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Linear parabolic problems involving measures

H. Amann

Abstract We develop a general solvability theory for linear evolution equations of the form & + Au = p
on R*, where —A is the infinitesimal generator of a strongly continuous analytic semigroup, and p is
a bounded Banach-space-valued Radon measure. It is based on the theory of interpolation-extrapolation
spaces and the Riesz representation theorem for such measures.

The abstract results are illustrated by applications to second order parabolic initial value problems.
In particular, the case where Radon measures occur on the Dirichlet boundary can be handled, which is
important in control theory and has not been treated so far.

We also give sharp estimates under various regularity assumptions. They form the basis for the study
of semilinear parabolic evolution equations with measures to be studied in a forthcoming paper jointly
with P. Quittner.

Problemas lineales parabélicos involucrando medidas

Resumen Desarrollamos una teoria general para la resolucion de ecuaciones lineales de evolucion
de la forma @ + Au = p sobre R*, donde — A es el generador infinitesimal de un semigrupo analitico
fuertemente continuo y p es una medida de Radbn con valores en un espacio de Banach. Utilizamos
la teoria de interpolacion-extrapolacion de espacios y el teorema de representacion de Riesz para tales
medidas.

Los resultados abstractos son ilustrados mediante aplicaciones a problemas de valor inicial parab6licos
de segundo orden. En particular, el caso importante en teoria de control en el que las medidas de Radon
aparecen sobre la frontera Dirichlet puede ser contemplado pese a no haber sido tratado hasta ahora.

Damos también precisas estimaciones bajo diversas hipotesis de regularidad. Estos resultados consti-
tuyen la base para el estudio de ecuaciones semilineales parab6licas de evolucion involucrando medidas
que sera abordado en un proximo trabajo conjunto con P. Quittner.

1 Introduction
In this paper we study linear parabolic evolution equations of the form
u+Au=p on RH, (1)

where A is the negative infinitesimal generator of an analytic semigroup U on some Banach space E, and
u is a bounded E-valued Radon measure on Rt . Equation (1) is to be understood in a weak sense. More
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precisely, a solution is a locally integrable E-valued function u on R* such that

/w{—<¢,u>+<AT<,o,u>}dt=/°°<,odu @)
0

0

for all smooth E’-valued functions with compact support in R :=[0,00), and AT being the dual of A
(with respect to a suitable duality pairing). It is shown that (1) possesses a unique solution and that it is
given, as can be expected, by U * u, the convolution of the semigroup U with the vector measure .

These facts, although looking natural, are far from obvious. For example, since U is strongly continuous
only, it is by no means clear how to define U x u in general. Furthermore, the validity of (2) depends on a
careful choice of the space E and the operator A. As a rule, neither E nor A is the one appearing in the
original concrete formulation of problem (1), but is derived from the latter by interpolation-extrapolation
techniques. This has already been done in [10] for elliptic problems. But here the situation is more compli-
cated since we deal with evolution problems.

We investigate in detail problem (1) and prove basic existence, regularity, and continuity theorems.
They are fundamental for the study of semilinear parabolic evolution equations involving measures carried
out in [11]. However, the results of this paper are of interest for their own sake as well. They apply, in
particular, to linear parabolic boundary value problems with measure data. In the following, we describe
some of these applications for second order model problems. More general cases are treated in Section 7.

Throughout this paper, Q is a nonempty subdomain of R” with a compact boundary . If T" # ( then it
is supposed to be smooth and lying locally on one side of 2. We denote by ~ the trace operator, by 7 the
outward pointing unit normal, and by 8,, the corresponding normal derivative on T, if T" # (). In the latter
case, we assume that T' = T'o U T'; with Ty NT; = () and Ty and T'; being open (hence closed) in T'. Of
course, either T'y or I'; may be empty.

In the following all implicit or explicit references to I" or I'; and all formulas containing T or T';,
respectively, have to be neglected if the corresponding boundary is empty.

We write W? := W, (Q) for the usual Sobolev-Slobodeckii spaces for s € R and 1 < g < oo so that
W = L,. 1f 1 < ¢ < oo then we denote by qu the closure of D in W,?, where D := D(Q) is the space
of smooth functions with compact support in Q2. Then qu =W/ foralls e Rif ' =0, and fors < 1/q

otherwise. Furthermore, W% = (qu,)’ fors > 0and 1 < ¢ < oo, with respect to the L,-duality pairing
induced by

(u,v) := / uv dz, u,v € D.
Q

We also set D(2) := {u|Q; u € D(R™) }, etc. These spaces are given their usual topologies.

Let X be a o-compact metric space, that is, a locally compact metric space which can be written as a
countable union of compact subsets. Then Co(X) is the space of all continuous functions on X vanishing
at infinity, endowed with the maximum norm. Moreover, Co(X)’, the dual space of Co(X), is identified
with the space M (X) of bounded Radon measures on X with respect to the duality pairing

o) = ey = [ udn, (n.u) € MUX) x ColX)

We also put
Muge(X x RY) == (1) M(X x [0,T])
>0
and give this space its natural Fréchet space topology. The same applies to L 1oc(R™, Wy, etc.
Now suppose that
(pas pir) € Mioe(Q x RT) x Mioe(T x RT) (3)

and
dist (supp(ue,s),T x RY) >0, (4)
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where puq s is the singular part of g in its Lebesgue decomposition with respect to Lebesgue’s measure
dz dt on Q x RT. Consider the model problem
Ogu — Au = ug in QxR
U = Uo on Iy x R+7 (5)
O,u = on TI; xR,
where (o, p1) := pr With gj € Miee(T; x RT).

Suppose that 1 < ¢ < co. By a (weak) L,-solution of (5) we mean a function u € L1 joc(R*, L)
satisfying

—/(%Hﬂ%wﬁ=/ <Mm+/ W%—/ dvip dpo (6)
0 QxR+ Ty xR+ ToxR+

for ¢ € D(R*, D), where
Dg:={peD); p=00nTy, o =00nT; }.

In particular, an L,-solution is a distributional solution of the first equation of (5).

Observe that (6) is obtained from (5) by multiplying the first equation by ¢, integrating over Q x Rt,
integrating by parts, and employing the boundary conditions — formally, of course. Here we have used
assumption (4) to guarantee that foR+ o du is well-defined for ¢ € D(R*, Dg) since, a priori, it makes
sense only for p € D(R*, D).

For this simple model problem our general results imply the following existence, uniqueness, continuity,
and positivity result. Clearly, ¢’ := ¢q/(¢ — 1) is the exponent dual to g.

Theorem 1

e Suppose that
0<o<l-n/q. (7)

Then problem (5) possesses a unigque L,-solution «, and

u € LP7100(R+7 VVqG) (8)
for each p > 1 satisfying
2
L (9)
p g
o If o = 0 then (8) is true for
, 2 n
0<o<2-n/d, 5+5>n+a. (10)

o In either case the map (uq, ur) — w is linear and continuous from the subspace of
Mioe(2 X RT) x Mioe(T x RY)
defined by (4) t0 Ly joc (R, W7).
o If ug and ur are positive measures then v is positive as well.

e u is independent of ¢ € (1,n/(n — 1)) in the general case, and, if 4o = 0, of ¢ € (1,n/(n — 2)),
where n/(n — 2) has to be replaced by co if n = 1.
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PROOF. This s a special case of Theorem 13. H

Remarks 1 (a) Assumption (7) implies (n — 1)q < n, whereas it follows from the first inequality in (10)
that (n — 2)gq < n. Also observe that we can choose o close to 1 in the general case, resp. close to 2 if
1o = 0, provided p and ¢ are close to 1.
(b) If

po =0 (11)

then the second inequality in (10) implies
+ 1l 2 n
u € Lpoc(RT, W) for I_?_'—E >n+1. (12)

Furthermore, it follows from (8), (10), and Sobolev’s embedding theorem that
W€ Lpoc(RY,Co@NCP@),  0<p<1,

ifn=1and yo =0.
(c) If o = 0 then the left-hand side of (6) can be replaced by

/Ooo{—@«,o, u) + (Ve, Vu) } dt,

that is, by the expression occurring in the standard formulation of weak solutions for the heat equation.
(d) If ue and pr have better regularity properties then the same is true for w.
(e) Theorem 1 remains valid if —A is replaced by an elliptic operator of the form

Au:= -V - (aVu) + @ - Vu + apu

and 0, on T'y by a boundary operator B; of the form 8, u + bu, respectively, where 9, is the conormal
derivative on T'y, and A and B; have appropriately smooth coefficients. It remains also valid if a, @, ao,
and b are (N x N)-matrix-valued, that is, if (A,~o,B1) is a normally elliptic system, ~o being the trace
operatoronTy. W

Linear parabolic boundary value problems involving measures occur naturally in control theory, often for-
mulated as final value problems for the formally adjoint problem (eg., [12], [14], [23], [18], [24], [25]).
By choosing linear combinations of measures of the form p ® &§; with 4 € M(Q) and §; being the Dirac
measure supported at ¢t € R*, so-called ‘impulsive’ systems can be incorporated into the framework of
this paper as well. (We refer to [21] and the references given there, for example, for an idea on impulsive
differential equations.)

Problem (5) (with general operators .4 and B of the form given above, but not for systems) has already
been studied by several authors, always imposing the condition that ur does not charge Ty, that is, condi-
tion (11) is satisfied. More precisely, given (11) and a bounded domain, it has been shown by Casas [14] and
Raymond [23] (also see [24], [25]) that (5) possesses a unique solution satisfying (12) (with the additional
restriction p, ¢ < 2). However, the class of test functions ¢ for (6) in those papers is larger than D(R*, D)
(and defined in a somewhat ad hoc manner). Thus our uniqueness assertion is more general. In addition, we
get the much more precise regularity and continuity results exhibited in Theorem 1, which are of importance
for studying nonlinear problems.

Given assumption (11), one has also to refer to the earlier work of Lasiecka [20] (absolutely continuous
measures in an Ly-setting) and Baras and Pierre [13] (the case T" = I'y). (We do not comment on the rather
large literature on nonlinear equations involving measures since this will be done in [11].)

Although problems with measures on the Dirichlet boundary are quite natural, occurring, for example,
in control theory when point-wise boundary observations are employed, this paper is the first one to deal
with them in the parabolic case. (For the elliptic counterpart see [10].)
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Our general results apply to problems involving more singular distributions than measures as well. For
example, suppose that

pj € Mioe(2 x RY),  dist(supp(pj,s),T x RY) >0, 1<j<n. (13)
Consider the model problem
8tu—Au:/m—|—Zj8jpj in QXR—F7
U= o on Ty xR, (14)
Oyu = on TI; xR,

where 9, p; is the distributional derivative of p; in the j-th coordinate direction, of course. By an L,-solution
of (14) we mean a function u € Ly 1c(RT, L) satisfying (6) with the term

-> / By dp;
j=1 QxR+

being added to the right-hand side.

Theorem 2 Let assumptions (3), (4), and (13) be satisfied. Given condition (7), problem (14) possesses
a unique Lg-solution satisfying (8) und (9). It is independent of ¢, and the map

((Nﬂvplv .- '7pn)7N07N1) =

is continuous from the subspace of

(Mioe(R", M))™ X Muge(RF,To) x Mioe(R*, T1)
defined by (4) and (13) into L, 10c(Rt, Ly).

PROOF. This is a special case of Remark 3(b). W

Note that Z]. d;p; can be interpreted as distributions of dipoles in Q x R*. Similar dipole distributions
can be admitted on the Neumann boundary T'; as well.

If Q@ = R then we can allow much more singular distributions. Indeed, given y € Mjo.(RT, W;—Z)
for some s < 2 —m —n/q¢ with m € N, the differential equation

Ou—Au=p inR"® x RT
possesses a unique distributional solution

n n
we Lipoc(®", W), —m-"<o<2-m-"
q

q’

and 5
u € Lpoc(RY, W), E+g>m—|—n+a.

As mentioned in the beginning, the results for parabolic boundary value problems are special instances
of our general results for (1). Parabolic evolution equations with singular data of a very general nature have
lately been studied by G. Lumer (e.g., [22] and the references therein) by completely different techniques
and applying to concrete problems of a different nature.

Convolutions involving operators, vector measures in particular, have been studied by many authors
(see [15] and the references therein). However, those results do not seem to apply to our situation since the
semigroup U is strongly continuous only. To define U % u we rely on duality theory and on the theory of
interpolation-extrapolation spaces developed by the author (see [4, Chapter V] for an account).
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In Section 2 we briefly collect some results on vector measures. In the next section we derive estimates
for solutions of linear parabolic evolution equations of the form

i+ Au= f(t) in(0,T], u(0) =z

under various assumptions on f. These estimates form the basis, in Section 4, for the definition of U % p in
suitable interpolation-extrapolation spaces. In that section we also prove a trace lemma which we need for
piecing together local solutions in [11]. Furthermore, we derive an important and natural Green’s formula.

Section 6 contains our general results for problem (1). Besides of establishing existence and uniqueness,
we prove sharp regularity and continuity theorems under various restrictions on the data. These facts will
be fundamental for our study of semilinear problems in [11].

Although the results of Section 6 apply to a variety of problems, we restrict ourselves in this paper to
illustrating the applicability of some of them to second order parabolic boundary problems involving mea-
sures. We also leave it to the reader to translate the regularity results of Section 6 to concrete boundary value
problems. Finally, we refrain from giving applications to higher order problems and systems or problems
with dynamic boundary conditions. Some of those applications might be taken up in later publications.

We point out that one of the most crucial results in Section 7 is Theorem 10, giving a precise description
of abstract extrapolation spaces in terms of standard spaces of distributions on Q2 and T'. This theorem also
clarifies the setting of [10].

For the sake of simplicity we have restricted ourselves to the case of a constant operator A. Building
on some estimates derived in [4], it is not too difficult to extend the abstract theory of this paper to non-
autonomous equations of the form 4 + A(t)u = u. Since some points are more technical and are likely to
obscure the simple ideas, this will be done somewhere else.

Finally, many thanks go to P. Quittner for reading preliminary versions of this paper and helpful
comments.

2 Vector measures

Let X be a o-compact metric space and E a Banach space with norm |-|. Denote by Bx the Borel o-algebra
of X. By an E-valued measure on X we mean a g-additive map p : Bx — E satisfying u(#) = 0. For
such a (vector) measure 1 we define its variation |u| : Bx — RT U {oo} by

ul(B) :==sup > |u(A), BEBx,
n(B) Aen(B)

where the supremum is taken over all partitions 7(B) of B into a finite number of pair-wise disjoint Borel
subsets. Then |u| is a positive Borel measure on X. The (vector) measure p is said to be of bounded
variation if

el == |l (X) < oo,
We write M (X, E) := (M(X, E), ||-||s) for the normed vector space of all E-valued measures of bounded
variation so that M (X, C) = M(X).
Let Ey, F1, and E> be Banach spaces and suppose that

E1 X Eg — E(), (61,62) AR XD (15)

is a continuous bilinear map of norm at most one, a multiplication. We denote by B(X, E;) the closure
in B(X, E), the Banach space of all bounded maps from X into E;, of the linear subspace S(X, E;) of
all simple functions

u = Z XBEB, ep € E, (16)
Ben(X)
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where x g is the characteristic function of B. If u € S(X, E;) is given by (16) and u € M (X, E5) then
we put

/Xud,u:: Z ep e u(B) € Ep.

Ben(X)
It follows that
S(X, Ey) x M(X, Es) — Eo, (u,u)l—)/ wdy
X

is a well-defined bilinear map satisfying

‘/Xudu

Hence it possesses a bilinear continuous extension over B(X, E1) x M(X, E,) of norm at most one, again
denoted by the same symbol.

Recall that Cy(X, E) is the space of all continuous E-valued functions on X vanishing at infinity, en-
dowed with the maximum norm. Itis a closed linear subspace of BUC(X, E), the Banach space of bounded
and uniformly continuous E-valued functions on X, hence a Banach space, and C(X,C) = Co(X).

Since Co(X, Eq) is a closed linear subspace of B(X, E;), we obtain by restriction a well-defined
multiplication

< D lesll®I< Y lesllul (B) < llulloo llallat-

Ben(X) Bem(X)

Ey

Co(X,Er) x M(X,Ep) = Ey, (u,p) '—>/ u dj, (17)
X

and [, udp is said to be the integral of u over X with respect to the (vector) measure y (and multiplica-
tion (1.1)). Moreover,

[ v < [ uldinl < el il as)
X X

Now suppose that By := E, E,:= E’', and Ey := C. Then (17) implies that u — [, wdu is a con-
tinuous linear form on Cy (X, E) satisfying (18). The converse is also true, that is, the (generalized) Riesz
representation theorem holds:

Co(X,E) = M(X,E") (19)

with respect to the duality pairing
(s u) == (p, u)co(x,B) = / udu, (u,u) € M(X,E') x Co(X, E). (20)
X

Thus, in particular, M (X, E") is a Banach space.

Now we give some general examples of vector-valued measures. They will be of importance in connec-
tion with evolution equations.

Here and below, J stands for a perfect interval, that is, an interval containing more than one point. We
denote by £(Ey, E1 ) the Banach space of bounded linear operators from Ey into Ey, and L(E) := L(E, E).

. . . . . - . d . . .
Finally, we write E; — Ej if E; is continuously injected in Eg, and E; — Ey if Ey isdense in Eq as well.
In later sections we use these notations also in cases where Eq and E; are locally convex spaces.

Examples 1 (a) Let dt be Lebesgue’s measure on J. Givenu € Ly (J, E),
(wdt)(B) := / wdt, BeB,,
B

defines an E-valued measure u dt € M(J, E), and ||u dt||pm = ||ul|1. Hence

Li(J,E) - M(J,E), uw udt
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is a linear isometry. By means of it we identify L, (J, E) with a closed linear subspace of M(J, E).
PROOF. For this we referto [19]. B

(b) Denote by §; the Dirac measure with supportatt € J and lete € E be given. Then u := e ® §; belongs
to M(J, E) and (u, u) co(s,51) = (u(t), e>E foru € Co(J, E").

(c) Let F be aBanach space and T' € L(E, F'). Then

(u— Tp) € LM(X,E), M(X,F)).

In particular, M(X, E) - M(X,F)IifE — F.
(d) It is not difficult to prove that Co(J x X)) = Co(J, Co(X)) by means of the ‘canonical” identification

u(t,z) :=u(t)(z),  (t,) € JxX,

for u € Co(J, Co(X)). From this it follows that M (J x X) = M (J, M (X)) with respect to the ‘canon-
ical’ identification
M(J x X) 3 v py € M(J, M(X)),
given by
(Hy 5 U)o (1,00(X)) = (U, W) 0p(Tx ) (21)
foru € Cy (J, CO(X)) =Co(J xX). 1

Now suppose that E is reflexive and preordered by a closed convex cone P. Let P’ be the dual cone of P
inducing the natural (dual) preorder of E'. Then u € M(X, E) is said to be positive, in symbols: x> 0, if

(mu) >0, ueCHX,E):=C(X,P).

Observe that, in the scalar case, this definition is consistent with the usual notion of a positive measure.

For the general theory of vector measures and the corresponding integration we refer to [17] (also see
[16], [19], and [18]), where proofs for the above facts can be found. A direct short proof of the generalized
Riesz representation theorem is given in [8, Theorem V1.2.2.4].

3 Preliminary estimates

Let (Xo,X1) be a densely injected Banach couple, that is, X, and X; are Banach spaces such that
X, g) Xo. For0< @ <1land1<g<oowedenote by (-,-)g,, the real, by (-, -)2700 the continuous,
and by [-, -], the complex interpolation functor of exponent 6. Then we set

Xo,q == (X0, X1)0,q, XS,OO = (Xo, X1)g Xio1 := [Xo, X1]o-

6,007

It follows that
X1 Y Xpg D Xop D X9 o0 o Xpoo > Xp1 > Xpg S XG0 S Xo (22)

fori<g<p<ooand0 < ¥ <6< 1. (See [4, Section 1.2] for a summary of interpolation theory.) To
avoid tedious distinctions we also put
Xjq :ZX;-)’OO = X[]-] = Xj, j€{0,1}, 1<¢g<o0.

Let X be a Banach space. Then H(X) is the set of all densely defined closed linear operators A in X
such that — A generates a strongly continuous analytic semigroup, denoted by {e~*4; ¢ > 0}, on X, that
is, in £(X). We set

H (X1, Xo) = L(X1,Xo) N H(Xo)-
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It follows that A € H(X,) belongs to H (X1, X,) iff X; = D(A), where = means equivalent norms, and
D(A) is the domain of A equipped with its graph norm. (For this and more details on H (X1, Xo) and
analytic semigroups we refer to [4, Section 1.1].)

Henceforth, ¢ denotes positive constants whose values may differ from occurrence to occurrence, but
they are always independent of all free variables in a given situation. We set Jz- := [0,7] and Jr = (0, T]
for T > 0. Finally, throughout this chapter T is a positive real number.

Now we suppose that

o (Xo, X1) is adensely injected Banach couple and A € H (X1, Xop).

Weset U(t) := e~ for t > 0. It is awell-known fact from semigroup theory that { U (¢) ; ¢ > 0 } restricts
to a strongly continuous analytic semigroup on X and

IUONeexy TG o, x0) <€, tedr, j=0,1 (23)
Thus, by interpolation, given0 < £ < n <1,
U@ eexe + "N Oe(xe woxpn <6 tEJT, (24)

where X¢ € { X¢ 4, X2 o, X[ ; 1 < ¢ < oo}, andand U is strongly continuous on X¢ if X # X¢ o for
£E>0.

In order to simplify the statements below we introduce the following convention: Let F; 7 be Banach
spaces with F; 7 — Ly (Jr, Xo) for T € Jy and j = 0, 1, and suppose that B € L(Fy, 1, Fi,1) maps Fo 1
into Fy 7 foreach T' € Jt. Then, given x € R, we write

T*B € L(Fo,r,F1,1) T-uniformly
if T% || Bl ¢ (ro r,F17) < cfOr T € Jr.

Lemmal (i) Supposethat0 < {<np<landl<p<1/(n—E&). Then,settinge :=&—n+1/p,

T U € L(X¢,00, Lp(J1, X7p,1)) T-uniformly.

(i) fo<n<&<1thenU € E(Xgoo,Cﬁ—"(JT,Xnil)).
Proor. (i) follows from (24), and (ii) is a special case of [4, Theorem [1.5.3.1]. H

For T € Jrand f € Ly(Jr, Xo) We put

t
Ux f(t) ::/0 U(t—71)f(r)dr, t e Jr,

and investigate mapping properties of the linear operator U x := (f — U % f).
Lemma2 U x € L(Ly(Jr,Xo),C(Jr,Xo)) T-uniformly.

PROOF. Itis obvious from (23) that
U* € L(Li(Jr,Xo), B(Jr, Xo)) T-uniformly.

Suppose that f € Ly (Jr,Xo) and 0 < s < t < T'. Then, writing ||| for the norm in X,
t
U f(s) =Ux fO)l < c/ 1£ (D)l dr +a°(s, ),
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where B
0 (s,8) = / IU(s —7) = Ut = Dl 1f D dr, 0<o<s,
0

and a? (s, t) := 0 for o > s. Note that

1°(s, 8) — a7 (s, )] < c/s If(D)ldr,  0<o<T.

(s—o)+

Thus, thanks to f € Li(Jr, Xo), it follows that U x f € C(Jr, Xo) if we show that a”(s,t) — 0 as
t — s — 0 for each fixed o € (0, 7). But this is an immediate consequence of the uniform continuity of U
onfo, T]for0<o<T. A

Next we consider the case where f has values in X¢ o, for some £ € (0,1). For later use we prove a
result more general than presently needed.

Lemma3 (i) Supposethat) < ¢ <np<landl <r <p < oosatisfyn — & < 1. Also suppose that
e=&—n+1/r+1/p>0
andthatr > 1 and p < oo ife = 0. Then
T U x € L(L.(Jr,X¢,00), Lp(J7,X,;1))  T-uniformly.
(i) Assumethatl <r <ococand0 <7 < 1/r'.Then
Ux € L(L.(Jr, X0),C*(Jr, Xn1)) T-uniformly

for0<p<1/r' —mn.
PrRooF. (i) It follows from (24) that

t
U f(B)llx,. <c /0 (t =D f(DlIxe o dri € Jr, (25)

for T € Jrand f € L.(Jr, X¢ 00)-
Set kr(t) ==t "xr(t) and g(t) := x7(t) || f ()| x,... for t € R, denoting by xr the characteristic
function of (0, 7). Suppose thatn — £ < 1/¢ < 1ande > 0. Then

= a T gl @) = Il e xe s T € Jre

Thus, by Young’s inequality for convolutions,

(L2 {Pe:S)

Té—n+1/q

Ik * gllz,®) < 1 WLz, Xe 00)s

provided 1/p=1/¢+1/r — 1. Since kr * g(t) equals the integral on the right-hand side of (25), the
assertion follows in this case.

If 1/p=n—£&—1/r" > 0 then the assertion is a consequence of the Hardy-Littlewood inequality
(cf. [27, Theorem 1.18.9.3]).

(i) For f € L.(Jr,Xo) =: L, it follows that

Uxf(t)—Uxf(s /Ut T) dT+/() (Ut—7)-U(s—7)) f(r)dr, 0<s<t<T. (26)

From (24) we infer that
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Letting s = 0 in this estimate we see that, given 0 < £ < 1/7/,
Ux € L(Ly(Jr, Xo), B(Jr, X¢,1)) T-uniformly. (28)
Fix p € [0,1/r" —n) and set £ := p + . Since 0 < £ < 1/r', we deduce from
Uit—1)=U(s—7)=(U(t—5)—1)U(s—7)
that

SNUE = 8) = Ule(xe.oo,x00) IU * fllBIr, Xe.00)

7,1

H/OS(U(t —1)=Us=n)fmdr

for0 <s <t <T.Hence X¢; — X¢ oo, Lemmal, and (28) imply

H/O (U(t—7) = U(s =) f() dr|
T-uniformly. Now it follows from (26), (27), and (29) that

U f(#) =Uxf($)llx,0 < et =) flle,,  s,t€dr, fe€ L,

T-uniformly. This and (28) imply the assertion. W
For 1 < p < oo we put

<clt—s)|fll., O0<s<t<T, (29)
X,,,)l

Wé (J, (X(),Xl)) = LP(J, Xl) n VVPI(J, X())

and
C' (7, (Xo,X1)) := C(J, X1) NC*(J, Xo).

In the next lemma we collect some further mapping properties of U.

Lemmad4 (i) Supposethatl <r < ooand0 < £ < 1. Then
Ux € L(L,(Jr, X¢,00), Wy (Jr, (X0, X1)))  T-uniformly.
(i) If 0<1/p' <& < 1then,settingd :=¢&—1/p/,
T7U € L(Xe¢ 00, Wy (J1, (X0, X1)))  T-uniformly.
PROOF. (i) Lemma 3(i) implies
Ux € L(Ly(Jr, X¢,00), Ly (I, X1)) T-uniformly.

Hence
AU x € L(Ly(J1, X¢,00)s Lr(JT, X0))  T-uniformly. (30)

If f € C*(Jr, Xo) then it is well-known that u := U % f € C* (Jr, (X0, X1)) and & = —Au + f. From
this and (30) we deduce that
10:(U * )l L, (5r,x0) < NAU * fllL,(7r,x0) + WLz, x0) < N fllLn(ir,xe o)

for f € C'(Jr, X¢,00) and T € Jr. Now the assertion follows from the density of O (Jr, X¢ o0) in
Lo (Jr, Xe 00)- .
(ii) From (24) we see that [|U (t)| £(x,. .., x,) < ct*~! fort € Jr. Hence
WU £(Xe.oorLp (I, x1)) < €T° T-uniformly. (31)
Consequently,
||AU||L(XE,007LP(JT7XO)) < CT‘S T'Uniformly. (32)

Since u := Uz € C' (Jr, (X0, X1)) and @ = — AUz on Jr for z € X, the assertion is implied by (31)
and(32). ®m
We close this section with some important embedding results.
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Theorem 3 Supposethat 1 <p < ocand 0 <s< 1. 1f0< 8 < 1—sthen

L, ps)(J, Xg, if 0<s<1/p,
WL (J, (Xo, X1)) < {7107 () Xoa) / (33)
C*YP(J, Xg,) if 1/p<s<l.
If X, is compactly injected in X then the injections in (33) are compact as well.
PROOF. Fixd € (0,1 — s). It follows from the more general Theorem 5.2 in [5] that
W;; (J7 (X07X1)) = W;(‘L Xﬁ,p)v (34)

where this injection is compact if X; is compactly injected in Xy. It is the latter case that has been
considered in [5]. But that proof obviously implies (34) if we drop the compactness assumption. Since
W (J, Xp,p) = W (J, Xo,1) by (22), the assertion follows from (34) and Sobolev’s embedding theorem
which holds in the vector-valued case also (cf. [8] and [5]). W

Observe that the limiting case s = 1/p is covered by the trace theorem which guarantees that
W; (‘]7 (XOaXl)) — C(JaXl—l/p,p)a 1 <p< o0, (35)

(e.g., [4, Theorem 111.4.10.2]).

4 The interpolation-extrapolation setting

Now we suppose that
o Fj is a reflexive Banach space and Ay € H(FEyp).

We set By := D(AEK) for k € N. We also put Ef := E} and A% := Al), where A} is the dual of Ag in
the sense of unbounded linear operators in Eo. Finally, we put E} := D((A%)*) for k € N. Then we
define E_, for k € N\{0} by E_;, := (E}i)’, with respect to the duality pairing induced by (-, -) ;; , the
(E§-Eo)-duality-pairing. This means that E_j, is a realization of the dual space of E}i and

<y7$>E_k = <y7x>an YIS Eka y e Eg (36)

since B! <% E} it follows that (Ef)' = Eo <> (E!)". Thus, by density, (-, Vg, and hence E_y, are
uniquely determined by (36).
For each ¢ € (0, 1) we fix

('a ')9 € { ('7 ')G,qa ('7 ')2,007 ['7 ']9 > 1 <g< OO}

and put
Eyyo := (Ek, Ex11)e, ke Z.

It follows that
d
Ey, — By, —00<t<s<o00. (37)

If s > 0 then we denote by A, the maximal restriction of Ay to E; whose domain equals
{.’L'EEsﬂEl ; A().’L'EES}.

If s < 0then A, is the well-defined closure of A, in E,. The families [ (E,, A,) ; s € R] and[E, ; s € R]
are called interpolation-extrapolation scale and interpolation-extrapolation space scale, respectively, gener-
ated by (Eo, 4g) and (+,-)s, 0 < 6 < 1, and A, is the E,-realization of Ay.
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One shows that A.,. is the closure of A, if » < s so that, in particular,
A, DA, r < s. (38)

Furthermore,
Ay € H(Egy1, By), e troe e >0, r<s. (39)

We define the dual interpolation functor (-, -)“9 of (-,-)s by
['7']9 if ('7')9 = ['7']97
(595 =9 Gdon 0 (590 = (Yoo
('a ')9,q’ if ('a ')9 = ('a ')9,q7 q 7é 1.

Itis known that A* € #(Ef, E}). Thus the interpolation-extrapolationscale [ (Ef, Af) ; s € R] generated
by (E*, A*) and (-,-)4, 0 < 6 < 1, the dual scale to [(E;, A;) ; s € R], is also well-defined if ¢ # 1.
If(-,-)o # (-,-)o,1 then

(E_)=E!), (A,) =4 seR, (40)

with respect to the duality pairing (-, -) ;__ induced by (-, -) , . Moreover,

<Aﬂ—sy7$>Es = <y,As,1$>ES_1, (yax) € Ef,s X Esa (4]-)

that is, A* , € L(Ef_s,E“_S) is the dual of A;_1 € L(E,, Es_1) for s € R. For proofs of these facts and

many more details we refer to [4, Chapter V].
Denote by [E,; ; s € R and [EY  ; s € R] the interpolation-extrapolation space scales generated for
0<@<1by(-)p1and () ., respectively. Then [6, Lemma 1.1] guarantees that

6,00

(Bs—1,Es)91 = Es—140,1, (Es—1,Es)g oo = By 1140 (42)
for0<s<land0< 6 < 1withs+6 #1,and
(Bs 1,E)o1 > By 116> (By 1,Es)0 0, 0<s<1, 0<6<1. (43)
Now we restrict (-, -)g by requiring it to be admissible in the sense that
() €{ (ol lps1<g<oo}, 0<O<L (44)
It follows that E is reflexive for s € R. We also set
Flls o=l I = 1lgrs Codei=Codmy (o= ()
We fix real numbers a < 8 < a + 1 and set
(Xo, X1) = (Ba-1,Ea), A:=Aq1. (45)

Then A € H(X1, Xo) by (39), and we put

We also set
E! ), AT.=A" . (47)
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Then AT € H(Y1,Yy), and we put
V(t)=e T, t>0. (48)

It follows from (40) that Yj is the dual of X; and Y; is the dual of X with respect to the duality pairing
(-,-), and(-,-),_;, respectively. Furthermore, (41) shows that

(ATy,2)e = (y, A1,  (y,2) €Y1 x X1,

that is, AT € £(Y7,Yp) is the dual of 4 € £(X;, X,) with respect to these duality pairings. From [4,
Proposition V.2.6.5] it also follows that

<V(t)y,w>a = <y,U(t)x>a_1, (y,z) €Y1 x X1, t>0. (49)

Thus V(t) € L(Y1,Y)) is the dual of U(t) € L£(X;, Xo) with respect to the duality pairings (-, -) , and
<'7 ')afl'
For T € Jr we define V7 ® by

Vr ® g(t) := /tT V(r —t)g(r) dr, tedJr, gé€ Li(Jr,Yo).
In the following lemma we collect some mapping properties of V and Vr ® .
Lemma5 (i) Supposethatl < p< 1/(a—pB+1)andsete := 3 —a —1/p'. Then
T*Vr® € L(Ly(Jr,E*,),C(Jr,E}_g))  T-uniformly.
(ii) Assume that there exists an admissible interpolation functor {-, -} 3_ of exponent 8 — « such that

Eg1={Ea-1,Ea}p-a- (50)
Then
V|Jr € L(E}_;,C(Jr, Ef_g))  T-uniformly.
PROOF. (i) From (43) we infer that Y1 a1 <> E}_ ;. Consequently,
Ly (Jr,Yi4a—-p,1) < Ly (JT, Elﬂ_ﬂ) T-uniformly,

that is, the norm of this linear map in bounded, uniformly with respect to 7' € J7. Thus it follows from
Lemma 3(i) (with (Xq, X1) replaced by (Yp, Y1) and withp := 00, r:=p', £:=0,andnp:=1+a —f)
by an obvious change of variables that

T=*Vr ® € L(Ly(Jr,Yo),B(Jr,E}_5))  T-uniformly. (51)

Since Vr ® g € C(Jr,Y1) — C(JT,Ef_ﬁ) for g € C'(Jr, Y1), the assertion is a consequence of (51)
and the density of C*(Jr, Y1) in Ly (Jr, o).
(ii) Recall that Vy € C(Jr,Y:1) fory € Y;. Hence V3 & Yita-p1 i Ef_ﬁ implies that

Vy e C(Jr, Elﬂiﬂ) for y € Y1. Thanks to (50) we deduce from the duality properties of admissible inter-
polation functors that

. #
{YE)7Y1}1+¢17,8 = {Eﬁ—avEffa}uH-a—ﬂ = {(Ea)” (Eafl)l 1+a—B
! ! .
= ({EaaEafl}l+a76) = ({Eaflan}Bfa) = (Eﬂfl)l = Ef_ﬂ

Thus (24) implies ||V(t)||z:(E§_3) < cfort € T. Now the assertion follows by the density of Y7 in Elﬂ_ﬂ.l
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5 Convolutions of semigroups with vector measures

After the preceding preparations we can now define the convolution U  u of a strongly continuous semi-
group with a vector measure. We also prove a generalized Green’s formula which is basic for interpreting
U * p in terms of the original evolution equation.

5.A Definitions and basic properties For
pi=fE€ LI(JT7Eﬂ71) C M(JTaE,Bfl)

we see that
U # u(t) ;=/0 U(t—T)ﬂ(dT)=/0 Ult—1)f(r)dr = Ux f(t), teJr.

Now we define U * p for all u € M(Jr, Eg_1). Since 7 — U(t — 7) is not continuous but strongly con-

tinuous only (at 7 = t), the integral f(f U(t — 1) pu(d7) does not have an obvious meaning for general vector
measures. We avoid this difficulty by a duality approach.
Suppose that1 < p < 1/(a — B + 1) and set

or:=[Vre] € £([CUr B o), [Ly(Ir, L)), TeJr (52)

Thanks to Lemma 5(i), this linear map is well-defined. Since Eﬁ_a is reflexive, it follows from (40) that
(E* ) = E, with respect to the duality pairing (-, -)* _. Hence

(L (Jr, E2,)]' = Ly(Jr, Ea)
with respect to the L,,-duality pairing induced by (-, -)“_a. Furthermore, we deduce from (19) and reflex-
ivity that
[C(Jr, B} )] = M(Jr,Ep_1)
with respect to the Cy-duality pairing induced by (-, -)'{_a. Thus it follows from Lemma 5(i) that
T=°®; € L(M(Jr,Eg_1), Lp(Jr,Ey))  T-uniformly, (53)

wheree := f—a—1/p.
Our next lemma identifies the restriction of & to Ly (Jr, Eg—1).

Lemma 6 (I)T|L1(JT7 Eﬁ_l) =U *.
PROOF. From (24) (with £ := 8 — a and n := 1), (43), and (45)—(48) we infer that

(y:, U®z) 1| < Wllve 1T @B2lx, < et? > lylly lellxs_a e < ct? " lylEy lzlls—1
for (y,z) € E}__ x Egandt € Jr. Thus, given
(v,u) € Ly (Jp, E}_ ) x Ly(Jr, Eg) =: X,
it follows that

/OT@,U*@Q_I dt:/OT/Ot@(t),U(t—T)u(T))a_l det=/OT/Ot@(T),V(t—T)v(t)>”_ad7dt
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and
T pt T pt
[ [100.06=mue), lara<e [ [ =7 o o lu(r) - dr i
0 0 0 0
T T
<e [l [ 6= O dear

<cT® ||’U||LPI(JT1E’1_¢1) “u”Ll(']T’Eﬁ_l)

by Hélder’s inequality and Tonelli’s theorem. From this and Fubini’s theorem we now infer that

T T
/(v7U*u>a_1dt:/ W Ve @)t dt,  (v,u) € X, (54)
0 0

The above estimates show that the left-hand side of (54) is continuous on X with respect to the topology
induced by Y := L (Jr, E“_a) x L1 (Jr, Eg—1). We deduce from Lemma 5(i) that the right-hand side of
(54) is bilinear and continuous on Y". Hence the density of X in Y implies that (54) holds for all (v, u) € Y,
proving the assertion. W

This lemma justifies the following definition:
Usxp:=rp=[Vr®'ue Ly(Jr,Ey), peM(Jr, Es_1), TeJr.
Corollary 1 Supposethatl <p<1/(14+a—p)andsete :=  —a —1/p'. Then
T=°U * € L(M(Jr,Es-1), Ly(Jr,Es))  T-uniformly.
PROOF. This s a restatement of (53). H
5.B A trace lemma From Lemma 5(ii) and the preceding arguments we know that, given assump-

tion (50),
or = [V(T -] JT]’ € L(M(Jr,Eg—1),Ez_1) T-uniformly. (55)

Our next lemma identifies the restriction of ¢ to Ly (Jr, Eg_1). Observe that Lemma 2 implies that
U * f belongsto C(Jr, Eg—_1) for f € L1(Jr, Eg_1).

Lemma 7 Let (50) be satisfied. If 4 = f € L1(Jr, Eg—1) then orpu = U % f(T') € Eg_1.

PROOF. From (49) we deduce that
T T "
U Sy = [ @U@=y dr = [ GOV =) dr
=(u, V(T —-
<N ( )y>C(JT7E£_B)
fory € E¥__. Since
<N7 V(T - ‘)y>C(JTvEE_g) = <y7§0T/l’>Bfl7 Yy € Elﬁ_ﬁa (56)

the assertion follows. W

This lemma shows that 74 is the trace of U x pat t = T in Eg_; if pu belongs to Ly (Jr, Eg_1). For
this reason we set

Uxu(T):=pru=[V(T =) |Jr]'n€Es_r, peMIr,Es_1), TE€Jr.
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Corollary 2 Let (50) be satisfied. Then
(= U*u(T)) € LM(Jr,Ep_1),Ez_1) T-uniformly. (57)
PrRoOOF. This follows from (55). W

5.C Green’s formula After these preparations we can prove the main result of this section, a gener-
alized Green’s formula.

Proposition 1 Let (50) be true and suppose that 1 < p < 1/(1 +a — ). Then
((—6+AT)U,U*M>LPUT,EQ —{(v(T),U * u( )) . (58)

for all (v, 1) € WY, (Jr, (E%, E}_,)) x M(Jr,Eg_1) and T € Jr.
PROOF. From (22) and (43) we infer that

Yi 1/p'p — (E—a7E1ﬁ—a)1/P,P' — (Eﬁ—a7E1ﬁ—a)1+a—ﬁvl — Elﬁ—ﬁ7
thanksto 1/p > 1 4+ a — 8. Thus (35) implies
Wi, (Jr,(E* . E_,)) = Wy (Jr, (Yo,Y1)) = C(Jr,Yi_iyp ) <= CUr, Ef_5).  (59)

This shows that the right-hand side of (58) is well-defined.
Choose v € C°(Jy, B} ) = C°°(Jy,Y3). Then

= (=04 AT)v e C®(Jr,Y) = C®(Jr, E* ).

Hence v = V(T — -)v(T) + Vr ® w, as is seen by the substitution ¢t — T' — ¢. Thus, using the definitions
of U xpand U x u(T) for p € M(Jr, Eg_1), it follows that

<( 8+AT)U U*/J‘>L »(Jr,Eq) <w U*H)L (Jr,Ea) = <N7V®w>

60
= (v =V(T - () = — (v(T),U * i )> . (60)

The left side of (58) is continuous with respect to v € W;,, (J (Eﬁ

7a,Ef7a)). From (59) we see that the

right-hand side is also continuous in this topology. Since C'*°(.J, Ef_a) is dense in W, (J, (E* ,E! —a))s
the assertion follows from (60). W

6 Linear evolution equations

Throughout this section we suppose that

o Fj is a reflexive Banach space; \

o Ao € H(Ey);

e [ E,; s € R] is the interpolation-extrapolation space scale
generated by (EO, Ap) and a fixed choice (61)
()0 € { (Vo[ ]p; 1<g<oo}for0<o<i;

e T>0and —oo<a<ﬂ<oz+1<oo;

e A=Ay, AT := A"

a’ V.
Wealsosetp:=1/(1+ a — ) and My := M(Jr,Eg_,) forT € Jr, and

Lq7T,’Y = Lq(JTaE’Y)v q € [17 OO], T € ij '7 € R
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6.A Weak solutions ForT € Jr and € Mg we consider the linear parabolic evolution equation

U+ Au=p on Jr. (62)

Given p € [1,p), a function v is said to be a (weak) L,(E,)-solution of (62) if u belongs to
Lpoc([0,T), Eo) and satisfies

/0 (=0 + ATYo,u)_dt = (u,v) (63)

forallv € CL([0,T), (E%,, E}_,)), where the index c means ‘compact support’.

Suppose that v is an L, (E,)-solution of (62) for some p € (1,p). Then it is an L,(E,)-solution for
every g € [1,p), as follows from L, 1oc <+ Lg,10c. Thus every L,(E,)-solution is a (weak) E,-solution of
(62), that is, an L1 (E,)-solution.

It is now almost trivial to prove the following existence, uniqueness, and regularity theorem for E,-solu-

tions of (62).

Theorem 4 Suppose that i € M for some T' € Jrt. Then problem (62) possesses a unique E,-solution,
namely u(u) := U * u. It belongs to

M Lota: (64)
1<p<p
PROOF. Suppose that p € (1,p). Then Proposition 1 shows that u(u) is an L,(E,)-solution, hence an
E,-solution. Indeed, if v vanishes near 7" then the last term in (58) does not appear so that assumption (50)
is not needed.
ForT' € (0,T)andg € D((0,T"), Ef_,), it follows that the unique solution in C* (Jz, (E-, E}_))
of the final value problem

(—0+ A y)w=g in [0,T), w(T)=0,

is given by v := Vv ® g. Hence (the proof of) [4, Proposition V.2.6.3] guarantees that (62) has at most one
solution. This proves everything. W

The next corollary shows that «(u) depends linearly and continuously on u € M in the natural pro-
jective limit topology of (64).

Corollary 3 Supposethatl < p < pandsete :=1/p—1/p. Then
(T °u(p)) € LMz, Lp1,o)  T-uniformly.
PrRoOF. This follows from Corollary 1. H

6.B Strong solutions Now we consider cases where . has better regularity properties. Suppose that
(x, f) belongs to Eg_1 x L1 7,3—1. Then Examples 1(a) and (b) imply p := f + 2 ® §p € M and

(1,0) = (0, Nirppos + (0(0),2) 5 1, vEC,Ef).
Hence it follows from (58) that (63) is a weak formulation of the initial value problem
w4+ Au=f(t), teJr,  u(0)=uz. (65)

Suppose that 1 < p < oo and @ < v < 3. A strong L,,(E,)-solution of (65) is a function
u € WL (Jr, (Ey—1, E,)) satisfying

@+Au=f u(0)==z. (66)
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Note that (0 + A)u € L, 7,1 = L1171 and Eg_y — E,_; imply that the first equation makes sense
in Ly 7,,—1. Similarly, the second equation in (66) is meaningful in E,_; since u(0) € E,_; by Theorem 3.
Lastly, u is a classical £.,-solution of (65) if

ue C (Jr,(Ey_1,E,)) NC(Jr, Ey_1)

and w satisfies (65) point-wise. It is said to be strict if u € C' (Jr, (Ey—1, E,)).
Henceforth, we set W},,Tﬁ =W, (Jr, (Ey-1, E)).

Theorem 5 Supposethatl < r < coand (z, f) € Eg_1/, X Ly 1,51, andsetu(z, f) := u(f + = ® do).
Then u(z, f) € Wi’TW for o < v < B, and it is represented by

w(z, f)=Ux+Ux f,
that is, by the variation of constants formula. Furthermore, u(z, f) is the unique strong L, (E.,)-solution
of (65).
PROOF. We can assume thaty > g — 1/r. Set (Xo, X1) := (Ey_1, E,). Then (43) implies
Xen Bepqor = X200, 0<ELL (67)
Consequently, setting £ := 8 — +, we find that Eg_; < Xg_ o and infer from Lemma 4(i) that
Ux € L(Lyrp-1,Wyr.)  T-uniformly. (68)

From (67) it follows that Eg_1 /,, — Xg_y41-1/r,c0- Setting £ := B — v + 1/r', we deduce from Lemma
4(ii) that
77U € L(Bs_1)r, W, 1,,)  T-uniformly. (69)
From this we infer that
w:=Uz+UxfeW,r,

If (z, f) € E, x C*(Jr, Eg_1) thenw is astrict classical solution of (65) (see [4, Theorem 11.1.2.1]). Thus
(68), (69), and the density of £, x C"' (Jr, Eg_1) in Eg_y, X Ly 1,1 imply that w is a strong L,.(E, )-
solution in the general case also. It follows from [4, Proposition V.2.6.2] that every strong L, (E.,)-solution
is a weak L,(E.,)-solution, hence an E,-solution. Thus w = u(f + = ® do) follows from the uniqueness
part of Theorem4. W

Recall that Uz + U % f is said to be the mild solution of (65). Thus Theorem 5 shows that, given the
assumptions of that theorem, the mild solution is in fact a strong solution.
In the next proposition we collect continuity properties of u(z, f).

Proposition2 (i) If 1 <r <occanda <y < gthen
((z, f) = u(=, f)) € L(Eg_1/r X Lr15—1, Wy.1,) T-uniformly.
(ii) Supposethatl <r < 1/(B—a)andr <p<1/(a—p+1/r).
Then, settinge := —a —1/r+1/p,

((z, f) = T~ %u(z, f)) € L(Eg—1/r X Lr,r,8-1, Lp,1,a) T-uniformly.

(iii) Assumethatl/(8 —a) <r <ooand0<p< f—a—1/r.Then

((z, f) = u(z, f)) € L(Eg_1/r X Ly 15-1,C"(Jr, Ey)) T-uniformly.
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(iv) Supposethat1/(8 —a) < r < co. Then
((z, f) = u(z, f)) € L(Eq x Ly,1,5-1,C(J7, Ey)) T-uniformly.

PrROOF. (i) This is a consequence of (68) and (69).

(ii) Set (Xo,X1) := (E4q—1, E4). Then the assertion follows from (67) (with ~ replaced by «), from
Lemma 1(i) (with £ := 8 — a + 1/r' and 5y := 1), and from Lemma 3(i) (with £ := § — @ and n := 1).

(iii) We put (Xo,X1) := (Eg—1, Eg) and recall from (38) that Ag_; C A, so that A € H (X1, Xo)
by (39).

Let{:=1/r'andn := a — f + 1sothat{ — 5 > p. Then (67) (with ~ replaced by ) and Lemma 1(ii)
show that

Ue E(Eﬂfl/rvcp(JTan))' (70)
From Lemma 3(ii) we similarly infer that
Ux € L(Lr7p-1,C°(Jr,Eqa))  T-uniformly. (71)

Now (70), (71), and the variation-of-constants formula imply the assertion.
(iv) The strong continuity of U on E, implies U € E(Em C(J, Ea)). Hence the assertion follows
from(71). W

6.C Positivity  Finally, we derive a positivity result which can be viewed as an abstract form of a
parabolic maximum principle. For this we introduce the following additional assumption:

Eq is an ordered Banach space (OBS) with positive cone Fy. (72)

Then Eg is given the natural dual preorder induced by the dual positive cone Pg := Fy. Moreover, E., and
Elﬂ_7 are naturally ordered for y € R by the positive cones P, and Pf_ .+ respectively, where P, := Py N E,
if v >0, and P, is the closure of P in E, if v <0, with a similar definition for Pﬁ_7 (see [4, Sec-
tion V.2.7]).

Forgq € [1,00] and T' > 0 we set L;F(JT7 E,) := Ly(Jr, Py). Itisaclosed convex cone in L, (Jr, E,)
inducing the natural preorder determined by the order of Eqy. Similarly, L;F(JT7 E1ﬂ_7) = Ly(Jr, Pf_v)
induces the natural preorder in Lq(JT,Efﬂ) and in each of its vector subspaces, thus on C(JT,Efﬂ),
for example. We always refer to these preorders if (72) is presupposed.

Proposition 3 Let assumption (72) be satisfied and suppose that A, is resolvent positive. If 1 € Mg_;
is positive then the E,-solution u(u) of (62) is also positive, that is, i > 0 implies u(u) > 0.

PROOF. Suppose that A is resolvent positive. Then A and AT are also resolvent positive thanks to [4,
Theorem V.2.7.2]. Thus it follows from [4, Theorem 11.6.4.1] that V- is positive. From this and Lemma 5(i)
we deduce that Vrr ® v belongs to C*(Jr, Ef_j) forv € Lt (Jr, E* ) and 1 < p < p. Thus s > 0 and
the definition of u(u) = U * p imply

>0

<Uv U*M>LP(JT,Ea) = </1'v Vr & U>C(JT,EE_ ) (S L;_' (JTvEﬁ—a)’

5)

for 1 < p < p. This shows that U x u belongs to the dual cone of L;;,(JT, E* ). Using P* | = (P,)' (see

[4, Theorem V.2.7.2]) and reflexivity it is not difficult to see that L;;(JT,Eﬁ_a)’ = L} (Jr, E,). Hence
u(p) € L (Jr, E,), which proves the assertion. W
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7 Second order parabolic equations

In this section we illustrate the abstract results of Section 6 by applying them to one of the most important
concrete situations, namely to second order parabolic boundary value problems. At the end we indicate
generalizations and other applications as well.

7.A Elliptic boundary value problems  We put
Au == -V - (aVu) +ad - Vu + agu,
where V denotes the gradient on 2 and V - divergence, and assume that
(a,d,aq) € BUC®(Q,R**™ x R" x R),

with a being symmetric and uniformly positive definit. Thus A is strongly uniformly elliptic.
We denote by & := (ya)? the outer conormal on I" with respect to a and by 8, u the corresponding
directional derivative. Then we set

Yu on T,
Bu = 73
“ { Ouu + byu on T4, (73)

where we assume that b € C°°(T"). (Clearly, we can always set b|T'g = 0.) Thus (A, B) is a normally
elliptic second order boundary value problem with smooth coefficients (using the terminology of [3]). We
also set

Ay = -V (a*Vv) + @ - Vo + a’év

with a! := a, @ := —@ and af, := ap — V- @, and
v on T,
By :=
v+ biyw on Ty,

where b* := b+ (@) - 7 and 8% := §,,. Then (A*, B*) is a normally elliptic boundary value problem for-
mally adjoint to (A, B). (We continue writing 8% instead of 8,, in view of the generalizations to systems
described in Subsection 7.H.)

The Dirichlet form a induced by (A, B) is defined by

a(v,u) == (Vv,aVu) + (v,a - Vu + agu) + {(yv, byu)r (74)
for u,v € D(Q), where
(u,v)r := /Fuv do, u,v € C*(T),
with do denoting the volume measure of I'. Recall that the last term in (74) is omitted if I' = (). Note that
a(v,u) = (a*Vo, Vu) + (@ - Vo + abv, u) + (bFyv, yu)r (75)
for u,v € D(Q). Also note that Green’s formulas
a(v,u) = (v, Au) + (v, 8yu + byu)r = (AP, u) + (B4 v + b*yv, yu)r (76)

are valid for u,v € D(Q).

7.B  The Sobolev-Slobodeckii interpolation-extrapolation scale  Suppose that 1 < ¢ < co. If
T = () then we set
W)g =W/, s€eR
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Otherwise,
{ueW; Bu=0}, 1+1/g<s<2+1/q,
- {UEVV;IS;’VUZOOHFO}, 1/g<s<1+1/q,
q,B ms’ 0<s< 1/(],
(W5 —3+1/¢<s<0, s¢Z+1/q,

where (W;gu )" is determined by the duality pairing (-, -) being induced by the L, -duality pairing. Further-
more, the values s =1+ 1/gand s = —2+ 1/q are admitted if ' =T'g,and s =1/gand s = -1+ 1/q

are included if ' = I';. Observe that

-2+4+1/g<s<1/qg if T=Ty#0,

—-1+1/g<s<1/q if Tq1#0, T

q, q

Weig=W? for {

where s # —1+1/¢if T' = T'q # 0. Moreover, W’ ; is a closed linear subspace of W’ for

R if T=0,

I\{1/q,-1+1/q} if T'=Ty#0,
S€L =\ n{141/g—2+1/q) if T=T,#0,

I\(Z+1/q) otherwise,

where I := (=3+41/¢,2+1/q).
Now we define the L,-realization Aq := Ag 4 of (A, B) by

dom(Ap) := VV;B, Aou = Au.

Similarly, A% := A . the L, -realization of (Af, B), is given by
0 0,q q
dom(A}) := qu,ﬁu, Abv = Abv.

Then A4y and Aﬁ0 are densely defined in Ey := L, and Eg := L, respectively. However, much more is true
as the next theorem shows.

Theorem 6 (i) Ao € H(W2g, L) and Af € H(W2 g, Ly).

(i) A) = A‘é in the sense of unbounded linear operators.

(iii) Suppose that [ E ; s € R] is the interpolation-extrapolation space scale generated by (Ey, Ao) and
the interpolation functors

()0 = { (oqr 0 € (O.D\{1/2), -

and let [ E¥ ; s € R] be its dual scale. Then

s

E, =W}, 2s€l,, and Ef=W:%, 2s€ly.

PrROOF. For this we refer to [3] and [8]. (It is easily seen that the results of [3] can be extended to the full
range I,.) W
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7.C The existence theorem Let E be a Banach space and J := R+ or J := Rt = (0,00). Then
Mloc(J7E) = ﬂ M(Jﬂ [(LT],E),
T>0

and this space is given its natural Fréchet space topology.
Now we suppose that
es0€l;, s—2<0<s;
e s5,0>—-1+1/qifT #0; (79)
o L E Mloc(RﬂI/I{;?).

Then we study the linear parabolic problem
i+ Au=p  onRt, (80)

where A := A, /5_;. We also investigate the case where . is more regular, that is, we consider the additional
assumption
o 1< r <o

o (0, f) € W5 X Lyjoo®*, W;5); (81)
o u=f+u’®d.
This case is related to the initial value problem

w+ Au= f(t) in(0,0), u(0) = u® . (82)

Clearly, weak and strong L,,(I/Vq‘jB)—solutions, respectively, are defined as in Subsections 6.A and 6.B,
respectively, by replacing there Jt by RT.

Now we can prove the following fundamental existence, uniqueness, continuity, regularity, and posi-
tivity theorem. Here and below, all concrete spaces are ordered by the natural order induced by standard
point-wise positivity and canonical product orders.

Theorem 7 Let (79) be satisfied.

(i) Problem (80) possesses a unique W,”-solution u, and u € L, 10c(R*, W) for
1<p<2/(c—s+2).

(ii) Let also (81) be true. Then u € W2 . (R*, (W 5%, W, 7)), and it is the unique strong L,(W,7)-
solution of (82). Furthermore, if o > s — 2/r then

u€ Lpjoc®RY, W 5), 1<p<2/(c—s+2/r),
andifo < s —2/r then
u e CP(RT, W), 0<2p<s—0—2/r
In the latter case u € C(Rt, W) if u® € W7y
(iii) Ineach case the map p — w is linear and continuous in the respective topologies.
(iv) If u > 0thenu > 0.
PROOF. (a) Incase (i) fix p € [1,2/(0c — s+ 2)). Incase (ii) choose p € [1,2/(c — s + 2/r)) if

o >s—2/r,and fix 2p in [0,s — 0 — 2/r) otherwise. Set 2a.:=¢ and 23 :=s. Givenany T > 0, it
follows from Theorem 6 that assumption (61) is satisfied. Hence Theorems 4 and 5 and Proposition 2 apply
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to problems (80) and (82), respectively, with Rt replaced by J. Since this is true for every T > 0 and the
corresponding solutions are unique, assertions (i)—(iii) follow.

(b) It is a consequence of the maximum principle that Ay is resolvent positive (see [1], where the case
without sign restriction for b has been treated, also see [3, Theorem 8.7]). W

It remains to give interpretations of this theorem in more classical terms. This is done in the following
subsections.

7.0 Weak solutions First we identify the extrapolated operators A, for a < 0 with appropriate
realizations of (A4, B). This is the content of the following assertions.

Theorem 8 (i) If 25 € I, with 25 > 1+ 1/qthen A, = A|W. 5>,
(if) Assumethat1/g < 2s < 1+ 1/q. Then A,_; is determined by
<v7AS—1u>S—1 = a(v,u)7 ( ) WQ, Bu X I/‘/ﬁ%

iii) If 2s < 1/gandeitherT' = (@ or 2s > —1+ 1/gthen A,_, = (A! WQ, 25)! that is,
B

(v, Ag_1u)s_1 = (Av,u), (v,u) € I/V:f,’_;us x W2

PrROOF. IfT" # ( then this is a special case of [3, Theorem 8.3], thanks to (77). The assertions are obvious
ifC=0. N
We also need the following approximation result.
Lemma8 (i) Dp:= {ueD(Q); Bu=0}isdensein W2y fors e I .
(ii) Ifeither T' = @ or s < 1/q then D is dense in W’

PROOF. (i) Theorem 6(iii) and (37) imply that W5 is dense in Wt for s,t € I, with ¢t < s. Thus it

remains to show that Dy is dense in W’ 5 for 2 < s < 2 + 1/g, since the case Where F () is clear.

Fix2a:=s€(2,2+1/g)and A >0 such that A + A1 is an isomorphism from W’ 5 onto W7~ 2. Then
A+ Aac1) H(D(Q)) C C®NWig

by elliptic regularity theory. Since D((2) is dense in W~ 2, we see that C>° N W,/ s is dense in Wg.
Now a standard argument based on multiplication with smooth cutoff functions shows that D is dense in
C>* NW, g, hence in W5

(i) Smce Dis dense in L, and L, — W, for s <0, the assertion is clear if s < 0. It is well-known if
F'=0or0<s<1/q(eg., [27]) l

Now we are ready for the first step in clarifying the concept of weak solutions.

Proposition 4 Let assumption (79) be satisfied. Then u € Ll,loc(R““,I/Vq"’B) is the I/Vq‘jB—sqution of
(80) iff

/ (=0 + APv,u) dt = / vdp, v € D(RT, Dpy). (83)
0 0

If o > 1/q then this is equivalent to

/oo{—(atv,u) + a(v,u)} dt = /Oovd,u, v € D(RT, D(QUTY)),
0 0

and,ife >1+41/g,to

/oo{—(atv,u>+(v,Au>}dt=/oovdu, v € D(R',D).
0 0
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PROOF. Set2a :=o¢ and 23 := s. Then

<AT'U,’U,>a = <U7Au>a—17 ( ) € El a X Eq,
and Theorem 8 imply
(v, Au), 1+1/g<o<2+1/q,
(ATv,u)g = ¢ a(v,u), 1/g<o<1+1/q,
(Afv,u), —1+1/¢<o<1/q,

for (u,v) € W, Bt X Wg, where the restriction —1 + 1/¢ < o < 2 + 1/q can be dropped if ' = §). Since
oc>—-1+ 1/q if T # ( it follows from (77) that

(0w, U)o = (Opv, u), (v,u) € Dt x W/
It is an easy consequence of Lemma 8(i) that D(R™, Dy ) is dense in
Co (R, (W 5 W 2)) - (84)

If1/g< o <1+1/qgthen Dy C D(QUTY) C W2 % so that D(R+,D(QUTy)) is dense in (84). Fi-
nally, in the remaining case D(R*, D) is dense in (84) thanks to W, B = qu,"’ and to Lemma 8(ii).
Now the assertions are obvious since W,z — W for p,7 € I, W|th p>7. N

Supposethat s — 2 < og < 0y < switho; € I, and denote by u; the I/V:;fg—solution of (80) forj =0, 1.
Thanks to W75 — W5 it follows that u, is a W, j-solution also. Hence ui = ug by uniqueness. This
shows that the W,-solution v is independent of o € (s — 2, 5). Since u belongs to Ly joc(RY, W;f’?) we

say that u is a Ws 2—solutlon of (80) to express its independence of o.
Now suppose that g; € (1,00) and s; € I,; for j = 0,1 with s; > —141/¢; if ' # (). Also assume
that
€ Mioe(RF, W22 N 5% (85)

and let u; be the I/V(;’;gz-solution of (80). The following theorem shows that ug = u4 in this case also .

Theorem 9 The I/Vqs,gz-solution is independent of s and ¢ in the following sense: if (85) is satisfied and
u1 belongs to Ll,loc(RJr,I/qu,B) forsome o € I, witho < (sg A s1) — 2, whereo > =1+ 1/go if ' # 0,
then ug = uq.

PROOF.  Our assumptions imply that w := u; — ug belongs to L joc(RT, q‘g’B). Fix s in I, satisfying
s—2< o <s wheres>—1+41/qo if T # (). Example 1(c) and (85) imply that i € M1oc(R+,qu)fB2).
Since ug and u, satisfy (83) it follows that

/0 (=0 + Abv,w) dt = 0, v € D(RY , Dpgy).

Thus Proposition 4 guarantees that function w is a weak W7 -solution of & + Au = 0. Hence w = 0 by
uniqueness. B
Corollary 4 Let (85) be true and one of the conditions below be satisfied:

() @=R";

(if) €2 is bounded.

Then ug = uy.
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PROOF. (i) We can assume that go > q1. Set p:=s; —n(1/q1 —1/qo). Then W12 — WL=2 by
Sobolev’s embedding theorem. Consequently, it follows that o := (p A s9) — 2 < (so A s1) — 2 and

ur € Ll,loc(R+ 9 I/Vqsll_2) — Ll,loc(R+ ) VV‘;).

Hence the hypotheses of Theorem 9 are satisfied and the assertion follows.
(i) We can assume that g1 > go. Since so A s1 >141/go > 0 it follows from Theorem 7(i) that
u; belongs to Ly joc(RY, Ly, ). By the boundedness of €2,

uy € Ll,loc(]RJra qu) — Ll,loc(R+ , qu) = Ll,loc(R w? )

90,8

Thus the assertion is also a consequence of Theorem9. H

7.E The structure of extrapolation spaces In order to appreciate completely the significance of
a W,7-solution of (80) we have to understand the meaning of [ v dy for u € M(R*, W5 52)- By (77) this
is clear if either ' =0 or s > 1+ 1/¢. However, if ' # 0 and s < 1+ 1/¢ then WfB is not a space of
distributions on £, but also contains distributions supported on I'. This is made precise in the following
theorem, and it is the key observation for our treatment of nonhomogeneous boundary value problems. In
the particular case where T' = T it has been proven in [7, Theorem 1.1], where we have used the Bessel
potential instead of the Sobolev-Slobodeckii scale.
For s € Rand 1 < p < oo we define a vector subspace OW,? of Wy ~*/?(To) x Wy~ ~"/7(T;) by

J— {0} x W=t=1/e(Ty), 1/p<s<1l+1/p, Ti#0,
P\ WD) x Wt YR(T),  —1+1/p<s<1/p, T #9,

and by putting W, := {0} in all other cases. As usual, we often omit any reference to a trivial space {0},
that is, we identify OW,7 with Wy~ ~"/P(Iy) if 1/p < s < 1+ 1/pand Iy # 0, for example.
Theorem 10 Suppose that T' # @ and s € I, satisfies s < 1/g. Then Wz W’ x oW t?

PROOF. (a) If —1+1/q < s < 1/qthen W}, =W by (77).
(b) Suppose that —2 +1/¢ < s < —1+1/q. Then W ={veW,®; vv =0} where ; de-
notes the restriction of v to I';. Thus

ker(y |[W, %) ={v e W, *; yu=0} =W, "

Recall that y, € £( W_s 1d (T'1)) is a retraction, that is, there exists a right inverse

B
7€ LW ) Wyg),
a coretraction for ;. Hence (see [4, Lemma 1.2.3.1]) W, = =im(+§) ® Wq,_s, and
po =1—=7in € LW, 3)
is the projection onto Vi/q,_s parallel to im(~¢). Thus

W, * =im(1 = y§m). (86)

It follows that
= (%) € L(W;g, W =H4(Ty))

and
= (| W ) € LW 9T, Wy )
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are well-defined. Furthermore,
— !
rrf = ([ Wy 5)0) = (D) = Lperiovag -

Consequently,
W2 = ker(ry) @ im(r{) = ker(ry) x I/V;f"‘l_l/q(I‘l) (87)

q,

s+1— l/q( T)

because r{ is an isomorphism from W} onto its image. But u € W’ belongs to ker(ry) iff

(u,v£g) =0 for all g € W_s L4 (T'y). Since v = (1 —~fy1)v +yiniv, we see that u € ker(ry) iff

(u,v) = (u, (1 = ¥y1)v) for all v € W %,. Hence we infer from (86) that u € ker(ry) iff u = rou,
where
rQ € L:( q, B’ WS)

is the restriction map u +— u|I/T/;TS. This shows that ker(r;) = W7 so that (87) proves the assertion.
(c) Now suppose that —3 +1/¢ < s < =2+ 1/q. Set

W2 = W TV (D) x W (D).

Then W +2 = (8*W,,*~?)" with respect to the duality pairing (-, )., + (-, -)p,. We also put
0 ju:=0kulT;, Blu=Bw|Ty, weW;* j=01

Then
% ;€ LW, s W ary), Bl e c(wy s, WP ry)).

It follows from (the proof of) [2, Theorem B.3] that there exist

RE € L(W, =M a(ry), W)

satisfying
ko RE=1, & m=0, 0 Ri=1
and
YR =0, A% RE=%uRL=0, j#k
as well as

71 EE( —5— 1+1/q(F1),W75)

q

such that y17¢ =1, vy$ = 0 and 8,”,’17; = 0, where 1 denotes the identity in the appropriate spaces. Set

v = (—83,’011,7111), v E W, B

sothatd € LW, %,,0*W,,*?). Also put

/ Bu7
5°g := —Rfgo + (v — RibH)g1, 9= (90, 91) € W72

Then B%6¢ = 0 so that
8 € LW 2 W), 66 = Loewre=-

Hence ¢ is a retraction from qu_i;u onto 6ﬁWq,_s_2, and 4¢ is a corresponding coretraction. Note that

ker(6) = {ve W, ; yw=0, 8ﬂv=0}=ﬁ{175.
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Consequently, as above, Wq,jsm =im(6°) ® W;ITS, and

po:i=1-56%¢€ ,C(VV('J:%N)
is the projection onto Wq,_s parallel to im(§¢). Thus
W, ® = im(1 - 6°). (88)

It follows that r := (§°)" € L(W;} 5, OW,t?) is a retraction and r¢ := §' € L(OW,; T, W;?;) is a corre-
sponding coretraction. Hence

W, = kex(r) ® im(r*) = ker(r) x O, *2. (59)

Note that u € W75 belongs to ker(r) iff (u, 8°g) = 0 forall g € 9*W,*~2, that is, iff

(u,v) = (u, (1 = §)v), veW,?

q B4
Thus (88) implies u € ker(r) iff u = rou. So that, ker(r) = W and the assertion follows from (89). B
If E and F are Banach spaces then we denote by Lis(E, F') the set of all isomorphisms in L(E, F).

Corollary 5 Suppose that T # () and s € I, satisfies s < 1/¢. Put
R(w,g) = pow — (0L 0)'g90 + Mg,  wEW;, g:=(go,q1) € W T2,
where pg is the identity on W, if s > =1 +1/¢. Then
R € Lis(W} x WS W),
and its inverse is given by u — (rqu,ru) if s > =2 + 1/g and by u — (rqu, ru) otherwise.

Of course, pq and, consequently, the isomorphism R depend on the choice of the coretractions v{ and 6¢,
respectively.
Let X be an open subset of Q. For s € Rt we denote by C§(X) the closure of D(X) in BUC?(X),
and C§ := C§(2). Then
(G =wr®,  seRM\N, (90)

with respect to the duality pairing (-, -} (e.g., [8]). Since C{ = M := M(Q), we set
ME(X) = CE(X), k€N,
and M* := MF* (). We also set
Cy:=C5, seRf, T'=9,
and
Cg::{{veCos(?); 701):0}, 0<s<1,
{vecCs(); Bv=0}, 1<s<2,
if ' # 0. Note that C§, = Co(QUT,) for0 < s < 1.
Lemma 9 The following embeddings are true:
(i) Ifg; € [1,00) and s; € R satisfy
1
o

51— 80

1 1
—>—>— (91)
4} 4} n

d
8 8
then Wit — Wjie.
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(i) 1fg; € (1,00) and s; € I,; satisfy (91) then W 5 — Ws0

0,8
(iii) If s € I, satisfies s > n/q then W5 4 Chfor0<p<s—n/qwithp#s—n/qifs—n/qgeN.
(iv) If 0 < p < —s—n/q withp# —s —n/q for —s —n/q' € N, then (Cg,) — W5

PrRoOF. (i) is a well-known Sobolev type embedding theorem.
(ii) If s > —1 4 1/qo then the assertion follows from (i) and (77), thanks to Lemma 8(i). The case
s1 < 1/q1 is now obtained by duality and again by Lemma 8(i). If s; > 1/¢; and sg < —1 + 1/go then the

assertion is implied by I/Vs1 <—> Ly, c—) WSOB and what has just been shown.
(iii) is also a consequence of well- known Sobolev type embedding theorems and Lemma 8(i); and
(iv) follows from (iii) by duality. W

For k € N we define the vector subspace dM* of M*(T) by

OMF = {0} x M(T'y), k=0, Ti{#0,
Tl M@To) x M(Ty), k=1, T#0,

and by 9 M* := {0} in all other cases. Of course, OM := OMPC.
Using these notations we can prove the following analogue to Theorem 10.

Theorem 11 Suppose that 0 < s < 2 with s # 1. Then
(Cis) =W x oW+,

If & € {0,1} then
(CE) = MF x OMPF.

For each ¢ € [0, 2] an isomorphism onto (C%, )" is given by the map R defined in Corollary 5.

PROOF. The assertion follows by literally the same arguments as those used in the proof of Theorem 10,
since [2, Theorem B.3] guarantees that the operators v, v¢, 4, and ¢ have the required properties in this
case also. (In [2] the case s > 1 has been treated only. But those facts are obviousif 0 <s < 1) N

Corollary 6 Supposethatl <r < oo ands < 2/r —n/q’' with s — 2/r € I,. Also suppose that
0<t<2/r—n/qd —s and t<2
witht < 1ifs =2/r —n/q' — 1. Then
R e LWt x oW H2 w2/,

and, if t € {0,1},
R € L(M! x ML WS,

Proor. This follows from Lemma 9 and Theorem 11. W

7.F Parabolic boundary value problems Let assumption (79) be satisfied. If I' # () then choose
an isomorphism R of the form specified in Corollary 5 and set (uq, ur) := R~1p. It follows from Exam-
ple 1(c) that

(ue, pr) € Mioe(RT, W72 x W), (po, ) := por. (92)

The definition of R implies that u is the W7 ;-solution of (80) iff u € Ly 10c(RT, W(;TB) and

/ (=0 + A*v,u) dtz/ pgvd/,m+/ vdpy —/ 8,”,’0fudu0, v € DR, Dgy). (93)
0 0 0 0
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This is being expressed by saying that « is the (unique weak) W,”-solution of the boundary value prob-
lem (BVP)

Opu + Au = in QxR
t HQ } (94)

Bu = pr on T xRF.
Let also assumption (81) be satisfied and set
(fa,9) = R7'f € Lrioc(®", W5, (90.91) = g-

Then (93) takes the form

/ (=0 + Afv,u)dt = / {{pav, fa) + (mv,91)r, — <6£’0U,g0>1"0} dt + (v(0),u%), (95)
0 0
and w is said to be the (unique weak) W,”-solution of the initial boundary value problem (IBVP)

Ou + Au = fq(t) in  Q x(0,00),
Bu = g(t) on I x(0,00), (96)
u(-,0) = u° on (.
Theorem 12 Let assumption (79) be satisfied. Then the T,”-solution of (94) is a distributional solution

of dyu + Au = pgq, that is,

/ (~Ohp + Abp,u) dt = / edua, ¢ €DQ) (97)
0 0

where Q := Q x (0, 00).

PROOF. It follows from (93) and pq | D = 1p that (97) is true for all ¢ belonging to D ((0, ), D). Itis
known that D((0, c0), D) can be naturally identified with D(Q) (e.g., Corollary 1 to Theorem 40.1 in [26]).
Since s > —1+1/q if T’ # () and since we can choose o close to s it follows that

u e Ll,loc(R—l—aI/qu) — D’(Q)a

so that u is a distributionon . W
Suppose that pgq has the property that

/ pav dug :/ vdug, v € D(RT, Dgy). (98)
0 0

Then pq, hence the isomorphism R, does not appear explicitly in (93) and (95). In this case (93), resp. (95),
is formally obtained by ‘multiplying’ (94), resp. (96), by v € D(R*, Dpy ), integrating over R*, integrating
by parts, and using Green’s formulas (76) and the boundary, resp. initial and boundary, conditions.

In the following lemma we collect some important cases for which (98) is true. Of course, it is trivially
true if T = 0.

Lemma 10 Suppose that (79) is true.
(i) Let one of the following assumptions be satisfied:

(a) pa € Mige(RY,W/)) forsomet > s —2witht > -2+ 1/g,andt > —1 4+ 1/qif Ty # 0;
(ﬂ) Ll — VV;EQ and no € Ll,loc(R+7L1)-

Then (98) holds for every choice of pq.
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(ii) For eache > 0 there exists pg such that (98) is true whenever pg € Moo (R, WqS—Z) satisfies

dist (supp (ua(B)),T) > ¢
for every Borel subset B of Rt .

(iii) Suppose that ug € Mjoc(RT, M) and let ug = p, + p5 be the Lebesgue decomposition of
1o € M(Q x RT) with respect to Lebesgue’s measure dx dt, where p,, is the absolutely continuous
and us L u, the corresponding singular part. If dist (Supp(us), I x R+) > 0 then there exists pg
such that (98) is true.

PROOF. (i) Suppose that w € W} or w € Ly, where we can assume thatt < 1/¢. Hence
W = Wq,_t = W i SO that D 4 (W y)'. Of course, D & L;. Since poy = ¢ for ¢ € D we see
that
(p,w) = (pay,w) = (p,pqw), ¢ €D.
Thusgw € WS*2 has the unique continuous extension w € Wt resp. w € L;. This implies the assertion.

(i) Let ¢» € D(Q) be equal to 1 in a neighborhood of T such that ¢ (z) = 0 for z € Q with
dist(z,T') > ¢/2. Let ~f, resp. 6¢, be a coretraction for -y, resp. . Then ¢¢, resp. ¢4¢, is a coretraction
for 41, resp. 4, as well. Hence we can assume that

PpU = YU, v € Dps,

for each ¢ € BUC with dist (supp(p),T') > /2. Fix any such ¢ satisfying p(z) = 1 if dist(z,T') > ¢
Then, givenv € Dy, it follows that v € D. Now suppose that w € qu—2 satisfies dist (supp(w), F) >e.
Then

(pv,w) = (ppav,w), v € Dps. (99)

Let @ be another function having the same properties as . Then
supp((¢ — @)v) Nsupp(w) =0, (p—@weD,  v€ Dy

Thus ((¢ — @)v,w) = 0, that is, (pv, w) = (Pv, w) for v € Dgy. Consequently, setting @ (v) := (pv,w)

for v € Dy, it follows that w € WSB2 with w|W2 ® = w, and @ is uniquely determined by w. Hence,

writing again w for w, we see from (99) that (v, w) = (pov,w) forv € Dgy. Now the assertion is obvious.
(iii) Since pq = f dz dt, where f € Ly 10c(R*, Ly), the assertion follows from (i) and (ii). M

Lastly, we study positivity properties.

Proposition 5 Let (79) be satisfied and suppose that (98) is also true. If ug > 0 and ur > 0 then the
W -solution of BVP (94) is also positive.

PROOF. Suppose that v € Dy is positive. Since the trace operator is positive, (y1v, to)r, > 0. More-
over, yov = 0 implies 6?,,01) < 0. Hence (a,ﬂ,’ov,ul)pl < 0. Consequently, ug > 0and pur = (po,p1) >0
imply u = R(uq, ur) > 0. Now the assertion follows from Theorem 7(iv). B

7.G Examples We begin by considering the case where uq and ur are Radon measures on  x Rt
and ' x R, respectively.

Theorem 13 Let (3) and (4) be satisfied and set 6 := 0 if yo = 0, and ¢ := 1 otherwise. Also suppose
that o € I, satisfies 0 < o <2 —n/q' — 4. Then BVP (94) has a unique W, -solution u, and u belongs
to Ly 1oc(RY, W) for p > 1 with 2/p 4+ n/q > n + & + o. Furthermore, the map (uq, ur) = w is linear
and continuous in the respective topologies. If (uq,ur) > 0thenu > 0.
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PROOF. Fix pq such that (98) is true. Thanks to (4) and Lemma 10(iii) this is possible. Also fix s € I,
satisfying o < s < 2 —n/g' — &. Then Corollary 6 and M x ({0} x M(T1)) < M* x dMP* imply
((pe, ur) = Rlpq, pr)) € L(Mioe(RY, M x M()), Mioe(RT, W, 5%)).

Now it follows from the considerations of Subsection 7.F and Theorem 7(i) that (94) has a unique W -
solution u, and
u € Lpoc(RY, W), 1<p<2/(c—s+2).

Theorem 9 guarantees that « is independent of s. Thanks to Proposition 5, the assertions are now clear. W

Remarks 2 Let (3) and (4) be true and let u be the solution of (94).
(a) Suppose that g = 0. Then w is characterized by u € LUOC(RJF,I/I/;B) and

/{—(8tv,u)+a(v,u)}dt=/ vdug+/ vduy, v € D(RY, Dp).
0 0 0

Furthermore, y1u € Ly 1oc(RT, Ly (T1)) for2/p+ (n = 1)/r > n.
PROOF. The first assertion follows from Proposition 5. Since

n € L(WZ, W 1/9(Ty))

and I/V,;’_l/"(l“l) < Ly(T'1) for1/r > 1/q — (o — 1/q) /(n — 1), we obtain the second one. M

(b) For simplicity, we have imposed C'*°-smoothness for the coefficients of (A, B) and Q2. However, these
requirements can be considerably relaxed. For example, it suffices to assume that (ag, by) € Loo X Loo(T'1),
and these restrictions can be relaxed even further (see [3] and [9, Appendix]). W

Now we briefly consider examples involving distributions which are not necessarily measures.

Theorem 14 Let (3), (4), and (13) be satisfied and consider

Ou+ Au = po + >..9;p; in QxR
t He Z] Jp.] (100)

Bu = ur on T xRF.

Giveno € [0,1 —n/q"), problem (100) has a unique W -solution u, and
u € Lpjoc(RY, W) for 2/p+n/g>n+1+4+0, p>1. (101)

PrRoOOF. This follows from Theorem 7 and the arguments of the proof of Theorem 13. B

Remarks 3 (a) Solution (101) of (100) is smooth on (£ x R*)\supp(uq + 2 d;p;), as follows from
standard regularity theory.

(b) Suppose that @ = R™ and m € N. Also assume that p, € Miec(R® x RT) for a € N* with |a| < m.
Givenany o € [-m —n/q',2 —m —n/q'), the BVP

Ou + Au = Z 0% pa inR™” x RT
|a|<m

has a unique W7 -solution u, and u € Ly ioc(RT, W) for2/p+n/q > o +m+nwithp > 1. Moreover,
w is independent of o and g.

PROOF. This is a consequence of Theorem 7 and Corollary 4. W

7.H Generalizations For the purpose of illustration we have treated second order parabolic initial
boundary value problems for a single equation in detail. However, our abstract results apply to many other
problems as well, in particular, to fully coupled systems.
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More precisely, we now suppose that N € N with N > 1, that
a = [aj;] € BUC™(Q,R"*")

is symmetric and uniformly positive definit, and that

A a;,a0 € BUC®(Q,RVN*N) b e 0°(T,RV*N), 1<j<n.
We also assume that there exists e > 0 such that

o(A(z)) C{z€C; Re(z) >}, z € Q,

where o(-) denotes the spectrum. Then we set

ajr = Aajp € BUC®(Q,RV*NY a:=[aj], @:=[a,...,a],
and, using the summation convention with j and & running from 1 to n,

V - (aVu) := 8;(ajrOku), a-Vu:= a;0;u, u € D(Q,RN).
We also set
du = viy(a;ru), u € D(Q,RY).

Using these notations we define (A, B) as before. Then (A, B) is a normally elliptic boundary value prob-
lem of separated divergence form, using the terminology of [3].
Now we put
a*:=a', @:=—[a],...,q,], ag =ag

and
b =0T — (va] ), Obu:= v’ (vaj0ku), u € D(Q,RY).

With these conventions we define (A*, B*) as before. Finally, we set
(Vv,aVu) := (0;v, ajrOku), u,v € D(Q,RY).

Then, by obvious modifications, everything above, except the assertions concerning positivity, remains valid
for the parabolic system corresponding to (94).
PrRoOF. This follows from the results in [3] (see, in particular, Example 4.3(d) therein). W

Of course, it is also possible to consider more general systems not being of separated divergence form.
For this we again refer to [3].

The general theory applies equally well to higher order systems or to triangular systems of possibly

different orders. Moreover, it can be suitably modified to cover parabolic problems with dynamic boundary
conditions.
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