y(ux) on the whole interval [0, T]. Consequently,
we have to find sufficient conditions on A and/or other parameters of the problem
which guarantee a priori bounds for global solutions y of (1.1)-(1.2) depending only
on suitable norms of u and y(-,T).

Let us discuss the question of a priori bounds for problems with final observation
in the particular setting of [21, Section 1.10]. Fix N > 0, ¢ > 1, yq € L,(Q2) and set

J(y,u) :—/Q|y(x,T)—yd(w)|qu+N/Qu2(x,t)dxdt,

Assume also that U,q C L2(Q) is closed and convex, and U, # 0. If A\ =2, ¢=3
and n < 3 then [21, Theorem I1.10.1] and its proof guarantee the required bounds
for the solutions y(uyg), hence the existence of an optimal pair (y,u). If, in addition,
n < 2, then optimality conditions for the optimal pair (y,u) were derived in [21,
Theorem 1.10.3]. On the other hand, the existence of an optimal pair in the case
A=3,g=4 (or A =2, ¢ < 3) and the optimality conditions for n = 3 were left
as open problems, see [21, Remarks 1.10.1, 1.10.2 and 1.10.4]. Our results give, in
particular, positive answers to all those open problems. In fact, we consider an
arbitrary dimension n, exponents ¢ > 2, A > 1 (where either y* := |y|*~'y or
y* := |y|*) and controls u € L,.([0,T], L2()), r > 2, and find sufficient conditions
on ¢, A and r that guarantee the existence of optimal controls and the optimality
conditions (see Section 2 for precise statements of our results).

We also show that many of our conditions are essentially optimal. In particular,
if Upa C Loo([0,T], L2(©2)) then our sufficient conditions on ¢ and A guaranteeing
the existence of optimal controls have the form

n-+2 n 2n
NS e ac (& s, (n_4)+),

where a4 := max(a,0) and a/by := oo if a > 0 and b < 0. The upper bound for ¢ is
required by the (low) regularity of controls u: it guarantees y(u) € C([0,T], L,(Q2))
so that J(y(u),u) is defined. If ¢ < (A—1)n/2 or A > (n+2)/(n —2)4 and n < 10
then we show that problem (1.3) need not be solvable even if the set Uyq is a
compact subset of C*(Q x [0, T]) and U, # ), see Remark 3.4. This nonexistence
result is due to the fact that the set [Ugl need not be closed in U,q: if ug € de,
up — u € U,g, then the limiting solution y(u) may blow-up at ¢(u) < T. The
conditions on ¢ show the importance of a good choice of the cost functional in
order to control the equation. On the other hand, if A > (n + 2)/(n — 2), then (a
strong) solvability of our control problem cannot be guaranteed for any g.

The solvability of (1.3) with U,q, J as above was proved by Imanuvilov [18,
Theorem 2.1] and Fursikov [15, Theorem 4.3] for » = ¢ = 2 and any A > 1 but
their function y(u) corresponding to the optimal control u need not be a strong
solution in our sense. In fact, the results of [18, 15] also apply to the example of
Remark 3.4(i), where y(u) blows up at t(u) < T (but can be continued in a weak
sense). This lack of regularity causes serious problems in establishing the optimality
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conditions. In order to obtain these conditions, Imanuvilov and Fursikov have to
assume ¢ = 2 > (A — 1)n/2, see [15, Theorem 5.1]. Note also that the proofs in
[18, 15] substantially use the choice ¢ = 2 hence require A < 1+4/n. In particular,
if n = 3 then their method cannot be used in the case A\ = 3, ¢ = 4 mentioned
above.

Our proof of a priori estimates is based on energy and perturbation arguments in
[25, 27]. The same approach can be used for more general problems. For example,
the case of general second-order elliptic operators and/or general nonlinearities
with polynomial growth can be solved by adopting the proofs in [26]. Similarly, if
one considers linear or nonlinear parabolic equations complemented by nonlinear
Neumann boundary conditions of the form 9,y = y* or 9,4 = y* 4+ u then one can
use estimates in [28] and [11].

In this paper we consider two modifications of the model problem (1.1)-(1.2): a
problem with multiplicative control and a problem governed by a parabolic system.

In the case of multiplicative control we replace the state equation (1.1) by

6ty7Ay:y/\+uyv xEQv te [OvT]a (14)

and we prove the required a priori bounds by using the energy and perturbation
arguments mentioned above. This study is motivated by the fact that multiplicative
controls often appear in the literature.

In Section 6 we investigate the existence of optimal controls for problems gov-
erned by the system

Oy1 — Ay = Ky1y2 — by + u, x €N, tel0,T], Ls
Oy — dAys = ayy, e, tel0,T], (1.5)
which is complemented by suitable boundary and (nonnegative) initial conditions.
Here d > 0, K,a > 0 b € R and w is a nonnegative control. System (1.5) (with
d =0 and v = 0) was derived in [19] as a model for the dynamics of a nuclear
reactor close to a stationary state. The state variables y; and ys correspond to the
neutron flux and the temperature, respectively, and the constant s represents the
temperature feedback (cf. also [29]). Since this system (with d > 0, & > 0 and
u = 0) possesses an interesting dynamics with possible blow-up in finite time, it
became the object of study of many mathematical papers (see [10], [17], [23], [24],
[31], [32] and the references therein). We consider the case d = k = 1 and study
the corresponding optimal control problem with final observation. Since the energy
arguments used in the case of equations (1.1) or (1.4) cannot be applied, we use a
different approach to the proof of a priori bounds.

This paper is organized as follows. In Section 2 we formulate our main results
(Theorems 2.3, 2.6, 2.8 and 2.10). Sections 3 and 4 are devoted to the proof
of existence of optimal controls and optimality conditions, respectively, for the
problem governed by the model equation (1.1). Problems governed by (1.4) and
(1.5) are studied in Sections 5 and 6, respectively. In the Appendix we recall, for the
reader’s convenience, from [6] the basic existence, uniqueness and stability results
for semilinear parabolic equations which are the fundament for our investigations.

2. MAIN RESULTS

First we introduce some notation which will be used throughout this paper. If
a,b € R then we denote a V b := max(a,b) and a A b := min(a,b). If p € (1,00)
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then p’ is the dual exponent defined by 1/p + 1/p’ = 1. For X C R" we write
D(X) for the space of smooth functions with compact support in X. The symbols
w and w* are used to denote the weak and weak-star topology, respectively. By
Q2 we mean an open bounded subset of R™ having a smooth boundary I". We also
set @ :=Q xJand ¥ :=T x J, where J := [0,T] with a fixed T > 0. By B we
denote one of the boundary operators v, d,,, where ~ is the trace operator and 9,
the derivative with respect to v, the outer unit normal on I'.

Let s € [-2,2] and 1 < g < co. We write W := W(€2) for the usual Sobolev-
Slobodeckii spaces; hence W, = Ly(Q). If B =~ then we set

{uGVVqS;Bu:O}, 1/g<s<2,
Wrg = Wy, 0<s<1/q,
(W;%)’, —2<s<0, s#-1+1/q,
where X’ denotes the dual space to X. If B =9, then
{uEVV;;Bu:O}, 1+1/g<s<2,
W= Wy, 0<s<1+1/q,
W, 5), —2<s<0, s#-2+1/q.

In either case the dual spaces are determined by means of the standard L,-duality
pairing. We also set S, :={-2+1/¢,—1+1/¢,1/¢,1+1/q}.

WEAK AND STRONG SOLUTIONS

Consider the problem

Oy —Ay = f in Q,
By=0 on X, (2.1)
y(-,0) =° in Q,

where y° € L1(Q) and f € L1(Q).

Definition 2.1. Assume that s € [0,2] \ S; and 1 < p,q < co. A weak L,(W;)-
solution of (2.1) on [0,t], 0 <t < T, is a function y € Ly 10c([0,t), W;'5) such

that
t t
//(fﬁﬂpfA(p)ydsz:/ /gofdxd7+/g0(0)y0dx
0 Q 0 Q Q

for any ¢ € D(Q x [0,t)) satisfying By =0 on I' x [0,¢]. It is global if ¢t = T and
y € Lp((0,T), Wyp)-

The differential operator C := 1 — A defines an isomorphism between W5 and
L4(§2) and this isomorphism admits a unique extension to an isomorphism C = C;
between W5 and Wq‘ng for any s € [0,2] \ Sy (see [1]). Moreover, —A := 1 —
C generates a strongly continuous analytic semigroup {e~*4 ;¢ > 0} on W/ for
r € [—2,s]\Sy, and

(t— e a) e C([0,T], W, 5) NC((0,T], Wy 5) (2.2)

with
e~ el <t g, 0<t<T, 2
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for z € W/ (cf. [1, Theorem 5.2] and [2, Theorem V.2.1.3]). Then, provided
l1<g<n/in—2)and 0 < s < 2-—n/q¢, (the weak form of) problem (2.1) is
equivalent to the abstract evolution equation

g+Ay=Ffin[0,7],  y0) =1y’ (2.4)
(see [6] for details).
Definition 2.2. A weak L, (W,’)-solution y of (2.1) on [0,t] is a strong L, (W;’)-
solution if

Y € Weioc((0,8), Wyi®) 0 Lrtoe((0, ), Wyis)

for some r > 1 and (2.4) is satisfied a.e. in [0,¢]. If, in addition, y € C*([0,t), W)
for some p € [0,1) then y is called strong C?(W,’)-solution.

A MODEL PROBLEM

Now we are ready to formulate the main results of this paper. First consider the
optimal control problem (1.3) for the model state equation

Oy — Ay = [y y +u in Q,
By=0 on %, (2.5)
y('a 0) = yO in Qv

where B € {v,0,}. As already announced in the introduction, instead of the opera-
tor —A and the model nonlinearity |y|*~!y we could handle a general second-order
elliptic operator A and a general superlinear function f(z,y) satisfying suitable
growth conditions (see [26] for details).

In the following theorem we consider cost functionals J which depend on the
final value of y and which satisfy the coercivity condition

Iy, u) = erlly( Tz, — cas (2.6)

with positive constants ¢; and cs.

Theorem 2.3. Let

n—+2
1< A< —7—, (2.7)
(n—2)4
n 2n
1), — d > 2. 2.
ae((a >2,(n_4)+) and g > (2.8)
Suppose that r > 2 satisfies
1 n n
-<1l—=4 = 2.
< 4  2q (2.9)

and
A+l - (n+4) 2

A n+2-An-2) X
Assume that y° € W2y and Uaq is a weakly compact subset of L,(J,La(Q)). If
u € Unqg then (2.5) has a unique strong L,x(Lay)-solution defined on the mazimal
existence interval J,,.

Assume US| # 0. Let (2.6) be true and assume that J can be written in the
form J(y,u) = Jr(y(-,T),u) , where Jr : Ly(Q) x (L, (J, L2()), w) — R is lower
semicontinuous. Then the optimal control problem (1.3) governed by (2.5) has a
solution.

(2.10)
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Remarks 2.4. (i) Theorem 2.3 remains true if we replace the nonlinearity |y|*~1y
with |y|*, see Remark 3.3.
(i) Let A, g, 7 satisfy (2.7)~(2.10), y° € W5,

Iy, ) :—/Qy(:v,T)—yd(x)|qu+N/OT</Qu2(x,t)d:v)r/2dt, (2.11)

where yq € Ly(Q2), N > 0, and let U,g C L, (J, L2(£2)) be closed, convex and
bounded. Then all assumptions of Theorem 2.3 are satisfied provided Ugd % (. In
addition, if N > 0 then U,q need not be bounded (we can replace the set U,q in
problem (1.3) with Uaq := UaaNBg, where By is a large closed ball in L, (J, L2(2))).

(iii) If » = 2 then conditions (2.7)—(2.10) in Theorem 2.3 read
3n 4+ 8 n 2n )

1< A< —7— qe((A—l)—

—_— > 2.
G- 1), 2oz, M 92

In particular, if n < 3 then we may choose A = 3 and ¢ = 4 (cf. the open problems
of J.L. Lions mentioned above). O

Example 2.5. Let A, q,7,y°,J,U.q be as in Remark 2.4(ii). Assume |y°| < Cj for
some Cp > 0 and {u € Loo(Q); |u| < C3'} C Uaq. Then U, # 0, hence the optimal
control problem (1.3) has a solution. In fact, the solution § of the linear problem

oy —Ayg=0 in Q,
By=0 on X,
9(-,0) =9° in 0,
satisfies |§| < Cp by the maximum principle, thus u := —|j|*~1§ € UY, (the function

y := ¢ is a global solution of (2.5)).

OPTIMALITY CONDITIONS

In order to obtain the optimality conditions, we restrict ourselves to the case
r = 2 and we also fix

Iy, u) ::/Q|y(x,T)—yd(x)|qu+N/Qu2(x,t)dxdt, (2.12)

where ¢ > 1, yq € Ly(Q2) and N > 0 are given. This particular choice of  and J
corresponds to the setting of J.L. Lions in [21].

Theorem 2.6. Let the assumptions of Theorem 2.3 be fulfilled and let, moreover,
r =2, Uag be convex and J be as in (2.12). If (y,u) is an optimal pair for problem
(1.3) governed by (2.5) and p is the solution of

—~0wp — Ap=Ay*'p in Q,
Bp =20 on X, (2.13)
p(T) =qly(,T) — ya| " 2 (y(-, T) — ya) in €,

then
/(p+2Nu)(v—u)dxdt20 for all v € Uyq.
Q
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Remarks 2.7. (a) The existence of an optimal pair (y,u) in Theorem 2.6 is
guaranteed by Theorem 2.3. The solvability of (2.13) follows from Lemma 4.1 and
Remark 4.2 below.

(b) As in Remark 2.4(ii), in Theorem 2.6 we can allow Uuq to be any closed
convex subset of Ly(Q) if N > 0. O

MULTIPLICATIVE CONTROLS

Next we consider the optimal control problem (1.3) governed by the equation

Oy — Ay =y Ty +uy in Q,
By =0 on X, (2.14)
y(-,0) = y¥ in Q,

where B € {v,0,}.

Theorem 2.8. Let (2.6), (2.7) and (2.8) be satisfied, y° € W5, Uad C Loo(Q)
be w*-sequentially compact and UaGd # (. Assume that J can be written in the form
J(y,w) =Jr(y(-,T),u) , where Jr : Ly(Q) X (Lo (Q), w*) — R is sequentially lower
semicontinuous. Then problem (1.3) governed by (2.14) has a solution.

Remark 2.9. Similarly as in Remark 2.4(ii) and Example 2.5, all assumptions
of Theorem 2.8 concerning U,q and J are satisfied if, for example, |y°| < Co,
Dy > Gy, Dy >0, N >0,

Uupg = {U, € LOO(Q) =D <u< DQ}
and

3y, u) = /Q (@, T) — ya(@)|? dz + Nlull_ ).

Again, we may take D; = co and/or Dy = co if N > 0. O

CONTROL OF SYSTEMS

Finally, let us formulate our result concerning the parabolic system

Oy1 — Ayr = y1y2 —bys +u in @Q,
Ory2 — Ayz = ayr in Q,
By, = By, =0 on X, (2.15)
y1(-,0) = y? in ©,
yQ('a O) = yg in Qa
where a >0, beR, Be{v,0,},
ylhys 20, of,ys € C*(Q), By =Bys =0, (2.16)
1
we L(J,LTQ),  rz>1, 7+23 <1. (2.17)
T z

As usual, L,(J, LT (Q)) is the set of positive functions in L,.(J, L,(€2)). The regu-
larity assumption (2.17) guarantees that (2.15) possesses a unique strong solution
(defined on the maximal existence interval J,,) and this solution is Holder continu-
ous both in z and {.
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Theorem 2.10. Consider problem (2.15) with a > 0, b € R. Let (2.16), (2.17)
be satisfied, where either B = 0, andn < 3 or B = v and n < 2. Assume that
Uaq s a compact set in L.(J, LT (), UG, # 0, and J can be written in the form
Iy, u) = Ir(y1(T), u), where

Jr 1 Ly(Q) x L(J, LT () = R is lower semicontinuous,

q € [1,00] and J(y,u) > c1llya(T)|z, @) — ca- Then the optimal control problem
(1.3) governed by (2.15) has a solution.

Remark 2.11. As above, we can easily find examples of U,q and J satisfying the
compactness and lower semicontinuity assumptions in Theorem 2.10. The assump-
tion Ugd # () is satisfied if, for example, B = v, b > 0, 0 € U,q and 3,79 are
small enough (e.g. in Lo(€2)). This is due to the fact that in this case, zero is an
asymptotically stable equilibrium of (2.15) with u = 0. If B =9, y? = yJ = 0 and
0 € U,q then obviously 0 € de. O

3. SOLVABILITY OF THE MODEL PROBLEM

Proof of Theorem 2.3. Set s :== 0, g:=2Xand p:=7r\. Sincer > 2and 1 < A <

+2 iata <o tiafui
(n”_2)+, there exists o ¢ S, satisfying

2 2 n
Now Theorem A.l guarantees the existence of a unique L,)(L2y)-solution y of
(2.5) defined on the maximal existence interval J,. Fixing u € U%,, this solution
is global and |y|* € L,(J,L2()). The Sobolev maximal regularity for (2.5), [2,
Theorem 111.4.10.2] and interpolation theorems in [4] (also see [3, Theorem 3])
imply

y € W (T, La(Q)) N L (J,Wi) < C(J, Wy ) NC(J, W) N Lia(J, Laa(€) (3.1)

for any
n n 2

2<2— -+ ——-
2 q r
where the embedding into C(J, W;7g) N Lyx(J; L2 (€2)) is compact.
Let (yg, ux) be a minimizing sequence for problem (1.3). We may assume u — u
weakly in L,(J, L2(2)) and ||ug||z, (s2.(0) < Cr. Part (a) of the proof of [6,
Theorem 1.1] shows that there exists ¢g > 0 independent of k such that

yx are uniformly bounded in L, ([0, to], Lax(£2)). (3.2)

Set ug(z,t) := 0 for t € (T,2T) and consider problem (2.5) with J replaced by
[0,2T]. This problem possesses a unique L, (L2 )-solution gj defined on the max-
imal existence interval Jy C [0,27]. The function wg(t) := gx(T + t) is the
L,x(Lay)-solution of (2.5) with v = 0, initial condition wg(0) = yx(T) and the
maximal existence interval J,, C [0,7]. The boundedness of J(yx,u;) implies a
bound for yx(T') in L,(R?) and the well posedness of (2.5) in L,(Q2), guaranteed by
Lemma 3.1 below, shows the existence of ¢; > 0 such that [0,t1] C J,, for any k.
Consequently, all solutions yj can be continued on the interval [T,T + t1]. Now
Lemma 3.2 below implies |lyx(7)|z, ) < C, for any 7 € [0,T].

Let 7* = 7*(C,, Cy) be from Lemma 3.1. Fixing § € (0,fy A 7*) and using the
last statement of Lemma 3.1 for wy(¢) := yp(7+1), t € [0,7*], T € [to—06,T — 77,
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we get a uniform bound for yy in L,z ([to, T], L2(2)). This bound and (3.2) show
the boundedness of |yx|* 1y in L,.(J, L2(Q2)). Asin (3.1), we get that the sequence
(Jyk|*Lyx) is compact in L,.(J, L2(€2)) and (yx (7)) is compact in Ly(2). Now it is
easy to pass to the limit to get a solution of (1.3). O

Let A,q be as in Theorem 2.3 and let r > 2 satisfy (2.9). These assumptions
guarantee that there exists s ¢ S, such that
1 2 2 1 2
ov (Z-S)v[E-5(2+2)] <s < $A(+E-2-)n 5 (2+2)-2-2+2).
g M o Llg A\ ¢ A q r q/ r 2
(3.3)

Lemma 3.1. Let A\ q be as in Theorem 2.3 and let r > 2 satisfy (2.9). As-
sume w € L,(J,L2(R?)). Then problem (2.5) is well posed in Lqy(?). More pre-
cisely, if the norm of u in L.(J, L2(2)) is bounded by a constant C,, y° € Ly(9),
401,y < Cq, and s satisfies (3.3), then there exists T = 7*(Cy., Cq) > 0 and a
unique solution

y € C([0,77], Ly(R2)) N C((0, 7], W, 5). (3.4)
In addition, this solution satisfies
IO o) + 2y Olwz, <C. e (0,77, (3.5)
where C' depends only on s,C,,Cy (and q,r, X\, Q). If § > q satisfies
2n 1 n n
] < ———— d —<1l——=+ = .
q<(n—4)+ an 7’< 4—1—2@ (3.6)
then
y € C((0,77], Lg(2)) (3.7)
and
Hy(t)HLq(Q) < 0(67 (ja 07"7 Cq): te [67 T*L NS (Oa T*)' (38)
Finally,
y € O([0, 7], Wy p(2)) N LA ([0, 7], Lax () (3.9)

for any § > 0 and the norm of y in this space can be bounded by C(9,C,,Cy).

Proof. The proof of the first part is an easy modification of [8, Theorem 4.1]. In
fact, let X be the Banach space of all functions

y € C([0,77], Le(Q2)) N C((0,77], qu)
for which

lyllx = S ](”y(t)”Lq(Q) + 2|y (8)llwyz ) < oo
e(0,7*

Then it is sufficient to use the Banach fixed point theorem for the mapping

Ky(t) = e~ Aty0 + / A (1 ()P Yy(r) + u(r)) dr

in a large closed ball B of X with radius R, where A is as in (2.4). For example,
assume that y € B and denote by | - [|s the norm in W’ 5. Fixing s satisfying (3.3)
there exists
2
z € (1,q] such that )\(ﬁ - s) \/)\(f +2- 2) <Zcoy s (3.10)
q ro 2 z q
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Choose 01 € (sX\,24+n/q—n/z) and 03 € (s +2/r,2+n/q—n/2), 01,02 ¢ S,.
Then we have L,(Q2) — V[/qayg72 and Ly(Q) — VVqUE;Q, hence it follows from (2.3)
that

t
CRLEYOll < O(C) + P [ =)=y () g ) oy d
t
+00P2 [ (¢ =)o ) gy

0

t

<C(C)+ 0P [ (¢ =)@y ar
0

t
+Ct5/2A (t =)@ 2 (1) | 1y dr

t
<C(Cy) + CRAtS/Q/ (t — )@ =9/2-1=sM2 gp
0
¢ ’ 1/r
+ CC,t%/? (/ (t—71)" [(o2—s)/2—1] dr) ’
0

which shows t%/2||Ky(t)||s < R/2 if R = R(C,) is large enough and ¢t = t(R, C,) is
small enough. Similar arguments show the same bound for |[Ky(t)[/z, () and the
fact that K is a contraction. Obviously, the fixed point of K is a solution of our
problem. Uniqueness of this solution in the class (3.4) can be proved in the same
way as in [7, pp. 295-296].

We have Wz < Lg, (Q2) whenever n/q1 > n/q — s. Due to the upper bound for
s in (3.3), q1 is restricted by the conditions

n 2 n n n
—>-24+-+—- and — > ——¢(q), 3.11
m ~ 13 o q (q) (3.11)
where
2 n 2 n
==+ —+2—=——=>0.
=(a) )\+)\q+ r 2>

Let ¢ > g satisfy (3.6). If n/¢ > n/q —e(q) then W5 — Lg(2) since the second
inequality in (3.6) guarantees that the first condition in (3.11) is satisfied with
¢1 = §. Consequently, (3.7) and (3.8) follow from (3.4) and (3.5). If n/§ < n/q—e(q)
then we fix ¢1 > ¢ satisfying (3.11) (this is possible due to (2.9)). Now the first part
of the Lemma with ¢ replaced by ¢; (and ¢ = 0 replaced by ¢ = §;, where d; > 0 is
small) implies y € C((61, 7], W' 5). Similarly as above, W' 5 < L, (2), where

2
Ls o424 ana s ﬁ—s(ql).
72 roo2 @ O
Repeating this bootstrapping argument finitely many times, we obtain (3.7) and
(3.8).

It remains to prove (3.9) and the corresponding bound. Fix ¢ € (0,7*) and set
to :=90/2, Jo := [to,7*] and J* := [§,7*]. Taking R > 1 large and ¢ close to its
upper bound, we have ¢ > X and |y|* € Lg(Jo, Lg/A(R)). Set f1 := |y[* "'y and
fo :=u. Writing y = y1 + y2 + ys, where By; =0, i =1,2,3, and
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O — Ay = f1 in ) x Jo, y1(to) =0,
Ory2 — Ayz = fo in Q x Jo, y1(to) = 0, (3.12)
Oiys — Ays =0 in £ x Jo, y1(to) = y(to),

the maximal Sobolev regularity implies
y1 € Wi (Jo, Ly/a(0) N Lr(Jo, Wy 5) — C(Jo, Wa'5)

since we can take ¢ > 2Mn/(n + 2) and R arbitrarily large. Similar arguments
guarantee yo € C(Jo, Wy' ) and yz € C(J*, Wy'p), hence y € C(J*,Wy'5) (and the
corresponding estimate in this space is valid).

Choose k > 1 such that ¢ > (A — 1/k)n/2 and fix m € N such that k™§ > 2\.
Choose also R > rA™*L. Set t; :=6/2+i6/(2m + 2), J; := [t;,7*] and §; := k'q,
i=1,2,...,m. Notice that ya,ys € L.\ (J1, L2A(R2)) and VV;//\’B — L4, (), hence
y1 € Lr(J1, Lg, (2)). Consequently, |y|* can be written in the form

| = fi + fo, fie Lpx(J1, Ly /2 (), fo € Ly(J1, La(Q)).
Writing y = 41 + 92 + y3, where ~Bg]i =0, i =1,2,3, and 71, 2, J3 satisly (3.12)
with f1, fa2, Jo, to replaced by f1, fa, J1,t1, respectively, we obtain as above s, 3 €
Lyxa(J2, Laa () and g1 € Lga(J2, Lg, (). Repeating this argument m times we
get
Y € Lea(J", Lax(€)) + Lryam (J*, Lg,, (2)) = Lea(J7, L2x(2))

(and the corresponding estimates), which concludes the proof. O

Lemma 3.2. Let A\ q,r be as in Theorem 2.3. Let t; > 0, uw € L.([0,T +
t1], L2(2)) and let its norm in this space be bounded by a positive constant C,.
Assume that y is a global solution of (2.5) (with J replaced by [0,T + t1]) and
Y’ e WAQ), Hy0||%2(9) < Cy. Then there exists a constant C = C(C,,Cy,1t1)
such that |ly(t)|z, ) < C for any t € [0,T7].

Proof. The proof is a modification of the proof of the main result in [25] (cf. also
[26] and [27, the proof of Theorem 5.1]).

All our constants (and bounds) in this proof may change from line to line and
may depend on C,.,Cy,t;. First we deduce from Lemma 3.1 and the beginning of
the proof of Theorem 2.3 that y € C([0,T + t1], Wy' 3) and there exists 7 > 0 such
that

y is bounded in C([0,7], Ly(£2)) by a constant C' = C(Cy, C,). (3.13)

Denote ) )
— 2 - A+1
V() =5 [ IV de = o [ e de.

If w is smooth then

1 1
VIt = — / ()2 da + / wdyy da < / W2dy — / (O)? da,
Q Q 2 Q 2 Q
hence
1 [m
T1 Q

Now let u be general. Approximating « by smooth functions uy we see that (3.14)
remains true for any u € L,([0,T + t1], L2(2)).
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We will show that V() is bounded for ¢t € [0,7]. The upper estimate for V (¢)
follows immediately from (3.14). To prove the lower estimate we assume on the
contrary that V(tg) < —(C + K) for some ¢y € [0,T], where C' is from (3.14) and
K > 1. Then (3.14) guarantees V(t) < —K for all t > ty. Multiplying the equation
in (2.5) by y and integrating over 2 we obtain

1d
f—/yZd:v:—QV(t)—i—cl/ |y L dx—i—/uydx

(A+1)/2
2K+02(/y2dx) —C’g/u2dx,
Q Q

where the inequality is true for all ¢ > ¢y. Denote Y () = ftto Joy?dxdt. Then
integrating estimate (3.15) we get

(3.15)

Y > esYOHD/2 L oK (t — tg) — Cs.

Let K > 10C5/t;. Integrating the inequality Y/ > 2K (t —tg) — C5 on [to, to +t1/2]
we obtain
Yito+t/2) > K1 - oyt s gl
- 4 2~ 5
We also have
Y > e YOD/2 for ¢ >t + %

Since the solution of the equation Z'(t) = c3Z*TV/2(t) for t > 0, Z(0) = Kt3/5,
blows up at t < t;/2 if K is large enough, the function Y (t) > Z(t —tg—t1/2) blows
up at some t < T + t; which yields a contradiction. Hence K has to be bounded
by a constant depending only on c3,C5,t; and A. Consequently, V' is bounded on
[0, T] and (3.14) provides a bound for y in the space W3 ([0, T, L2(Q)).

If A <14 4/n then Lemma 3.1 with ¢ replaced by ¢ := 2 and ¢ replaced by ¢
guarantees a bound for y in Lo ([T, T], Ly(€2)) which (together with (3.13)) implies
the assertion.

Let A > 1+ 4/n. Since y is bounded in W ([0, T], L2(2)) — Lo ([0,T7], L2(Q)),

we have

T T
A wmamyus04|wmﬂumsc, i<

Using this bound and the boundedness of V' on [0, T], we obtain from the equality
in (3.15)

T T
| il ae < o(i+ [ 1omouols, o ).
In particular, if z = 2 then this estimate, the bound for y in W3 ([0, T, L2(2)) and
10y @)y (Dl L, ) < N0yl Lo ¥l Lo ) < ClldwllLy
guarantee a uniform bound for y in
Xz = Lo ([0,T], La1(82)).

Interpolating between the bound of i in X, and in Wy ([0, T], L2(£2)) yields a bound
in Lo ([0, T), L (£2)) provided
A—1
z+1

m<A+1— (3.16)
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(cf. [25, (12)]). If r > 2 then we will use the bootstrapping procedure in [25] in
order to get these estimates for some z > 2. Replacing u by y, p by A\, ¢ by z, ¢
by Z, and A by m in [25], denoting

A+1m-—2 2
A= (A+1)/A 0 .= =
1 ( + )/7 )\_1 m N ﬂ (1_9)27

and assuming the estimate in X, for some z > 2, we get for Z > 2

/OT||<>||L3;%)dt<C( /T||aty<><>||L1 ydt)

T
5 Gz
1+ [ 10w, ool 8 )

1+ (/OT e gy ) ")
(

T //8/
<c(i ([ I ,
, OIE e ) )

provided Z < r and

u € LOB'Z(‘L L)\l (Q)) (317)
Recall from [25] that the bootstrap condition 63" < A; is satisfied if m is chosen
close to its upper bound and Z is close to z. For such m and Z, one can even check
that 58" < (A+1)r/(Ar+2) provided Z < r. Consequently, 85’2V Z < r (and (3.17)
is true) whenever Z < (Ar +2)/(A+ 1). Hence, we obtain a bound for y in X, for
any

< (W +2)/(A+1). (3.18)

Recall that this guarantees a bound in L ([0,T], L, (£2)) for any m satisfying
(3.16). Using (2.10) we can find z satisfying (3.18) and m € ((A — 1)n/2,q] such
that (3.16) is true. Now we can use Lemma 3.1 with ¢ replaced by m and § replaced
by ¢ to get a bound for y in Lo ([, T, L4(€2)) which (together with (3.13)) concludes
the proof. O

Remark 3.3. We announced in Remark 2.4(i) that Theorem 2.3 remains true if we
replace the nonlinearity |y|*~'y with |y|*. Let us sketch the proof of this statement.
Since y satisfies
Oy—Ay=lyP+uz>u  nQ,

the parabolic maximum principle implies y > vy, where yy, is the solution of the
linear problem

Owyr — Ay =u n Q,
Byr, =0 on X,
yr(-0) =1y’ in Q.

Using the same arguments as in (3.1) we see that yr, € Lyx(J, L2 (92)) and that the
norm of yr, in this space can be bounded by the norm of v in L.(J, Ly(2)) and a
suitable norm of y°. Notice that

ly* = [y y + 20y My

Y
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where y~ := —min(0, y) is bounded above by |y |, hence 2|y~ |*~1y~ is bounded in
L.(J, L3(Q)). Consequently, replacing u with @ := u + 2|y~ |*~!y~, we can repeat
word by word the proof of Theorem 2.3. (]

OPTIMALITY OF THE GROWTH BOUNDS

Remarks 3.4. (i) Consider problem (2.5) with €2 being the unit ball in R™, n > 3,
B=vand A > (n+2)/(n—2);. If n > 10 then assume also

n—44+2vn—1

>\<1+4(n—2)(n—10)'

(3.19)

Choose a smooth radial, radially decreasing function @ : Q@ — R* satisfying
¥(0) > 0 and ¢(z) = 0 for x € T and denote by w, the (classical) solution of
(2.5) with u = 0 and 9° = @), « > 0. We deduce from [22] and an obvious
modification of [20] that there exists a* > 0 with the following property: if a < a*
then w, (t) exists for all ¢ € RT and w,(t) — 0 as t — oo; if @ > a* then this
solution blows up in finite time completely.

From now on fix 4 = a*1. Let y; be the solution of (2.5) with u = 0 and the
nonlinearity y* replaced by min(y*, k), k = 1,2,... Then y; are globally defined
classical solutions, yr+1 > yx. Set y*(t) = limg— o0 yx(t). The results in [22] and [16]
guarantee that y* € L, 10¢(]0, 00), L,(€2)) is a weak solution solution of (2.5) with
u = 0 and there exists T* € (0,00) such that y* is a classical solution on (0,7*)
but it blows up at t = 7™ in the L (Q)-norm. In particular, wa- = y*|jo,1+)-
Next [12] shows that y* is a classical solution for all ¢ except for finitely many
points Ty = T* < 17 < --+ < T}. Choose T" > T* such that T" # T} for any j
and let yq(x) := y*(2,T). Choose also 0 < t; < ¢ < T* and a smooth function
U:Qx[0,T] — [0,00) with support Kiy C Q x [t1,t2], Ky # 0, and denote by Y5
the solution of (2.5) with u = BU and y° = a*1.

Since y* > 0 in Ky and y* 53 — y* uniformly in Ky as 3 — 0+, fixing b > 0
small we have |y*,|*~1y*, —bU > 0 in K;. Consequently, the maximum principle
implies y*, > 0. Choose 3 € (0,b]. Since y*(t2) —y* 5(t2) belongs to the interior of
the positive cone in C1(Q) and wq (t2) — wa=(t2) = y*(t2) in CH(Q) as a — a*—,
there exists o < o such that yfﬁ(tg) < wq(t2). Now the maximum principle
implies y* 5(t) < wq(t) for any t > t2 and y* 5 > y*, > 0 for any t > 0, hence y* 4
is a global nonnegative classical solution. On the other hand, if 3 > 0 then yj > y*,
hence yj blows up at finite time 73 < 7™ in the Lo (§2)-norm and, consequently, in
Ly(Q)-norm for any ¢ > n(A —1)/2 (cf. [14], [30]).

Let Uaq = {BU; 8 € [-b,b]}. Fix ¢ > n(A—1)/2 and set J(y,u) = [, |y(T) —
ya|? dz. The above arguments show that yj is a global Lo (Lg)-solution of (2.5) if
and only if 3 < 0. Moreover, (3 — ,]](yg,ﬁU) is decreasing on [—b,0). Hence the
optimal control problem (1.3) does not have a solution with y € Lo (J, Ly (€2)).

(ii) Consider problem (2.5) with € being the unit ball in R", B = 7 and let
1 < ¢ < (A=1)n/2. Then there exists a smooth radial positive function y° such that
the solution y of (2.5) with w = 0 blows up at ¢ = T in the L.-norm and satisfies
0wy >0, ya:=y(-,T) € Ly(Q) (see [14]). Let U be a smooth nonnegative function
with support K C {(z,t); |z| < 1/2}, K # 0, and u. := ¢U. Then there exists
e > 0 such that the solution y of (2.5) with u replaced by u_. remains positive.
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Let Uayq = {uc; ¢ € [—¢,0]} and

J(y,u) = ‘/Q|y(x,T)|qd:E—/ngd:v‘.

Then (y(u_1/x),u—1/x), k > ko, is obviously a minimizing sequence for the control
problem (1.3) but y(up) is not a (classical) global solution of (2.5). O

4. PROOF OF THE OPTIMALITY CONDITIONS
We start with the following technical lemma concerning linear problems.

Lemma 4.1. Suppose that § > 2V (n+2)/2 and 2 < ¢ < 2n/(n —2)4. Given
a€Lg(Q), ue LyQ) and y° € Ly(Q), problem

Oy — Ay =ay+u in Q,
By =0 on 3, (4.1)
y(-,0) = ¢° mn €,

has a unique solution
y € C([0,T], Ly (2)) N C((0, T, Lg(£2)) N La(@Q).
The map
Lp(Q) x La(Q) x Lg () — La(Q) x Lg(Q),  (a,u,3°) = (y,y(D)),
is analytic and bounded on bounded sets.

Proof. (i) Writing (4.1) in the abstract form

grAy=ay+u in(0,7],  y(0)=y°
and denoting U(t) := e*4, we see that we have to prove the unique solvability of
y=Ux(ay) + U xu+ Uy® (4.2)

in appropriate spaces.
(ii) Fix s € [0,1) \ {1/¢'} such that ¢ < 2n/(n — 2s);. Then W7 5 — L2(Q).
Hence we infer from (2.3) (with ¢ replaced by ¢’ and r := 0) that

108 ooy < AT, < et e 0<t<T
Since s < 1 it follows that
(y° = Uy®) € L(Ly (), L2((0,T), L2(2))) = L£(Ly (), L2(Q)),

where £(X,Y) denotes the space of continuous linear operators from X to Y.
(iii) It is easy to see that

(s U ) € L(L2(Q)):
(iv) Put 1/r:=1/8+1/2 < 1 and note that
L(Q) = W, 57 if 1/2> 1/r+(y—-2)/n,

that is, if 0 < <2 —n/g.
(v) For m € R we write Lg ,,(Q) for Ly(Q)) endowed with the equivalent norm

T 1/2
v ([ O o @)
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From (iv), Holder’s inequality, and (2.3) (with ¢ = 2 and r := v — 2) we infer that

t
1U * (ay) ()] o) < c/o (t =) al)l Ly @l (T o) dr

t
= Cemt/o (t = )2 e a(m) ||y e ly(T) | Lago) dr-

Thus, by Young’s inequality for convolutions (cf. the proof of [5, Lemma 3]), fol-
lowed by Hoélder’s inequality,

T 1
105 (@)@ < eTm) ([ () o™ o)) dr)

<cl(m)|lallL,@) IVl L, (@)

T ’
I(m) — (/ t(A//Q*l)Blefﬁ/mt dt>1/3’
0

provided v > 2/8. Such a choice is possible by (iv), thanks to 2/8 <2 —n/j.
(vi) For a € Lg(Q) set Ty(y) := U * (ay). Then (v) implies

(a—Ta) € L(Lp(Q), L(L2m(Q)))

/r

where

and
ITall 2L, m@) < cl(m)lallLs (@)
Note that, by Lebesgue’s theorem, I(m) — 0 as m — oo. Thus, given R > 0, there
exists m := mp > 0 such that [|T4||z(L,.,.@)) < 1/2 for all a € Lz(Q) satisfying
llalls@) < R. Consequently, 1 — T, has a bounded inverse on L ,,,(Q), and the
map a — (1 —T,)~! is analytic for [lal|, @) < R. Hence, by (4.2),
y=(1-T,) " (Uxu+Uy") € Ls(Q)

for [la|z,(q) < R, thanks to (ii) and (iii), and the map
Lp(Q) x L2(Q) x Ly (Q) — L2(Q),  (a,u,9") =y

is analytic and bounded on bounded sets.

(vii) Let

/ . 1 1 1

¢ <q1<2<¢g<q with —>———.

n q1 q2

Choose s such that
1+ (1 1)> > (1 1) (4.3)
nl-—— s>nl=-——). .
2 ¢ 2 g

Then there exists £ € (1/2,1) such that 2 — 2§ +n(1/2 —1/¢1) > s. This choice of
s, & guarantees

Was = L, (2) (4.4)

and
Lys (@) = Wy (45)
(viii) Let g1, g2, s, & be as in (vii). For m € R we denote by C1_¢ 1, ((0,77], Lg, (2))

the Banach space of all v € C((0, T, Ly, (2)) such that supg_ ;< t' ~¢[v(t) 2, <
oo, endowed with the norm

[olley ¢ m = Oililthl’gffmt\Iv(t)IILq2 @-
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It is an easy consequence of (2.3), (4.4) and (4.5) that
(yO = Uyo) € ‘C(L(h (Q)a Cl—fm’b((ov T]v LQ2 (Q))
(ix) Let g1, ¢2, s,€ be as in (vii). Using (2.3) we get

t
10 w() Ly, @) < U u()llwy, < C/O (t =) u() | a0y dr

<t ul| ) < ellullLaco)
for 0 <t <T. In particular,
(ur—Us*u) € L(L2(Q), Cr—e.m((0,T], Ly, (2))).
(x) Let ¢1,q2, 8, be as in (vii) such that s satisfies also
2 — nt2 >s—n(1—l>.
B 2 @
Then there exists 7 > 1/ such that

9" oy (1 1)
- == s—n(l=——).
B K 2 @

Hence
Lo(Q) — W52, (4.6)
where 1/r:=1/8 4+ 1/g2. With this choice it follows that

e MU s (ay)(t) L, @) < ce” ™ NU * (ay)(B)llwg s

t
< ce‘mt/ (t =) Hlal) Lo ()2, @ dr
0

t
< C/o (t— T)n—lTs—le*m(tfr)||a(T)||LB(Q) ar ylle, e
for 0 <¢ < T. Thus, by Holder’s inequality,
'S U * (ay) ()|l 2,, () < K (tm)|lallL@llyllo e

where

t ’
K (m, ) = 15 / (t = )V 608 g n=) 7)1
0

1 ’
—=1/B (/ (1-— 0)(n—l)ﬁ’a(f—l)ﬁ’e—g'mt(l—o) dcr) e .
0

Fix any 6 € (0,T). Then K(t,m) — 0 as m — oo by Lebesgue’s theorem, uniformly
with respect to t € [§,T]. If 0 < ¢ < § then

K(t,m) < co" /8,
Thus, given R > 0, it follows that we can fix m > 0 such that
ITall 21 em (0.7, L0y (2)) < 1/2
for all a € Lg(Q) satistying ||a| 1 ,(q) < R. Now we infer from (viii) and (ix) that
y=(1-T) " (Uxu+Uy’) € Crgm((0,T], Lg, ()
for y° € Ly, (), |lallL,@) < R and that the map
Ls(Q) x L2(Q) X Lgy (2) = Crogm((0,T], Lg, (), (a,u,9%) =y
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is analytic and bounded on bounded sets. Using this property for the couple
(q1,92) := (¢’,2) and, subsequently, for (¢1,g2) := (2,q), we see that the map

Lp(Q) % La(Q) x Ly (Q) — Le(Q),  (a,u,5°) > y(T)

is analytic and bounded on bounded sets. This concludes the proof. (|

Remark 4.2. Lemma 4.1 guarantees the solvability of (2.13): notice that r = 2
and (2.9) imply ¢ < 2n/(n — 2)4, that a = Ay[*! € Lg(Q) for some 8 >
2V (n+2)/2 duetoy € Lax(Q) and A < (n+2)/(n—2), and that p(-,T) € Ly (q)
due to y(-,T) € Lqy(Q). O

Proof of Theorem 2.6. Choose v € Uyq, p € [0,1] and let y,, be the solution of
(2.5) with u replaced by u+ p(v —u). If p is small enough, say p < ug, then due to
the stability estimates in Theorem A.1 and the regularity results in Theorem 2.3,
the solution y,, is global and satisfies

190 = yllLan@ + 19 T) =y Dl @) < Cpllo — ullLy)- (4.7)
Assume g < po and set 2z, := (y, — y)/p. Then z, solves the problem
Orzy — Az = ayz, + (v —u), reQ, tel,
Bz, =0, zel, teJ, (4.8)
zu(-,O) =0,
where a, = A fol ly + 0(y, — y)|* "1 db. Let z be the solution of
Oz — Az =az+ (v—u), €N, teJ,
Bz =0, zel, telJ,
z(-,0) =0,

where a := Ay[*~1. Set B := 2\/(A —1). Since a, — a in Lg(Q) as u — 0,
Lemma 4.1 implies

2u(+,T) — 2(-,T) in Lg(f2). (4.9)
Set

L) i= [ D) =yl T = N /Q (u+ plv — u))? do dt.

The mapping Ly(€2) — R : ¢ — fQ | — y*|? dx is convex. Hence
*1q— * T —7:(0
0 [ WD) =1 T) — ) T do < PO

< [ 1 T) =y 2@ T) ) T) do
Q
Since (4.7) implies
W T) =y 12 (S T) = y*) — y (L T) = y* 19 2 (y( T) — %)

in Ly () and (4.9) is true, we see that 7 is right differentiable at 0 and Z}(0+) =
Jop(,T)z(-,T) dz. We have also Z5(0) = 2N [, u(v — u) dz dt and

(Il +I2)(/1') = J(y,uvu + /U'(U - u)) > J(yvu) = (Il +I?)(0)7

hence
/ p(-,T)z(-,T) dx + 2N/ u(v —u)dxdt > 0.
Q Q
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Consequently, it is sufficient to show that

/Qp(-,T)z(-,T)dxz/Qp(u—u)da:dt.

Let ¢k € D(Q) be such that ¢ — p(-,T) in Ly () and ar € D(Q) be such that
ar — ain Lg(Q). Let py be the solution of (2.13) with a = A|y|*~! replaced by ay
and the final condition replaced by pg(-,T) = k. Then p is smooth and py — p
in Ly(Q) due to Lemma 4.1. Notice that z € L) (Q) due to Theorem A.1 (cf. the
beginning of the proof of Theorem 2.3), hence az € Lo(Q) and the maximal Sobolev
regularity implies 0;z, Az € L2(Q). We have

/pk(v—u)dxdtz/pk(ﬁtz—Az—az)dxdt
Q Q

= / (—=Opr — Apy — apk)zdxdt—i-/ orz(-,T) dx
Q

:/(ak—a)pkzdxdt—i—/(pkz x—>/ dz,
Q

since py stay bounded in Ly(Q) due to Lemma 4.1. Now
/ pr(v —u)dxdt — / pv —u)dxdt
Q Q

concludes the proof. O

5. THE CASE OF A MULTIPLICATIVE CONTROL

Proof of Theorem 2.8. The proof is almost the same as in Theorem 2.3 (but the
solutions y are more regular now). The only nontrivial modification is required in
the estimate of the function V and the Lo (Q)-norm of 9y in the proof of Lemma 3.2.

Hence, assume y € C([0,T + t1], W ) is a solution of (2.14), where t; > 0
is fixed. Since U,q is bounded in L. (Q), there exists a constant M such that
lullz.@) < M for all u € Upyg. Let V be defined as in the proof of Lemma 3.2.
Then

Vi) == [ @a)de+ [ wow(odo -

2
< MT/QyQ(t) dx — %/Q(Btyf(t) dx.

Let 7 <1, 7 < T+t and ¢ € [0,7]. Denoting Cy := [, y*(x,0) dx, we have

t T T
/yz(t)dx:Co—l—Q/ /yatydxdtSCo—f—/ /dexdt—i—/ /(&gy)dedt.

Integrating this estimate over ¢t € [0, 7], we get

//y d:L‘dt<CoT+T/ /y dmdt+7//8ty dx dt,
// 1_7_/ / Owy)? dx dt. (5.2)

hence
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Let 71 € (0,1) be defined by {Z-M? = 3 and 7 € [0,71] (enlarging M we may
assume 71 < T +¢1). Then 1ntegrat1ng (5.1) and using (5.2) we arrive at

Vir) - V(0) 7*7/ / () dudt, 70, (5:3)

This estimate guarantees V (t) < )+ Co/4 on [0, 7].
Fix § € (0,¢; A 71) and assume V(to) <« —1 for some ty € [0,71 — ¢]. Then (5.3)
implies V(t) < =K « —1for all t € 11 — 0, 71]. As in (3.15) we have

1d
yzdm:—QV(t)Jrcl/ |y A1 dﬂc+/uy2d9c
Q Q %

2 dt
(A+1)/2
> K+02</ dex)
Q

for any t € [11 — 4, 71]. In the same way as in the proof of Lemma 3.2, this inequality
yields a contradiction if K = K (A, ¢g,0) is large enough. Consequently,

V() > -C for all t € [0, 71 — 4] (5.4)

Now (5.3) implies fn_ Jo(Owy)? dzdt < C, hence [, y*(t) doz < C for t belonging
to (0,71 — 8. In particular, [, y*(r1 — 0) dz < Cy, where Cy does not depend on u.

Repeating the estimates above on the interval [13 —§, 271 — 4] instead of [0, 71] and
then on [27; — 2§, 371 — 20] etc, we obtain the desired bounds for V (), [|y(t)|1.(q)
t € J, and |0yl 1,(@) O

6. PARABOLIC SYSTEMS

Proof of Theorem 2.10. Let ¢1 > 0 be an eigenfunction corresponding to the first
eigenvalue ;1 of the problem —Ap = up in Q, Bip = 0 on I'. Notice that ¢, is
a positive constant if B; = 9, hence the weighted Lebesgue space L1(Q, p1(x) dx)
equals L1(Q) in this case.

We shall prove that

(i) any bound of y1(¢) in L,(2, ¢1(z)dx) or L,(Q), p > 1, implies a bound of
y2(t) in the same space;

(ii) the space X := L1(Q, ¢1(x) dz) X L1(Q, p1(x) dz) is a continuation space
for problem (2.15), that is, if the solution y is defined on [0,7*], T* > 0, and
ly(T*)||x < M then this solution can be continued for ¢ € [T*,T* + 7], where T =
T(M) > 0. In addition, [lu(t)||z_()xL.) < C(6, M) for any t € [T* 4§, T + 7]
and 0 > 0;

(iii) all global solutions of problem (2.15) with u bounded in L,.(J, L} (€)) and
y1(T") bounded in Ly(Q2) are uniformly bounded in L (Q).

Then the conclusion follows similarly as in the proof of Theorem 2.3.

(i) Let u € Unq. Set w :=y3/2 — bys — ay;. One can easily verify

ow — Aw < —au < 0,

hence the comparison principle guarantees w < C' in @), where C' does not depend
on u. This estimate implies
s < C(L+w), (6.1)
and the conclusion follows.
(ii) Set z := ay; + bys. Then

Oz — Az = ayryz +au < C(1 + 23/2) + au. (6.2)
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Since n < 4if B =, and n < 3 if B = v, the problem 9,2 — Az = C(1+|2]3/?) +au,
Bz =0, is well posed in X; := L1(Q, v1(z) dx) due to [30] and [13], respectively.
More precisely, if ||Z2(0)||x, < M then there exists 7 = 7(M) > 0 such that the
solution Z exists on [0,7] and satisfies ||Z(t)||1__ () < C(6, M) for any t € [0, 7]
and § > 0. A comparison argument shows that the same estimate is true for the
function z. In particular, the space X is a continuation space for (2.15) in the sense
described above.

(iii) Now assume that u belongs to a bounded set in U%, C L,(J, L¥(Q)) and
y1(T) is bounded in L; (). The above arguments show that the solution y can be
continued for ¢t € [0,T + 7], where 7 > 0 does not depend on u and u(z,t) := 0 if
t > T. Multiplying the second equation in (2.15) with ¢; and using (6.1) we obtain

6t/ygwldm—&—ul/yzwldx:a/ylwld:v2c/y§g@1dx—0
Q Q Q Q

> C(/ng(p1da?)2 - C

for any t € [0,7 4 7]. Using standard blow-up arguments (cf. the arguments
following (3.15) in the proof of Lemma 3.2), this estimate guarantees a uniform
bound for ya(t), t € [0,T+7/2], in the weighted space L (€, ¢1(z) dx). Integrating
the second equation in (2.15) we obtain now

T+7/2
/ / y1p1dedt < C. (6.3)

The first equation in (2.15) implies

t
/ Y11 dx
QO t

hence using (6.3) we deduce

[nterds= [ neerds—c (6.4)
Q Q

for any t1,ts € [O,T+T/2], to > ty.

Obviously, (6.3) and (6.4) imply a uniform estimate for y;(t), ¢ € J, in the space
L1(Q, ¢1(z) dx). Now (i) and (ii) imply uniform bounds for y1,y2 in Lo ([d,T] X §2)
for any 6 > 0. Since the bounds for yi,ys in L ([0,d] x Q) for 6 > 0 small
enough are guaranteed by the well posedness of (2.15) in Lo (€2) X Loo(€2) and the
boundedness of u in L.(J, L,(2)), the conclusion follows. O

2 t2
+(M1+b)/ /yl¢1d$dt20a
1 t1 Q

APPENDIX: THE BASIC EXISTENCE, UNIQUENESS, AND STABILITY THEOREM
FOR SEMILINEAR PROBLEMS

For the reader’s convenience we collect here the main existence, uniqueness and
stability results for strong solutions of the semilinear problem
g+Ay="F(y) in[0,7],  y(0)=1°, (A.1)

where A = A, be the isomorphism between W, s and Ws 5 mentioned in Section 2.
They follow from [6, Theorems 3.3, 3.4] and [5, Theorems 5, 7(ii)]. Analogous results
are true in the case of systems.
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We write O ~ (Y, X) for the space of all maps from Y into X which are uniformly
Lipschitz continuous on bounded sets. If X and Y are paces of functions defind on
[0,77], then F': X — Y is said to possess the Volterra property if, given any u € X
and t € (0,T), the restriction of F'(u) to [0, t] depends on the values of «|[0, ] only.

Theorem A.1. Assume
s, 088, 0<s<o<2. (A.2)

and suppose thatr > 1, r £2/(c—s), c—2/r¢ S, y¥°€Y" = W;;EQ/T. Denote
Xy = L ([0,1], W7 5?).

Ifr<2/(c—s) fixp€[1,2/(s — o +2/r)) and set Y; := Ly([0,t], W,5),
ifr>2/(c—s) fitpel0,(c—s—2/r)/2) and set Y; := C*([0,t], W)

Let F € Cy~ (Y, Xr) have the Volterra property. If r < 2/(c —s) orr > 2/(c— s)
then (A.1) has a unique strong L,(W;?)- or CP(W;?)-solution y(y°, F), respectively,
defined on the mazimal existence interval [0,t(y°, F)). If y(3°, F) € Yio,m) or
F(y(y°, F)) € Xyyo,r) then y(y°, F) is global.

The map (y°, F) — y(y°, F) is Lipschitz continuous in the following sense: Fiz
t <t(y° F) (we can take t = t(y°, F) = T if y(y°, F) is global). Let w; > 0, and
let wy : RY — R be an increasing function,

15°lyo + [1F(0)l|xy < wr, }

A.
1E ) — F(yo)llxr < w2(Bllon — vallva (4.3)

for any R > 0 and y1,ys € Y whose norms are bounded by R. Fiz R > |ly(y°, F)|ly,
Then there exist positive constants €, c (depending only on R, t,w;,ws) with the fol-
lowing property: If §° € YO, Fe C;_(YT,XT) has the Volterra property, §° and
F satisfy (A.3) and

ly* = llyo + sup [I(F = F)(y)lx, <e,
lyllyr <R

then t < t(§°, F), y(§°,F) € Y; and

ly®, F) = y@® F)ll, < ey = 5llyo +  sup_[(F = F)(»)lx, )-

lyllyv, <R
If y = y(y°, F) is global then
y € Le(J, W) N W, W) (A.4)
for any ¢ < o, and the norm of y in this space can be estimated by a constant

C = C(FW)lxr: 19" yo)-
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