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Abstract. In this paper we study the strong solvability of the Navier-Stokes equations for rough
initial data. We prove that there exists essentially only one maximal strong solution and that
various concepts of generalized solutions coincide. We also apply our results to Leray-Hopf weak
solutions to get improvements over some known uniqueness and smoothness theorems. We deal
with rather general domains including, in particular, those having compact boundaries.
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0. Introduction

Throughout this paper m > 2 and either 2 = R™ or 2 is a subdomain of R™ with
a smooth boundary 9Q2. We consider the nonstationary Navier-Stokes equations

V-ov=0 in Q

ov+ (v-Vv—vAv=—-Vp+ f in Q, 0.1)
v=20 on 00 ,
v(-,0) = ° in

describing the motion of a viscous incompressible Newtonian fluid with a non-
slip boundary condition (if m = 2 or m = 3, of course). Here f: Q x Rt — R™
is a given outer force field, v°: Q — R™ is the prescribed initial velocity, and
v: QA x RY - R™ and p: Q x Rt — R are the unknown velocity and pressure field,
respectively. Moreover, v is a given positive constant, the kinematic viscosity, and
the (constant) density has been normalized to 1.

Assuming that Q admits Helmholtz decompositions of L, := Ly (2, R™) for each
g € (1,00) we denote by P the projector onto the solonoidal vector fields. (We refer
to the main body of this paper for precise assumptions and definitions of all the
(more or less standard) concepts and function spaces of which we make free use
in this introduction.) Then we eliminate the pressure field p by applying P to the



second equation of (0.1) and arrive at the reduced Navier-Stokes system

V-v=0 in Q,

Ow+ Pl -V)v—vPAv=Pf in Q,
v=0 on 09 , (02)

v(-,0) = o° in Q.

By a solution (in any sense) of the Navier-Stokes equations, that is, of system (0.1),
we mean a velocity field v satisfying (0.2). This is justified since any such solution v
determines the pressure field p up to an inessential constant (if v is regular enough).

In this paper we are mainly interested in strong solutions (in a sense made
precise below) for rough initial data, that is, if v° belongs to an appropriately wide
class of functions.

In order to describe our main results and to compare them with the work of
other authors we restrict ourselves in this introduction to the case

m>3, f=0 (0.3)

(more precisely, to the case where f is a conservative force field so that Pf = 0).
The general situation is dealt with in the following sections.
First we consider the simplest case:

Q=R". (0.4)
Then (0.2) reduces to the system
V-v=0,
O —vAv=—-P(v-V)v, (0.5)
v(-,0) = 2°

in R™ since P commutes with the Laplace operator. This case has been widely
studied and there is an enormous amount of literature on this subject.

The first result on the solvability of (0.5), when +° belongs to L, is due to
Fabes, Jones, and Riviere [18]. These authors show that the Navier-Stokes equations
possess a unique local solution v in the class L, ((0,T), L,) with g, r, and s satisfying
s >m and

m/q<2/r+m/s<1, (0.6)
provided v° € Ly, := PL,. By a solution in L, ((0,T), L,) they mean a very weak
solution in L, ((0,T), L, ), that is, a function v € L,((0,T), L,,,) satisfying

T
/0 ({8 + vA)p,0) + (Vo,0 @ v) } dt = —((0), %) 0.7)

forallp € D([0,T),D,), where D, := { ¢ € D:=D(Q,R™) ; V-9 =0}and(-,-)
denotes the usual Ls-duality pairing (cf. Remark 7.1(a)). It is also shown in [18]
that T' = oo, provided v° is sufficiently small in Ly N L.



Ifv° € L, , with ¢ > m then the existence of a unique very weak local solution v,
being a weakly continuous function from [0,T") into Lg ., has also been shown, by
different techniques, by Beirdo da Veiga [6]. Furthermore,

v € C([0,T), L2, N Lq,s) NL2((0,T), Hy N Ly ) (0.8)

if v* € Ly, N Ly,,. In addition, Beirdo da Veiga gives an estimate for the maximal
existence time (depending on [[v°||;,) and proves that the solution exists globally,
that is, for all time, if the norm of v% in Ly N L, is sufficiently small.

More recently, C.P. Calderén (see [10], [11], [12]) obtained the existence of very
weak local solutions of (0.1) for ¢ = m also.

The case ¢ = m is critical since then the nonlinear term P(v - V)v has the ‘same
strength’ as the Laplace operator, that is, P(v- V)v is not subordinate to —Auw.
Thus one cannot take advantage of the regularizing effect of the heat semigroup
which is the basis of practically all known existence proofs. The criticality of L.,
is also manifest in the scaling invariance ||[Mu(A-)||L,. = ||u||z,, for A > 0 (see [13]
for a detailed exposition of ‘critical spaces’ for Navier-Stokes equations).

The critical case ¢ = m has first been treated by Kato [45]. He showed, by using
some ideas developed earlier, jointly with Fujita ([23], [46]), that, given v° € L,, »,
there exist T > 0 and a unique solution v of (0.1) in the class

C([O,T],Lm,o‘) N C(l_m/q)/g((O,T],LqJ) , m<qg<oo. (0.9)

Here, given any Banach space E, any u € R, and any subinterval J of Rt con-
taining 0 such that J:= J\{0} # 0, we denote by C,(J,FE) the Banach space
consisting of all u € C(J, E) such that (¢ — t*u(t)) € BC(J, E) and t*u(t) — 0 as
t — 0, equipped with the obvious norm.

A solution on [0,77] is in this case a function v in (0.9) satisfying

t
v(t) = e 500 + / e Sp(v,0)(r) dr | 0<t<T, (0.10)
0

where S is the Stokes operator —vPA (hence S = —vA in the case under consid-
eration) and
b(u,v) := —P(u-V)v = —PV - (u Q)

on solonoidal vector fields. (In fact, this is a simplified version of Kato’s result (see
[13] and [85]), since in [45] class (0.9) is more restricted.) In [45] it is also shown
that v is global if ||v°||L,, is sufficiently small.

The case m = 3 has recently been extensively studied by Cannone and Mey-
er [15] and Cannone [13]. Motivated by a wavelet approach of Federbush [21],
in [15] there is proven an abstract local existence and uniqueness theorem for mild
solutions of (0.1). By a mild solution (in E) of (0.1) on J we mean a function
v € C(J, E) satisfying (0.10) on J, where E is a Banach space of distributions on



which the Stokes semigroup { e~* ; ¢ > 0} is strongly continuous and the integral

in (0.10) is well-defined. By means of Littlewood-Paley decompositions, that is,
techniques from harmonic analysis, these authors introduce the concept of a Banach
space ‘well-suited for the Navier-Stokes equations’. Then they show that their local
existence and uniqueness result holds whenever E is well-suited. In particular,
in [15] (also see [13]) it is shown that L, is well-suited if ¢ > m = 3. In the same
paper it is also shown that the Sobolev spaces Hj := H5(Q2, R™) are well-suited for
the Navier-Stokes equations if s > 1/2 (and, of course, m = 3 and 2 = R®). Thus,
if m = 3, there exists for each s > 1/2 and each

v° €H;,,={u€H;; V-u=0}
a unique mild solution
v € C([OaT)aHSO a)

of the Navier-Stokes equations. (The reason for the index 0 in H2 0,0 Will become
clear in (0.17).) Moreover, the existence time T depends on ||U || my only. This
extends an earlier result of Kato [44] who had to suppose that s > 5 / 2.

The more general case where v° belongs to a Bessel potential space

H; == H;(Q,R™)

has been investigated by Kato and Ponce [47] for 1 < ¢ < oo and s > 1+ m/q if
m = 3, and, by different techniques, by Ribaud [66]. The last author assumes that
l<g<oo, —-l4+mfg<s<(m/g)N(1+m/q)/2
and
veHjo,={u€H;; V-u=0}.

Then he proves that (0.1) possesses a local mild solution
veC([0,T),H;,,) - (0.11)

It is unique if
s>m(l/q—1/2)4 . (0.12)

Otherwise, it is the unique solution in L, ((0,T), Ly,), where
2/r+m/2¢<1. (0.13)

Moreover, u is smooth for ¢ > 0. This result generalizes, in particular, the one
of Kato and Ponce. (In [66] the case of certain parabolic equations is considered
as well, as is being done in many other works. Since here we are interested in the
Navier-Stokes equations we do not comment on those results.) Note that H;  ,
tains non-regular tempered distributions if s < 0, which is possible if ¢ > m.



The situation described so far is not very satisfactory. Indeed, uniqueness is
always, except in Ribaud’s result (0.11), (0.12), proven under additional restrictions
(eg., (0.6) or (0.9)) which are artificial as far as the natural concepts of solutions are
concerned. Uniqueness is only guaranteed if specific classes of functions are specified
a priori, and there is no relation between the different uniqueness theorems. This
amounts to the fact that ‘each author has his own solutions’ and, indeed, as many
solutions as he can specify uniqueness classes. (We recall that in the introduction to
Chapter VI of her book [55] LadyZenskaya already points out the fact that there are
infinitely many ‘generalized solutions’ due to the possible choices of the underlying
function spaces.) It is one of the purposes of this paper to rectify this unpleasant
situation.

In order to formulate our main results we introduce suitable subspaces of par-
ticular Besov spaces as follows: if 0 < |s| < 2 we set

B

Mg 1= closure of H; in B

s
q,00 ?

denoting by B; . := B; (2, R™) Besov spaces. Since
B, — H; = B] l1<g<o>o, seR,

q,00 ?

the ‘little Nikol’skii spaces’ nj are well-defined. We also set

nyo. ={u€ny; V-u=0}, 1<g<oo, 0<]sl<2,
(if @ =R™), and nd o , := Ly0.

Now we can formulate a preliminary version of our main existence and unique-
ness result. It is implied by Theorem 6.1 and Proposition 6.5.

Proposition 0.1. Suppose that m < ¢ <r < 0o and

—14m/q

0
v € nq’o,(,

Then there exists a unique mazimal solution v := v(-,v°) of the Navier-Stokes equa-
tions such that

veC((0,t%),HZ ) NC((0,t1), Lyo) (0.14)
and )
tli_r}(l) v(t) =" in n;oi;m/q
as well as

im t—m/ D250 =0 4
}gr(l)t v(t)=0 in L, .

Observe that, a priori, Proposition 0.1 guarantees for each r > ¢ a unique maxi-
mal solution v, on the maximal interval of existence [0, ;). Since the spaces (0.14)



are not comparable for different values of r it is conceivable that v, # vs if r # s.
In Proposition 6.5 it is shown that vs D v, if s > r. This means, in particular, that
tt <t} for r < s. Thus, although the solution v, ceases to exist in class (0.14)
at t;}, if £ < 0o, it can be continued to the possibly larger interval [0,¢]) in the
class which is obtained by replacing H?, and L,, in (0.14) by H?, and L,,,
respectively. Thus we should obtain a unique maximal solution v, independently of
r > ¢, by letting r — oo. To give a precise formulation we need some preparation.

Suppose that {E, ; ap < @ < oo} is a family of Banach spaces such that
E,— Egifta < . Then | E, := Ua>a0 E, is a vector space with the obvious def-
inition of its linear structure. There exists a finest locally convex topology on | E,
such that each one of the natural inclusions

E5—>UEa, T

is continuous. The space | J E,, endowed with this topology, is said to be the direct
limit of the family { E, ; @ > a¢ } and denoted by

limFE, or IlimkE,.
s [y

Clearly, Eg — li‘n}Ea for 8 > ag (cf. [17, Appendix Two], [42, Section 2, § 12]).
In Section 3 it is shown that

-1 1
”r,o,tm/r - ”s,o,tm/s ) m/3<r<s<oo.

Thus the direct limit )

—1 1 —14+m/r

nO0,0,J T h—> 7,0,0
T
is well-defined, and
-1 _
nr,O,—;m/r — nool,o,, ; m/3<r<oo.

Now suppose that u € C([0,t%),lim E,) for some t* € (0, 00]. Then we say that
—
u is well-adapted to lim E, if there exist a; > ap and, for each a > a1, a number
—
tt € (0,¢T] such that
th =sup{te[0,tT); u(r) € E,, 0<7<t}

and
ul[0,tF) € C([0,t), Ea) -

Note that tf < t§ if a < 5. We call ¢} time of maximal existence of u in Eq.



We say that v is a maximal strong solution of the Navier-Stokes equations if
there exists a maximal ¢t € (0, oc], the maximal existence time, such that
veC([0,t7),n0,)

00,0,0

-1

v is well-adapted to n ¢ ,,

ve C((0, ), H?

r,0,0

)NC((0,1), Ly,y)

for each sufficiently large r > m with ¢ being the maximal existence time of v

in n;’é:m/r, and v satisfies (0.2).

If ¢ > m/3 then v is said to be a strong g-solution on J if

v e C(n gt™ NN C(J,H2y,) NC (J, Lyo)

4,0,0

and v satisfies (0.2). If v° € n_ :¥™/% and v is a strong g-solution on J then it is

q,0,0
. . . 0 —14+m/q .
a strong r-solution on J for each r > ¢. In particular, if v° € n ¢ and v is a

maximal strong solution then v is a strong r-solution on [0, t;}) for each r > q.
After these preparations we can formulate a simplified version of our main
existence and uniqueness theorems for strong solutions of (0.1).

Theorem 0.2. Suppose that m/3 < q < oo and v° € H(;é;m/q.
(i) There exists a unique mazimal strong solution v := v(-,v°) of the Navier-
Stokes equations satisfying
limov(t) =2° in Hq_1+m/q
50
and, if ¢ > m,

im t(1—m/9)/2 - ;i
%ﬂ%t v(t) =0 in L, .

It is smooth for t > 0, that is,
ve 0@ x (0,t7),R™)

where t* := tT(v°) is the mazimal ezistence time of v.
(i) If

0 s s s s .
v € Fq,O,a € {Hq,0,07Bq,r,0,¢r7nq,0,a ’ 1 S r< OO}

for some s € ((—1+ m/q)+,2] then

. .0 . s
}gr(l] o(t) =v" in Fj,, .

(iii) If ¢ > m then
ve L. (0,T),L,) , 0<T<tf,

for all r € [2,00] and s € [m, 00) satisfying 2/r + m/s =m/q.



(i) Given T > 0, there exists R > 0 such that

tr@) >T  for ”UOHn;})tj"/q <R.

Proof. This is a consequence of Theorem 11.1, Corollary 11.2, and Remarks 9.5(a)
and 11.3(e). O

Of course,
={ueB. ;V-u=0}

s
q,7,0,0 q,r

(if @ = R™). Also note that

s —14+m/q
Froo = Hyoo ' s

s>—-14+m/q. (0.15)

Next we show that all solutions described above coincide on their intervals of
existence with the strong solution v(-,v°). This will be entailed by Theorem 0.2
and the following result.

Theorem 0.3. Suppose that ¢ > m and v° € L, ,.
(a) The following are equivalent:

(i) u is a very weak solution in C([0,T),Lq,).
(ii) w is a mild solution in Ly, on [0,T).
(iii) w is a strong g-solution in C([0,T), Ly).
(b) v(-,v°) is a mild solution in Ly, on [0,t]).

Proof. (a) follows from Theorems 6.1 and 7.2 (also see Remark 5.7(a)), and (b) is
implied by (a) and Theorem 7.2. O

A result related to parts (i) and (ii) of this theorem has also been shown by
Fabes, Jones, and Riviére [18] using crucially the fact that the Stokes semigroup
as well as the Helmholtz projector possess rather explicit representations on R™.

Now it is easy to derive the desired uniqueness result guaranteeing that all
solutions described up to now coincide on their respective intervals of existence if
their initial values coincide.

Theorem 0.4. Suppose that ¢ > m/3. Then v(-,v°) D v whenever v is one of the
solutions described above and v° = v(0).

Proof. (i) Suppose that ¢ > m and v° € L, ,. It follows from Theorem 0.2(iii),
Hélder’s inequality (see the proof of Remark 9.5(b)), and Theorem 0.3 that v(-,v°)
is a very weak solution in L, ((0,T), L,) for 0 < T < t}, where r and s satisfy (0.6).
Since the Fabes, Jones, and Riviere solution v is the only one in this class it follows
that v(-,v°) D v. The same argument applies to Calderén’s solution if ¢ = m.



(i) If ¢ > m then v(-,v°) is continuous from [0,¢}) into L, ,. Hence it is con-
tinuous from [0,¢}) into the weak topology of Ly ,. Theorem 0.3 guarantees that
v(-,v°) is a very weak solution on [0, ¢}). Since the solution v constructed by Beirdo
da Veiga is the only very weak solution in this class we infer that v(-,v°) D .

(iii) Let v € Hf o, with s > (=1 4+ m/q)+. Then v® € L, if ¢ > m, and Theo-
rem 3.10 guarantees that v° € Ly, , if ¢ < m. Thus v(-,v°) € C([0,t}), Lyym) and
is the only mild solution in this class by Theorem 0.2(i) and Theorem 0.3. Hence,
if v is any one of the solutions obtained by Kato [44], [45], Kato and Ponce [47],
Ribaud [66], Cannone and Meyer [15], and Cannone [13], it follows from

s (=14+m/q)+
Hq,O,U - Hq,O,a — Lq\/m,a

and the continuity of v as a map into H?, , that v(-,v%) D v. O

¢,0,0

The following remark implies that, in a suitable sense, v(-,v°) is also indepen-
dent of q.

Remark 0.5. Let the hypotheses of Theorem 0.2 be satisfied and fix any p > gq.

Then y y
—1+m/q —1+m/p
Hq,O,O' = Hpaoao'

by Theorem 3.10. Hence we obtain unique maximal strong solutions v,(-,v°) and
vp(-,v°) if we apply Theorem 0.2 to v° € Hq_’é:;m/q or to v° € Hp_’éj,m/p, respec-
tively. However, v, (-, v°) C v, (-, 0?).

Proof. This follows from Proposition 6.5. O

The following theorem, combined with (0.15), shows that wv(-,4°) blows up
near t* in each norm which is stronger than the H, *™ %norm if v(-,4°) does

not exist globally. In addition, it contains an estimate for the blow-up rate.

Theorem 0.6. Suppose that m/3 < q < oo and v° € Hq_,é;tm/q. Put v := v(-,09).
(i) Iftt < oo then

Jim lo(®)laz,, = o0

for every r > m with r > q and every s > —1+m/r.
(ii) Suppose thatr > m withr > q and —1+m/r < s <0. Then

lo@las, , > e/t —t)H-mM2 o<t —t <1,
where ¢ > 0 is independent of v°.

Proof. This follows from Remarks 11.3(a) and (b). O



Now we turn to the much more complicated case Q2 # R™. For simplicity, we
assume, in addition to (0.3), that

either 2 has a compact boundary (0.16)
or ) is a half-space in R™ . '

Many of the results described below hold for more general domains. For this we
refer to the main body of this paper.
First we have to give a meaning to H;, , := H;,  (Q,R™) in this case. We set
u€EH;; V.u=0,ul00=0}, 1/g<s<2,
H2o, = ¢ ! | . bo ta<es (0.17)
” {veH; V-u=0,u-i=0}, 0<s<1/q,

where 7 is the outer unit-normal field on 9. Of course, u - 77 and w |92 are to be
understood in the sense of traces (see Sections 2 and 3). It follows that

HO

q,0,0

=L -
We also put

gV .- {ueH;/q(Rm,]Rm) ; supp(u) CQ, V-u=0, u-7=0}. (0.18)

q,0,0
Of particular interest is the case ¢ = 2 where Remark 2.5(a) implies

Hy2 = {ueHY* Vou=0,u-5=0,d " 2ueL,)

with d(z) := 1 A dist(z,00Q) for z € Q, and where HQI/ZU is given the norm

_ 1/2
U (Ilulli,;/z +ld 1 2ullg,) "

Similarly, we define B], , ,, 1 <r < oo, and ng, , for 0 < s < 2 by replacing Hj]
in (0.17) and (0.18) by B; . and nj, respectively.
Next we set

Hy§o=(Hyo,), 0<s5<2,

by means of the L, ,-duality pairing, where ¢' := ¢/(¢ — 1) is the dual exponent of
q € (1,00). Due to the presence of a nonempty boundary these ‘negative’ spaces do
not allow an easy characterization similar to the one for the case 2 = R™. In fact, it
follows from Proposition 2.4 and Theorem 3.5 that in the presently most interesting
case where s < 1, the elements of H, § , can be identified with equivalence classes of
distributions in H"#, where two distributions in H * are equivalent if they differ by
the gradient of an appropriately smooth function only. For a useful characterization

of the distributions belonging to H_° for 0 < s < 1 we refer to Theorem 2.1.

10



We also put

B, os =By os) 1<r<oo, 0<s<2,

q,7,0,0
by means of the L, ,-duality pairing, and

—$8

1q,0,0

:= closure of Ly, in B, ] 0<s<2,

q,00,0,0

(see Sections 2 and 3 for more details).

Lastly, we have to redefine the concept of a very weak solution by taking into
account the presence of the boundary. For simplicity, we restrict ourselves here to
the case ¢ > m. Then a very weak g-solution on J of (0.1) (with f = 0) is a function
v € C(J, L) satisfying (0.7) for all

€ Ly(J, Hz?’,o,a) n Wll(‘]a LQ'J)

having compact support in J* := J\sup(J). (In Remark 7.1(c) it is shown that
this definition coincides with the earlier one if 2 = R™.)

With these definitions Proposition 0.1 remains true if assumption (0.4) is re-
placed by (0.16). Hence the concept of a maximal strong solution of the Navier-
Stokes equations is well-defined in this case also.

Theorem 0.7. Let condition (0.16) be satisfied. Then Theorems 0.2, 0.3, 0.6, and
Remark 0.5 are true.

Proof. This follows from the fact that all theorems from the main body of this
paper, referred to so far, are also valid if (0.16) is satisfied. O

In the remainder, (2 is said to be a standard domain if either 2 = R™ or (2 sat-
isfies (0.16).

The most important concept of a solution in the theory of the Navier-Stokes
equations is probably the one of a weak solution. If v° € Ly, then

u € LOO(J, LQ,J) n LQ(J, HQI)
is a weak solution on J of (0.1) (with f = 0), provided
[ {6+ (90, 90) + . (- D))} e = (p(0). )
for all ¢ € D(J*, D, ). It is a global weak solution if it is a weak solution on [0, T'] for

every T > 0. As is well-known, thanks to Leray [57] and Hopf [41], there exists for
each v° € Ly, at least one global weak solution v satisfying the energy inequality

t
lo@)IIZ, + 21// IVo(Dllz dr < [1°I7, ,  t>0, (0.19)
0

11



a Leray-Hopf weak solution. Uniqueness and smoothness are open problems. (We
refer to the surveys by Galdi [27] and Wiegner [85] for more details, as well as to
[27], Lions [58], and Temam [75] for (modernized versions of) the existence proofs.)

The following theorem guarantees uniqueness and smoothness on the maximal
existence interval of the strong solution v(-,v?).

Theorem 0.8. Suppose that Q is a standard domain and v° € Ly, N L, , for some
g >m. Then
(i) v:=v(-,v°) is a weak solution on [0,T] for every T € (0,tT). It belongs to
C([O,t+), L2) and satisfies the strong energy equality

t
lo@®)IIZ, + 21// IVo(DIlL, dr =llu(s)llZ, , 0<s<t<tr.
s

(ii) If u is any Leray-Hopf weak solution then u D v(-,v°). In particular, u is
smooth on (0,tT).

Proof. (i) follows from Remarks 10.2(a) and 11.3(d), and (ii) is a special case of
Theorem 11.4. O

Given the postulated hypotheses, Theorem 0.8 guarantees local uniqueness and
smoothness for Leray-Hopf weak solutions without further restrictions. In particu-
lar, if v(-,v%) exists globally then there is a unique Leray-Hopf weak solution and
it is smooth for ¢ > 0. This is in contrast to the known uniqueness theorems of
Foias [22], Prodi [64], Serrin [68], Fabes, Jones, and Riviere [18], Masuda [60], Sohr
and von Wahl [73], von Wahl [80], Kozono and Sohr [51] which are conditional in
the sense that they require the solution to belong to more restricted classes.

It is well-known that Leray-Hopf weak solutions with appropriately regular ini-
tial values are smooth as long as there exist strong solutions with the same initial
values (e.g., [31], [45] and others; see the surveys by Galdi [27] and Wiegner [85]).
The new fact is the (unconditional) uniqueness assertion.

The first local regularity results for weak solutions of the Navier-Stokes equa-
tions are due to Kiselev and Ladyzenskaya [48] (also see the exposition in [55] and
related work of Sobolevskii [70], [71]). This research has been considerably improved
by Solonnikov [74] who, by means of potential theoretic estimates, established the
local existence of strong g-solutions in Sobolev and Holder spaces under the as-
sumption that m = 3 and Q has a compact boundary, provided v° is sufficiently
regular. Using those results which, by the way, are optimal as far as regularity in
the classes under consideration goes, Solonnikov could also prove existence, but not
uniqueness, of a local solution for v° € L3 ,.

Temporarily, we now suppose that

Q is bounded .

12



Given this assumption, Sobolevskii and, independently, Kato and Fujita [23], [46]
were the first to employ semigroup theory and, in particular, the technique of
fractional powers in the study of the Navier-Stokes equations. In [23], improving
the results of [46], it is shown that, if rn = 3 and v° € H, 7/02:0, there exist T' > 0 and
a unique strong 2-solution v in C ([0, T, Lz,(,) satisfying

o 1/4 _
lim /% Jo(8) 5 = 0.

Extending the Kato-Fujita approach from the Hilbert to a Banach space setting,
Miyakawa [61] assumed that ¢ > m and v° € L, , and proved the existence of T > 0
and of a unique mild solution v in

C([O, T], Lq,g) N 03/2 ((07 T]: H;,O,a)

for some s € (1,3/2). Miyakawa also showed that v is a weak solution on [0,T]
satisfying the energy inequality.

Semigroup theory and fractional powers have also been used by v. Wahl [80] to
get local strong solutions. He assumes that v° € Ly, with ¢ > m and establishes
the existence of r € (0,1) and of a unique maximal mild solution v of (0.1) in

C([0,t]), Lg,s) NCrpa((0,8F), Hy o ) -

In addition, v. Wahl proves higher regularity results and studies also the case
m/3 < q<m withv® € H}, .

Those results have been considerably improved by Giga and Miyakawa [32]:
suppose that

g>m/3, —-1+mfqg<s<2, ’I)OEH;OJ

Then, given any 7 € (s,2A (2+s)), in [32] it is shown that there exists a mild

solution
ve C([0,T],HS o ,) NClrs2([0,T], Hy o ) - (0.20)

Moreover, any mild solution satisfying (0.20) for some 7 > |s| is unique. In [32] it
is also shown that v is smooth for ¢ > 0.

The results of Giga and Miyakawa also extend earlier results of Weissler [82].
Similar results involving other restrictions on r are contained in Grubb [37] who,
however, treats other boundary conditions also.

Remarks 0.9. (a) In none of the papers of Kato and Fujita [23], [46], Miyakawa [61],
v. Wahl [80], and Giga and Miyakawa [32] do the spaces H;, , occur explicitly.
Indeed, all results in those works are formulated in terms of fractional powers of
the Stokes operator S, on L, , (as is the case in many other papers). However,
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it follows from a result of Giga [30] on the boundedness of the imaginary powers
of S, that

D(S!) = [Lgo,H2g oo, 0<6<1,

where [, -],, 0 <8 <1, are the complex interpolation functors. Using this,

[Lq,aa H{?,O,a]a = H20

2,0,0 3 0<f<1,

(see Theorem 2.2) and Theorem 3.4, we obtain the statements given above.

(b) In all of the above work it is also shown that the respective solutions are global if
1Y is sufficiently small in the respective norm. Furthermore, a non-vanishing force f

is admitted too. O

Kobayashi and Muramatu [49] have presented a variant of the work of Giga and
Miyakawa by introducing a class of abstract Besov spaces constructed by means
of fractional powers of the Stokes operator. Their results amount essentially to
replacing H;, , by nj ., although this is shown nowhere. In particular, in [49]
there is given no concrete characterization of these abstract Besov spaces.

Giga [31] and, more recently, Wiegner [85] present existence proofs using Kato’s
ideas [45]. (Also see the work of Weissler [81], [82], [83].) This approach is not based
on fractional powers but on L,-L4-estimates for the Stokes semigroup (cf. [85], for
example, for definitions). The required L,-L4-estimates are known to hold if Q is
a standard domain (e.g., see [45] if Q@ = R™, [7] and [78] if Q is a half-space, [31] if
Q is bounded, and [43] if 2 is an exterior domain). Thus we assume that

Q is a standard domain .

Then Giga’s [31] results imply that, given v° € L, , with ¢ > m, there exist T > 0
and a unique mild solution v in

C([0,T], Lg,s) N C1/((0,T),Ls,s) N Ly ((0,T), Ly, )

where r, s € (q,00) satisfy 2/r + m/s = m/q. If ° is sufficiently small in L,, then
T =o0. If u € C([0,t*), L) is a maximal mild solution for some r > m then

lu(®)l|z, > ¢/t —t)t—m/m/2 (0.21)

Furthermore, if v° € Ls , N L, , then v is a weak solution satisfying the energy
inequality. (To be more precise: assumption (A) in [31] is covered by the L,-L,-
estimates. For condition (NI) one has to invoke Theorem 4.2 of this paper.)

Suppose that v° € L, ,. Then Wiegner’s [85] theorem implies the existence of
a unique maximal mild solution v € C([0,¢},), Lim,,) satisfying

sup /2 ||Vo(t)ll,_ + sup tOT™I2 o), < oo
o<t<T 0<t<T

14



for 0 < T < t} and s > m. Moreover,
ve L. (0,T),L), 0<T<t},

provided s > m and 2/r + s/m = 1. Finally, t* = oo if v is sufficiently small in L.
Kozono and Nakao [50] assume that m > 4 and either 2 = R™, a half-space, or
an exterior domain, and that v° € Ly, N Ly, with 7 > m. Then they prove the ex-
istence of a unique local strong m-solution v. They also show that v € C([0,T], L,)
and establish estimate (0.21).
Similarly as in the case where 0 = R™, we can show that all solutions described
above are restrictions of the maximal strong solution v(-,v°) of Theorem 0.2.

Theorem 0.10. Let Q be a standard domain. If v is any one of the solutions
described above then v(-,v°) D v, provided v° = v(0).

Proof. (a) Assume that v° = v(0) € Hi, , with s > (—1+m/q)4. Then Theo-
rem 0.2 guarantees that v(-,v°) is the unique maximal strong solution u satisfying
u(t) — 0% in H, , as t — 0. In particular, v(-,v°) is the only strong g-solution in
C([0,t]),H: o ,)- By Theorem 0.3 and the cited results, v belongs to (a proper
subclass of) C([0,tF), H: ., )- Hence v(t) = v(t,0%) for 0 <t < t}.

(b) It remains to consider the case v* € Hf, , with —14+m/q < s < 0 which is
admissible — under some restrictions — in the results of Giga and Miyakawa [32]
and Grubb [37]. But in this case the assertion is a consequence of Theorem 6.1,
Proposition 6.4, and the construction of v(-,v°) in the proof of Theorem 11.1. O

We point out that Kozono and and Yamazaki [52] study the well-posedness of
the Navier-Stokes equations on R” by assuming that v° belongs to certain spaces of
Besov type which are constructed by means of Morrey instead of Lebesgue spaces.
The same authors consider in [53] initial data in L, o + L4 for some ¢ > m, where
Ly, is a Lorentz space and € is an exterior domain. Those results do not seem
to be comparable to the ones of this paper.

Now we can comment on some of the improvements of our results over the
existing ones.

e Our theorems generalize and improve almost all of the previous existence and
uniqueness results (known to us).

e We give rather precise descriptions of the spaces of initial values, in contrast
to abstract statements to the effect that v° belongs to some fractional power space.

o If v € H, , with s > (=14 m/q); then Theorem 0.2 guarantees existence
and uniqueness under the sole (natural) assumption that the solution be continuous
att =0in H;, ,. Almost all of the existence results known so far require additional
restrictions.
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H—1+m/q

e We can admit initial values in the negative space H_

space n;(l)f,m/ ? with arbitrarily large ¢ > m. This is the first result of this type if

Q is an exterior domain.

e The blow-up results given in Theorem 0.6 generalize (0.21) by showing that
already weaker norms than the L,-norm blow up if T is finite.

e The equivalences given in Theorem 0.3(a) are of independent interest.

, or even in the

It follows from the results of Kato [45], Giga [31], and Wiegner [85], for ex-
ample, and from Theorems 0.4 and 0.10 that v(-,v°) exists globally if 1° € L, »
and ||v°||L,, is sufficiently small. Recently, this has been considerably improved by
Cannone [13], [14] if Q@ = R®. Under this assumption he shows that, given q € (3, 6],
the Navier-Stokes equations (with f = 0) possess a unique global mild solution

v € BC(R", L3 ;) N C((0,00), Ly)

satisfying
lo()||L, < ct™'+3/, t>0,

whenever v° € L3 , and the norm of v° is sufficiently small in the homogeneous
Besov space B; cl,SL 3/ 7. To be small in B(; éSL 3/a is a much weaker condition than to
be small in Lz. Cannone’s proof rests heavily on the fact that the boundary of
is empty since he uses that the Stokes semigroup reduces to the heat semigroup
and the Helmholtz projector has a rather explicit representation by means of Riesz
operators. In addition, essential use is made of the representations of Besov spaces
by means of Littlewood-Paley decompositions on the Fourier side.

Using the particularly simple geometry of a half-space in R?, allowing a reflection
argument, together with Ukai’s representation formula for the Stokes operator [78]
Cannone, Planchon, and Schonbek [16] extended this global existence theorem to
the case where ) is a half-space in R3.

The starting point for our paper was the question whether Cannone’s result
could be proven for other domains as well; for example, if Q is bounded. In this
case homogeneous Besov spaces are not meaningful anymore since they are not
invariant under local diffeomorphisms and since they involve conditions on the be-
havior of their members at infinity. Natural substitutes are the (nonhomogeneous)
spaces By ol ™/ However, due to the presence of a nonempty boundary, the situ-
ation is more complicated. Moreover, Fourier analysis is no longer useful directly.
Thus we use semigroup theory to prove the following result.

Theorem 0.11. Suppose that Q is bounded, ¢ > m/3, and 0 < w < Ag, where A\g is
the smallest eigenvalue of the Stokes operator. Then, given any r > m with r > q

and v° € H;é;m/q, the solution v(-,v°) exists globally and satisfies

lot,v0)||r, < ct™tHm/remwt t>0, (0.22)
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provided the norm of v° is sufficiently small in n étm/r

Proof. This is a special case of Theorem 11.6. O

Remarks 0.12. (a) Suppose that +° € Héz)’l;rm/q”. Then

—14+m/r

-1 -1
WeH gtTmeyy +m/q‘—>nr,0’a , r>gq,

q,0,0 q,0,0

by Corollary 3.11. Moreover, Proposition 2.4 and Remark 3.6 imply
||v0||n;})j,m/r < C||v0||BT—)<1;m/r )

Hence in this case (in particular, if v° € L,, ,) it follows that v(-,v°) exists globally
and satisfies (0.22) whenever the norm of +° is sufficiently small in Brag ™" for
some r > m with r > ¢. Thus Theorem 0.11 is indeed the analogue to Cannone’s
result for the case where Q is bounded. Note, however, that we can allow rather

rough initial values.

(b) Theorem 0.11 remains true if the assumption that  be bounded is replaced by
the hypothesis that the Stokes operator is well-defined and the Stokes semigroup
is exponentially decaying.

(¢) Suppose that v° € Ly , N L, , for some g > m. Also suppose that either
(i) v° is small in n,, cl;,r ™/T for some r > m with r > ¢ and Q is bounded,
or
(ii) v° is small in L,
or
(iii) Q equals either R® or a half-space in R?, ¢ = m, and ¢ is small in B,
Then there exists exactly one Leray-Hopf weak solution and it is smooth for t > 0

1/2

Proof. This follows from Theorems 0.8(ii) and 0.2(i) since v(-,v°) exists globally.
Indeed, in case (i) this is guaranteed by Theorem 0.11. If ©° is small in L, then
tT = oo is a consequence of the results cited above and of Theorems 0.7 and 0.10.
Lastly, if (iii) is satisfied then t* = oo is implied by the results of Cannone [13] and
Cannone, Planchon, and Schonbek [16], respectively, since their solutions coincide
with v(-,2%) thanks to the fact that they belong to C(R*, L3 ,). O

Note that BT éo+3/r — B 1/2 for 3<r<6.

Finally, we give a brief outline of the contents of the following sections. In
Section 1 we collect the basic facts on the interpolation-extrapolation theory which
are fundamental for our approach. In contrast to all the other work, our results are
neither based on fractional powers nor on L,-L,-estimates. In fact, it does not seem
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to be possible to obtain sharp results without using interpolation-extrapolation
techniques.

In Section 2 we introduce the underlying function spaces which are related to
the Dirichlet problem for the Laplace operator. These results are then used in
Section 3 to find concrete realizations of the interpolation-extrapolation spaces for
the Stokes operator. In the presence of a boundary this is rather complicated. We
also prove natural extensions of Sobolev type embedding theorems for the spaces

70,0 and n? o, being by no means obvious. This rather long section is basic for
a good understanding of the occurring spaces of distributions.

In Section 4 we study continuity properties of the nonlinear convection term. In
this investigation — as in other places also — Lemma 3.3 plays a crucial role since
it allows to get rid of the non-local Helmholtz projection. By this way we obtain
sharp results which improve on all continuity estimates known so far.

In Section 5 we develop a complete and self-contained existence, uniqueness, and
regularity theory for abstract parabolic evolution equations with quadratic nonlin-
earities. By means of interpolation theory we get optimal results which cannot be
obtained by the theory of fractional powers. Of course, the existence part rests on
the contraction mapping principle and is, in this respect, close to but different from
the work of von Wahl (see Theorem I1.3.3 in [80]) and also Kato [45].

The basic existence, uniqueness and regularity result for strong g-solutions of
the Navier-Stokes equations under minimal requirements on v° and f is Theo-
rem 6.1. It is more or less a straightforward application of the results in Section 5,
except for the regularity assertions. For those we rely on some general results of
the author [5]. Theorem 6.2 guarantees global existence for small data and under
appropriate assumptions on the Stokes operator. In the remainder of Section 6
it is shown that the maximal strong g-solution is essentially independent of the
occurring parameters.

In Section 7 we discuss very weak g-solutions and show that they are the same
as mild solutions. In the next section we prove a uniqueness theorem for very weak
g-solutions (Theorem 8.2). OQur proof is rather simple and different from related
ones of Lions and Masmoudi [59] and Monniaux [63]. Whereas, up to this point,
we only had to assume that the Stokes operator is well-defined and generates an
analytic semigroup, now we have to rely on maximal regularity in L, , if ¢ =m.
For this it is sufficient to know that S,, has bounded imaginary powers. This
assumption imposes (at our present state of knowledge) restrictions on 2 (which
are met if ) is a standard domain).

Section 9 is devoted to integrability properties of very weak g-solutions, and in
Section 10 we study weak solutions. In particular, we show — given rather general
hypotheses on 2 — that very weak g-solutions are weak solutions satisfying the
strong energy equality. From this we obtain a (local) uniqueness theorem for Leray-
Hopf weak solutions under rather general conditions (Theorem 10.3).

Finally, in the last section we prove the existence of a unique maximal strong

18



solution and show that it possesses all the properties described in the theorems of
this introduction. This is true for nonvanishing outer forces also. For simplicity, we
do not give the most general hypotheses on f but restrict ourselves to relatively
simple ones. Obvious generalizations are left to interested readers.

1. Interpolation-Extrapolation Scales

Throughout this paper all vector spaces are over the reals. If there occur, explicitly
or implicitly, complex numbers then the corresponding statements always refer to
the respective complexifications. Furthermore, ¢ stands for various positive con-
stants which may differ from occurrence to occurrence but are always independent
of the free variables in a given equation. For £,7 € R we set £ V i := max{&,n} and
EAn:=min{&,n}, as well as & :=E V0.

Let E and F' be Banach spaces. We write £ — F' if E is continuously injected
in F, that is, E is a linear subspace of F' and the natural injection z — z from E

into F' is continuous. If E is also dense in F' then we express this by E i) F'. In this
case (F, E) is said to be a densely injected Banach couple. We also write E = F' if
E — F and F — E, that is, if E equals F' except for equivalent norms.

By L(E, F) we mean the Banach space of all bounded linear operators from E
into F, and L(E) := L(E,E). If G is a third Banach space then L(E, F;Q) is
the Banach space of all continuous bilinear maps from E x F into G. We also set
L?(E,F):= L(E,E; F).

We denote by E' := L(E,R) the dual of E and by (-, ) the duality pairing
between E' and E, so that (', z)g is the value of 2’ € E' at x € E.

Given w € R, we write A € G(E,w) if —A generates a strongly continuous semi-
group {e~t4 ; t > 0} on E, that is, in £(E), such that there exists M > 1 satisfying

et < Me*? t>0.
I ;

The infimum of all such w is the growth bound or the type, type(—A4), of —A.

Let (Eo, E1) be a densely injected Banach couple. Then H(E1, Ey) is the set
of all A€ L(E;,Ep) such that —A, considered as a linear operator in Ey with
domain FEj, generates a strongly continuous analytic semigroup on Ej.

In the following we make free use of interpolation theory and refer to Sec-
tion 1.2 of [5] for a summary. As usual, we denote by [-, -], the complex, by (-,-)g,r,
1 < r < o0, the real, and by (-, -)2700 the continuous interpolation functors of expo-
nent 4 € (0,1).

For convenience, we recall that

(E(),El)g,ocJ is the closure of E; in (Eo, F1)g,00 - (1.1)
We set Eg . := (Eo, E1)g,, and Eg’oo e (EO,El)g’oo. Then

d d d d d
FEy — E971 — Egﬂ- — Eg,oo — Eg,oo — Eﬁ’l — Fy (].2)
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for0<d¥<f<landl<r< oo, and

Epa it Ejg) = [Eo, E1]o <4 E} o 0<6<1. (1.3)

Now we collect some basic facts about interpolation-extrapolation scales. Proofs
and many more details are contained in [5, Chapter V].

Let (Eo, E1) be a densely injected Banach couple such that E := Ej is reflexive.
Suppose that A € H(E1, Eg). Then E; = D(A), where D(A) is the domain of A
endowed with its graph norm. Set Ej := D(AF) for k € N with k& > 2. Also set
E':= E' and A* := A’, where A’ is the dual of A in E in the sense of unbounded
linear operators. Finally, let E,ﬁ := D((A")*) for k € N. Then we define E_j, for

ke N* :=N\{0} by E_ := (Eg)’ with respect to the duality pairing (induced
by) (-,) - This means the following: E_j is the dual space of E,ﬁ and

(8 2)p_, = (%, 2)E , zeE,, z'eE*. (1.4)

Since B} <& E2 it follows that (E¥) = E < (EL) by reflexivity and the Hahn-
Banach theorem. Thus, by density, (-, -) ;_, , and hence E_y, is uniquely determined
by (1.4).

For each 8 € (0,1) we fix

('a ')0 € { ['a '].97 ('7 ')9,7‘7 ('7 )(9),00 ) 1 S r <00 } (15)
and put Egyg := (Ek, Exy1)e for k € Z. It follows that
BaS By, -—co<f<a<oo. (1.6)

If & > 0 then we denote by A, the maximal restriction of A to E, whose domain
equals {z € E,NE; ; Az € E, }. If a < 0 then A, is the closure of A in E, . It fol-
lows that A, is well-defined for a € R, and Ag = A. The family [ (Ea, 4,) ; @ € R]
is said to be the interpolation-extrapolation scale generated by (E, A) and (-, ")y,
0<o<1.

One shows that Ag is the closure of A, in Eg if § < a. Furthermore,

Aq € H(Ea-i-l:Ea) ) aelR, (17)
and A € G(E,w) implies A, € G(E,,w) for a € R. In addition,
e ts 5 emta t>0, f<a. (1.8)

Now we define the dual interpolation functor (-, )g of (-,-)g by

['7'9 if('7')0:["']0 ’
('7 )g = ('7 ')9,1 if ('7 ')9 = ('7 )2700 ) (19)
(e M ()e=()er, 1<r<o00,
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where r' :=r/(r — 1). Then we abbreviate the interpolation-extrapolation scale
generated by (E*, A*) and (-,-)%, 0<@<1, by [(EL,A}); a € R] and call it
interpolation-extrapolation scale dual to [(Ea, Ay); a € ]R] .

If (-,-)o # (-,-)o1 for 0 < @ < 1 then

(B.o)=E,, (Aa)=4,, acR, (110)

with respect to the duality pairing (-,-);__ induced by (-, -)p-
We denote by

[(Ea,l,Aa,l);aeR] and [( aoo,AO );aElR]

the interpolation-extrapolation scales generated by (E, A) and the functors (-,-)g,1
and (-, -)2’00, respectively, for 0 < @ < 1. (This notation is consistent with the one
used in (1.2).)

Lemma 1.1. Suppose that 0 < a < 1. Then
(Ea—laEa)O,l =FEa1401 , (Ea—laEa)g,oo = E(o)t—l-l—o,oo (1.11)
for 0 < 0 <1 with o+ 0 # 1. Furthermore,

(Ba1,Ba)on > Ba 110> (Ba1,Ba))e, 0<0<1. (1.12)

Proof. It follows from Theorem V.1.5.7 and Corollary V.1.5.8 of [5] (if one sets
(:)o == {-}o == (;,-)a.1) that

(Bac11,Ea1)o1 = Eac1001, 0<6<1, a+60#1. (1.13)
Since

(Ej-1,Ej)ag = Batjo1 = (Ej—1,E})o o 0<a<l, (1.14)

for j = 0,1, the reiteration theorem (cf. (I1.2.8.7) in [5]) and (1.13) imply the first
assertion in (1.11). The second one follows by replacing (-,-)g,1 by (-,-) o in this
argument.

Fix pu > type(—A) and note that E; = D((u+ A_;)7*!) for j € {0,1}. Thus
(cf. (1.2.9.6) in [5])

d d
(B-1,E1)1/21 = Eo = (E—1,E1)} 5 o - (1.15)

If 0 < a < 1 then, by (1.14), (1.15), and the reiteration theorem,

0
(Ea—la 1 a,00 = ( E—laEO @,00? (EOaEl)O )1,0,00

0

( E 17E1 a2, oo:(E lyEl)(1+a)/2 00)1 @,00 (1'16)
(E 13E1)1/2oo .
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By replacing in (1.16) the continuous interpolation functor everywhere by the func-
tor (-,-)p,1, we find that (Eq—1,Fa)1-a,1 = (E_1,F1)1/2,1- This, combined with
(1.15) and (1.16), implies (1.12) for 6 :=1— . If § # 1 — a then (1.12) is an im-
mediate consequence of (1.2), (1.3), and (1.11). O

2. Dirichlet Scales

If Q # R™ then we assume throughout that 9 is uniformly regular of class C? (in
the sense of [9]). This guarantees the existence of suitable extension operators, so
that all results on function spaces which we use below, and which are proven in
Triebel’s book [77] for bounded smooth domains, hold in this case also, provided
the regularity indices are restricted to belong to [—2,2] (cf. Section II of [3]). Of
course, the extension of the results in [77] to the case of R™-valued distributions is
trivial. Thus we simply refer to [77] and related work without further mention of
this fact.
Throughout this paper

1<g<oo and —-2<s<2,

unless further restrictions are explicitly mentioned.
We denote by
I/Vqs = (I/VQS(Q, Rm): ” ||VVqS)

the usual Sobolev-Slobodeckii spaces. Recall that W) = L, := L,(2, R™) and

1/q
lullw = ( 3 ||aau||%q) k=12,
o<k

whereas

lllyzso = (Il + 3 /Q Q'3”“@)“9““@)"’d(x,y))”" 2.1)

la|=k @ — y|mra?

for k€ {0,1} and 0 < 6 < 1.

We write D := D(Q,R™) for the space of R™-valued smooth functions having
compact supports in €2, that is, D is the space of R™-valued test functions on (2,
and D' is its dual, the space of R™-valued distributions on 2. Then W, is the
closure of D in W7, and

W= (W), 0<s<2, (2:2)

q q

with respect to the L,-duality pairing
(v,u) = / v-udr, (v,u) € Ly x Ly , (2.3)
Q

where ¢' :=¢/(g —1).
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We also put A(€) := (1 +|¢]?)/? for € € R™ and denote by F the Fourier
transform on &' := S'(R™,R™), the space of R™-valued temperate distributions
on R™. Then

(1—A)*/2 .= A*(D) := F'A°F

where A acts as a multiplication operator.
For 2 = R™ the Bessel potential spaces are the Banach spaces defined by

— — —s/2
H} = Hi(R™,R™) := (1 - A)~*/?L, .

Fix any smooth ¢ on R™ such that ¢(§) = 1 for |{] < 1 and ¥(§) = 0 for |£| > 2.
Put ¢ := ¢ and

i) =275 —p(27Fe),  EeR™, keN :=N\{0}. (24)

Then
supp(¥r) C {E€R™; 28 1 < gl <2M1} . keN*,

and

dodn(@) =1, LeR™.
k=0

Thus (¢%) is a smooth dyadic resolution of the identity on R™.
The Besov spaces, B; . := B; (R™,R™), are the Banach spaces defined by

B, = ({ueds; [jul

B, <o}, |llsz,)
where

© 1/r
(D2 lwe(Dyully,) " 1<r<o0,
k=0

lulls; , = (25)

sup 2°° [l (D)ull,, ri=oo,
k>0

with (D) := F~14; F. These spaces are independent of the particular dyadic
resolution of the identity, except for equivalent norms.
We denote by
rg: D'(R™,R™) — D'(Q,R™)

the operator of restriction to 2 in the sense of distributions. If  # R™ we set
Hj:= Hj(Q,R™) := roH;(R™,R™)
and
B:, := B (QR") :=rqB: (R",R"), 1<r<oo

where these spaces are given the obvious quotient norms. Hence they are Banach
spaces as well. It is known that

’

= nt : — oy — o —
H;=B,, iff s=tandp=q=r=2, (2.6)
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and that

H: | s€[-2,2n7Z,
We = { a (2.7)
“ B:,, se(-2,2\Z.

It is also known that By ., coincides for s > 0, except for equivalent norms, with

the Nikol’skii space N; := N7(Q,R™) (cf. [54], [77]).
For the reader’s convenience, we recall the definition of the norm of Nj for
0 < s < 2. We denote by [s]~ the largest integer strictly smaller than s and put

[W]g.g.00 i= { suppzo ||~ (- + 1) = ullz @) - 0<9<1,
¥,q,00 - — _
supjzo Al llu(- + h) = 20+ u( = W)l @) - v=1,

where Q|h| = {:E € Q ; dist(z,00) > |h|} and Lq(Q“”) = Lq(Q|h‘,]Rm). Then

llullv = llull - + \aﬁ?ﬁ—[‘? uls—[s]-a,00 - (2.8)
For convenience, we set
N}:=L,, N;®=B/5, 0<s<2. (2.9)

We refer to [77] for equivalent intrinsic norms for B; . with 1 <r < occ.
The following theorem gives another useful characterization (not contained
in [77]) of the ‘negative spaces’ H,* and B, for 0 < s < 2.

Theorem 2.1. Suppose that —1 < s <2 and k € {1,2} with s — k > —2. Also sup-
pose that B* € {H, B, ; 1<r <oo}. Then u belongs to B~ iff there exist

Uq € B for |a| < k such that

u= > 0"uq . (2.10)

|| <k

Moreover,

u inf( 3 lfual Bs) (2.11)

lo|<k

is an equivalent norm for B*~*, where the infimum is taken over all representa-
tions (2.10).

Proof. By the usual extension and restriction procedure we can assume (2 = R™.
In this case the restriction |s| < 2 is not necessary.
Since
0% e £(B®,B°1?l)y | aeN", (2.12)

24



it follows that u € B*~* if it is defined by the right-hand side of (2.10). Conversely,
given u € B*7F it is known that v := A=2*(D)u € B*+*. Hence

u=A*Dyp =Y (~1) (2)6‘2% =Y 8%,

la|<k la|<k

where v, := (—1)l¢l (i)@"‘v € B for |a| < k. Thus, putting M(k) := 3, < 1, it
follows that the linear map -

Tk:: (BS)M(k) - Bs*k ) (ua)la\Sk = Z 6aua
le|<k

is well-defined and surjective. Consequently, thanks to (2.12), it is a continuous
linear surjection. Define T} by the commutativity of the diagram

(B)ME) ———— (B*)M")/ ker(T)

n\ 7
Bs—k

where the horizontal arrow denotes the canonical projection. Then fk is a toplinear
isomorphism (that is, an isomorphism in the category of Banach spaces) by the open
mapping theorem. This implies the assertion since (2.11) is the quotient norm of
(B5)M®) | ker(Ty,). O

It should be remarked that Theorem 2.1 and (2.7) imply that definition (2.2)
for s € {1,2} is equivalent to the usual definition of the Sobolev spaces of negative
orders (e.g., [1]).

Lastly, we define the little Nikol’skii spaces by

n? := closure of H in N; . (2.13)

Since _ _
Dg :=D(Q,R™) := {u|Q; u e DR™,R™) }

is dense in W, it follows that

ny := closure of Dg in N . (2.14)

We denote by 75 the trace operator on 99 if Q) # @) and put

o [ H if Q=R"
“0 | {u€H?; you=0}  otherwise .

Then (Eo, E1) := (L4, H ) is a densely injected Banach couple.
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We write Ap := Ap 4 for the L,-realization of the Dirichlet-Laplace operator
defined by

dom(Ap) := H(io , Apu:=Au.
It is well-known that
—Ap € H( 2,00 ) . (2.15)

Thus the interpolation-extrapolation scale
[(Ea,Aa) ;€ ]R] ,

the Dirichlet scale, generated by (E, A) := (Ls, —Ap) and (,-)g, 0 < 0 < 1, where
(-, ) satisfies (1.5), is well-defined.
In order to characterize this scale we set

25 . 23 :
F¥.=HY, je{o+1}, (2.16)
and, for s = 2j + 20 with j € {—1,0} and 0 < 0 < 1,
H; if ('7')9 = ['7 ']6 )
F;:=< By, if(,)e=0G"or, 1<r<oo, (2.17)
n; if ('7 ')9 = ('7 )2,00 .

We also set F;f&j = qu,] for j € {0,1} and

Hy if (o =1[-]p»
Fi*.=¢ BY¥, if(,)e=()or, 1<r<oo, (2.18)
BYy i ()0 = ()80

for 0<f < 1. If Q=R™ then F},:=F; and F#% = F#s Otherwise, we put
F? = F}(R™,R™) and

{u€eF;; vou=0}, 1/¢g<s<2,
Fjo= {uEF/q;supp ycQy}, s=1/q, (2.19)
F? 0<s<1/q.

We also define F;f’% for s > 0 by replacing Fy, resp. }7'(,1/‘1, in (2.19) by F;?ES
resp. ﬁ;fl/ql.
Now we define negative spaces

Fpg=(Fpo) =(Hg o) = Hyg (2.20)
by means of the duality pairing induced by (2.3), and
Fq()2+29 (quaFO) (quaL) 0<é<1. (2.21)

Theorem 2.2. E, = F§ for |a| <1.
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Proof. Suppose that 0 < a < 1. If O = R™ then the results of Section 2.4 in [77]
imply
B = (B0 Br)a = (Ly H2)o = F2° = F25

If Q#R™ then E, = on is a consequence of interpolation results due to Gris-
vard [36], Seeley [67], and Guidetti (39].
It is well-known that (E#  A#) = (L, ,—Ap ). Hence

E_, = (BY) = (H2 ) = Hy3 = F;2

q,0

by (1.10) and reflexivity. Hence (2.21) and known duality properties of the used
interpolation functors imply E,_1 = FqQ,‘a"Q. O

Corollary 2.3. Suppose that (-,-)o # (-,-)a,1 for 0 <0 < 1. Then

(F,8) =Fly, 0<s<2, (2.22)
with respect to the duality pairing (2.3). Hence
Fo=(Ffy), 0<s<2, (2.23)

provided (-,-)g # (-, -)g’oo for 0 <0< 1.

Proof. The first assertion follows from Theorem 2.2 and (1.10). The second one is
now a consequence of reflexivity. O

The next proposition shows that F, coincides with the simpler space F}, pro-
vided s is suitably restricted.

Proposition 2.4. If -2+ 1/q < s <1/q then F;, = F;.

Proof. It follows from Theorems 4.3.2.1 and 4.7.1 in [77], the definition of the little
Nikol’skii spaces, and (1.2) that D is dense in F, for 0 < s <1+ 1/g and in Fq
for0<t<1+4+1/q =2- l/q Hence the assertlon is entailed by (2.19) and (2. 23)
if either s > 0 or if s < 0 and (-,-)g ¢ {(-,-)o,1, (-,-)§ 00} for 0 <6 < 1.

Suppose that —2 +1/g< so <s<s3=0.Set 0:=(sp—51)/s0 and suppose
that (-,-)p € {(-,)a,1, (,") » }- Then it follows from what has already been shown
and from Lemma 1.1 that

Fio=(H,H;')g = F; .
This covers the remaining cases. O

Recall that D is not dense in F#% ifQ#R™ and 1+ 1/¢' < s < 2. Thus, since

F5= (F#%) for (+,-)s ¢ { 0,15 (°)9 o0 }» it follows that F, § cannot be identi-
fied with a subspace of D' in thls case.
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We define H , etc. for |s| <2 by

Hio Hy,
Fio=:q Biro it F/ =4 By,
19,0 ng
respectively, and
. ‘_{H;’O, s€[-2,2n7Z,
0 B o, SE€E(-2,2\Z.

Remarks 2.5. (a) If 0Q # () then we put
d(z) := 1 A dist(z,09) , zeN.

Then
u flullyare + ld 4l (2.24)

is an equivalent norm for I/Vql’(/)q. Similarly, set O := {z € Q; d(z) <t} for t > 0.
Then

1/q
u (||u||q e+ sup 79[ jul? da:) (2.25)
Nq 0<t<1 Qt
is an equivalent norm for N, ql’{)q, hence for n;’/oq.
Proof. See Remark 4.3.2.2 in [77]. O

(b) Suppose that 0 < s <2—1/g. Then (B}, ; ,)' = N, °.

Proof. Since D is dense in B, ; ; for 0 <s <1+ 1/¢' =2~ 1/q this follows from
Theorem 4.8.1 in [77] and from (2.9). O

() Ifm < ¢ <r < oo then Ny 'T™/7 s N 1Hm/T,

Proof. This is a consequence of (2.9) and the known embedding theorems for Besov
spaces (e.g., [77]). O
3. Stokes Scales

We put Dy :={u€D; V-u=0} and let L, , be the closure of D, in L, We
also set _
Lyrz:={v€Ly; IpE€ Lyioc(QR) :v=Vp} .
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Then we assume that the topological direct sum decomposition, the Helmholtz

decomposition,
Ly=Lgo ® Lo (3.1)

is valid for each ¢ € (1, 00). Thus the Helmholtz projector P,, that is, the projection
of Lq onto Ly, parallel to Ly , is well-defined for 1 < g < oo.
We also assume that

(P)' =Py, l1<g<oo. (3.2)
We define the Stokes operator S, in Ly, by
dom(Sy) :== HygNLgos , Squ:=—-vPAu,
and assume that

—Sg generates a strongly continuous (3.3)
analytic semigroup on L, , for 1 < ¢ < oo . '

Remark 3.1. Assumptions (3.1)—(3.3) are additional hypotheses on 2, which are
known to hold in a variety of situations, but not always (e.g., Remark I11.1.3 in [28]).
To be more precise, they are satisfied if 2 is

(i) R™;

(ii) a half-space [7];

(iii) an exterior domain ([8], [69], [79], also see [62], [74]);

(iv) a bounded domain ([25], [29], also see [61], [74], [80]);

v) an aperture domain [20];

(vi) an infinite layer domain [84];
(vii) a compact perturbation of a half-space [19];
We also note that the Stokes semigroup is known to be bounded in each one of
the cases (i)—(vi), as is shown in the above references. If ) is bounded then this
semigroup is even exponentially decaying, independently of ¢, that is, there exists
w > 0 such that

type(—S;) < —w, 1<g<oo. (3.4)

Proof. If Q) is bounded then S; has a compact resolvent. Using this fact it is not
difficult to see that the spectrum and the eigenfunctions of S, are independent
of g € (1,00). Since type(—S9,) equals the real part of the least eigenvalue of Sy,
assertion (3.4) easily follows from the case ¢ = 2 and Poincaré’s inequality. O

Henceforth 2 is said to be a standard domain if one of the following conditions
is satisfied: € is
(i) R™;
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(ii) a half-space;
(iii) an exterior domain and m > 3;
(iv) bounded.
(The reason for imposing the restriction m > 3 in case of an exterior domain will
become clear in Remark 8.1).
Now we fix ¢ and set P := P, and S := S;. It is a consequence of (3.3) that the
interpolation-extrapolation scale

[(Ea,As) ; @ € R], generated by (E,A) := (L5, S) and (+,-)g, 0< 6 <1,

where (-,-)g satisfies (1.5), the Stokes scale, is well-defined. The following lemma
will be used to characterize E, for 0 < a < 1.

Lemma 3.2. Given any interpolation functor §,

3(E37E1) = g(E07E1) m]EO -
Proof. Fix p > 0 with u > type(—S) and recall that type(—Ap) = 0. Define the
map Q1 € L(E1,E;) by the commutativity of the diagram

Q1
E;

E

p+A | ~ | p+A (3.5)

P
Eo

Eo

so that Q1 = (u+A) 1 P(u+ A). Denote by P T the dual of P € £(Eg,Ey). Then
PT equals the injection i : IEP] — Eg. Write @ if @1 is being considered as a
densely defined linear operator from Eg into Ey with domain E;. Then, since
im(u + AN~ = E ¢ B! = dom(p + AY), it follows that

Q =(u+A)P [(p+A)7"] = (p+ A" (p+A) ™" € L(E,Ef) .

Hence Q" € L(Eg,Ey) which, thanks to Q" D @ and the density of E; in Eg, shows
that @ has a unique continuous extension Q¢ € L(Eq,Eg). In other words: there
exists a unique Qg € L(Eg,Ey) for which the diagram

0

E1 ]El

f J dl (3.6)
Qo

Eq E,

is commutative.
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Owing to E; — E;, we can consider ()1 as a bounded linear map in E;. Then
Q=W+ "'"Plu+A)(p+A)"Pu+A)=(u+A) 'Plp+A)=Q1,
thanks to P2 = P, which entails
Plu+A)(u+A)"'P=Pu+PA)(u+A)"'P=P

as a consequence of PA|E; = A. Thus @; is a continuous projection from E;
onto E;. From this and from (3.6) it follows that Qo € L(Ep) is also a projec-
tion from Eg onto Ey. Now the assertion is a consequence of interpolation theory
(e.g., Theorem 1.17.1 in [77]). O

The main idea of the preceding proof, namely the construction of projections
Qo and @1, is due to Fujita and Morimoto [24] and has also been used by Giga
(see Lemma 6 in [30]).

The next lemma, guaranteeing the existence of a unique extension of the Helm-
holtz projector to negative spaces, will be of fundamental importance for the proof
of Theorem 4.2.

Lemma 3.3. For 0 < a <1 there exists a unique P_, € L(E_4,E_,) satisfying
P_,DOP.

Proof. Define Py € L(E_1,E_1) by the commutativity of the diagram

Qo
Eo

Eo

/j,—l—Afl &~ =~ /1,+A71
P,

E,1 IE—1
Then, thanks to (3.5) and (3.6),

P, = (N+A71)Q0(H+A71)_1 D(p+A)Q; (H+A)_1 —P.

Thus the diagram

P
Eo Eo
P_,
E, —» E,

is commutative. Now the assertion follows by interpolation and the density of Eg
in E_l. O
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It is the purpose of the following considerations to characterize the negative
spaces E_, for 0 < a < 2. For this we need some preparation.
Let M be a vector subspace of some Banach space E. Then its annihilator

Mt :={e€E;(,m=0Yme M}

is a closed linear subspace of E'. It is a well-known consequence of the Hahn-Banach
theorem (e.g., Theorem 1.6.4 in [35]) that the restriction map

E'/Mt M, [e]—¢€|M (3.7)

is an isometric isomorphism.

Suppose that £ = M & N and denote by @ the projection of E onto M par-
allel to N. Then M =im(Q) =ker(1 — Q) and N = ker(Q) =im(1 — Q). Since
Q' € L(E") is a projection as well,

E' =ker(1 - Q') @ ker(Q') = [im(1 — Q)]J' ® [im(Q)] t=NtoMt,

since im(T)L = ker(T") for each T € L(E). Thus it follows from (3.1) and (3.2)
that
Ly = Lpa)t s Lpax=Lpo)", I<p<oo. (3.8)

We define a continuous bilinear form (-, -) on Ly ; X Lg ; by restriction of (-, -),
that is,
(u, )5 := (u,v) , (u,v) € Lyr,o X Lg g -

It follows from (3.1) and (3.8) that {(-,-)
consequence of (3.1) and (3.8) that

» is non-degenerate. Moreover, it is a

(Lg,s)' = Lg' - by means of the duality pairing (-,-), . (3.9)

Now we put

Fioy=FigNLy,, Fit =FitNLy,, 0<s<2.
Of course, F;, , is called HJ,, , if F[, = Hj g, etc.
We also set
—20 26
Fq,O,a = (Fz#,o,a)l ) 0<é<1, ('7 ')9 ¢ {(a ')9,17 ('7 ')2,00} )

by means of the duality pairing (-, -),. This defines

[0, 5 IsI<2] and [B

7 ls| <2], l1<r<oo.

S .
q,m,0,0 >

We put

NQTS,J = (Bgl’l’o’g)l s 0<s<?2 ,
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by means of (-, -),, and

n_ g := closure of Hq in N § 0<s<2. (3.10)

4,0,0 * 4,0,0 7
Finally,

B2 .= (H2

71,0,0 2.0, o Lg,0)o,1 s 0<f<1l. (3.11)

Then the scales of Banach spaces

[Biioe i sl <2], [ngoq; [s1<2], [Wios s [l <2]

have also been well-defined, where

E
WS L { Hq7070- ’
q,0,0 — s

4,9,0,0 >

s€[-2,2INZ,
€(-2,2)\Z.

The following theorem justifies the introduction of these spaces.

Theorem 3.4. E, = F2§ | for |a| < 1.

Proof. (a) If 0 < a < 1 then this is an immediate consequence of Theorem 2.2 and
Lemma 3.2.

(b) It follows from (3.9) that E# = L,/ ,. Denote by P' € £(Ly 5, Ly ) the dual
of P € L(Lg,Lg,). Then it is easily verified that PT = i#: Ly , < Ly. Thus,
given (v,u) € Hz o , x Hz g ,,

(v, Au), = —v{v, P;Apu), = —v{i¥ (v), Apu)
= —v(Apv,i(u)) = (—vPy Apv,u), = (Sgv,u),

This shows that A" O S, Since the resolvent set of A’ and the one of S, have a
nonempty intersection, it follows that A’ = S, that is, A# = S,,. Hence (a) implies
E# ;F#%a f0r0<a<1

(c) Suppose that (-,-)o & {(-,")e,1, (-, (9),00}- Then the reflexivity of E = Ly 4,
which holds since L, is a closed linear subspace of the reflexive space L, implies
the reﬁexivity of E for each o € R (cf. Theorem V.1.5.12 in [5]). Thus we infer
E .= () =F, 0 ? for 0 < a <1 from (b) and (1.10).

(d) Suppose that (-,-)g = (-,-)§ o, for 0 < 6 < 1. Then, thanks to (1.9), (1.10),
and (a),

(E_o) =Ef =B ¢, » 0<a<l.

Consequently,

E_q = (E_o)" = (B¥10,) =N, 3% 0<a<l,

¢,0,0

where the first injection is the canonical injection of a Banach space into its bidual.
Since E_, = (E_1,E)?_ a0+ the assertion follows from the density of E; = qu,O,o
in E_, and from (3.10).
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e) If (-,-)9 = (-,-)p,1 then the assertion concerning E_, follows immediately
from (b), which gives E_; = Hfg,d, and from (3.11). O

q,

The next theorem shows that, in the reflexive case, the negative spaces F| 7
possess further useful characterizations.

Theorem 3.5. Suppose that (-,-)g ¢ { o,15(*s+)g Oo} Then, given s € (0,2],

qug‘/Lqiﬂ - Fq,ga ) [U] = ’U/|F?,¢% -

; ; S ; T ; —8
is an isometric isomorphism, where Ly . is the closure of Ly . in F, .

Proof. Note that

Lyg—= Ly— F, 7, (3.12)

where the last injection follows from Theorem 2.2. Hence L, , is well-defined.
Thanks to (3.8),

Loz =Ly o)t C (F;fj, NLy.o)* (Ff,g O (3.13)

The assumption implies that F 0 is reflexive. Thus we infer from (3.7) that

s L s s s s

((Ffo g')J_) = (Flﬁ&,o)”/(Ffo a')J_J_ = Fj,o/Ffo G- (3.14)
Suppose that f € F, 0= (F;3) and f|Lgx = 0. Then f € (Lyx)" = Ly 5, which
shows that f € Fqﬁ) NLgy .= Fj,o,a- Hence we infer from (3.14) that there is
no continuous linear form on (F, ;f&,%’a)J- vanishing on L ,. Thus L, , is dense
in (F#"b ,)F by (3.13) and the Hahn-Banach theorem. Since (F;‘fk0 ,)* is closed
in (F#f) ») = F, g, it follows that Ly, = (F#% ,)*. This implies, together with
Corollary 2.3, that

o/ Law = (FLQ) (FG )" -

Now the assertion is entailed by (3.7). O

Remark 3.6. Suppose that 0 < s < 2. Then n_g , is isometrically isomorphic to
the closure of Ly/Ly . in N, §/(B% 4 )"

Proof. From (3. 7) we deduce that N, g (BS,J’OJ)J- is isometrically isomorphic
to (Bglvlaoﬂf),
ric isomorphism

Lq/Lqu = (Lq’)l/(Lq’,a)L = (Lq’,a), = Lq,d =M .

N, Again by (3.7), this isomorphism restricts to an isomet-

d
Since By = H?, , = Fy the assertion follows from the definition of n g . O
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The difficulty in treating the Navier-Stokes equations in a weak setting, which
forces us to employ the somewhat complicated setting introduced above, stems from
the fact that we have to characterize the negative spaces by duality. This is due
to the fact that, in the presence of a boundary, we have no explicit representation
either of —Ap or of the Helmholtz projection P. The situation is considerably
simpler if 2 = R™ (or if 2 is a torus, a case we do not consider here) as is explained
below. In the full-space problem we have an explicit representation of P which
commutes with A so that the Stokes operator reduces to —vA|HZ N Lg,,.

Remarks 3.7. (a) Suppose that Q = R™. Then
Eo = F*Nker(V:) ={u€F*; V.-v=0}, la| <1,
where V- denotes the divergence operator on D', of course.

Proof. Tt is well-known (and by means of the Fourier transform not difficult to
verify) that
P =1—[R;Ri]icjk<m ,
where R; := F~1(&7/ |€])F are the Riesz transforms for 1 < j < m. Since R; be-
longs to L(H]) for s € R, as is a well-known consequence of Mikhlin’s multiplier
theorem, it follows that P € L(H;) with P? = P and P(H;) = H; Nker(V-). Of
course, P commutes with A. From this we infer that 1 + .S, is an isomorphism from
H:+? Nker(V-) onto HE Nker(V-) for s € R. Consequently, if (-, -)g equals [-, -], for
0 <6 <1 then
Eo = H* Nker(V-) , a€eR.

Indeed, this follows from the general definition of interpolation-extrapolation scales
given in Chapter V of [5], from Lemma 3.2, the fact that the Bessel potential spaces
are invariant under complex interpolation, and from Theorem V.1.5.12 in [5].

Now the assertions for the other choices of (-,-)s follows by interpolation and
by applying Lemma 3.2 once more. O

(b) Let Q be a standard domain with nonempty boundary. Then
{ueF;; V-u=0, vpu=0}, 1/g<s<2,
Floo = {UEFql’{)q;V'u:O,’YﬁUZO}, s=1/q,
{veF;; V-u=0, vju=0}, 0<s<1/q,
where ~y; denotes the normal trace operator defined by yzu := (yau) - i for u € L,

with V- u € L,(Q,R).

Proof. This follows from F?

w00 = FgoNLg, for 0 < s <2, the definition of F},
and the fact that

Lyo={u€Ly; V-u=0, yqu=0}
(see [25] if Q is bounded and [69] if 2 is unbounded; also cf. Section 5 in [19]). O
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Having found explicit representations for the Banach spaces E, for |a| <1, we
now turn to characterizations of the extrapolated Stokes operator.

Theorem 3.8. Suppose that 0 < a < 1. Then
Hy o0 X Hyop = R, (v,u) = (Av,u)

2-2
extends to a continuous bilinear form over F#O PR e I

same symbol, that is,

again denoted by the

((v,u) = (Av,u)) € L(FI G 2% F2 5 R)
Moreover,

(vaAa—1u>Ex_1 = _V<Av7u) ) (U u) € Fq#%) 02a x Fq2%<r - (315)

Proof. From the proof of Theorem 3.4 we know that (E#,A#) = (L, ,,S,) with
respect to (-, -),. Note that A,_; € L(Ey,Eq_1) and (1.10) imply

((v,0) = (v, Aarw)e, ) € LB, Ea;R) (3.16)
Hence, by Proposition V.1.5.14 in [5],
<'U;AO£71U>]EQ_1 = <Aﬂ—a/l)7 u>]Ea ? ('U,u) G E't}*a X

Given (v,u) € B x Ey,

(Aﬁ_av,u)]ga = (Ao, u) = —v{Av,u) . (3.17)
Now the assertion follows from (3.16), (3.17), from E! x E 5 E! _ xE,, and
from Theorem 3.4. O

Suppose that Q # R™ and 0 < 2a < 1/q. Then F;‘(’)‘_2 is not a space of distri-
butions (since D is not dense in F2 020‘) Thus Theorem 3.4 shows that Ff‘(’j 2 is
not a (quotient) space of distributions either. Hence (3.17) is in this case not a

distributional relation.

The following proposition gives distributional characterizations of A,_1. Given
(A,B) € Ly (Q,R™*™) x Lo (Q, R™*™), we set

(A, B) ::/A: Bdz
Q
where A: B := trace(B" A).
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Proposition 3.9. Suppose that 0 < a <1 and either Q =R™ or 2a > 1/q. Then

Aa,1 = —VPa,1A|Fq2,%7J . (318)
If 1/¢<2a <1+4+1/q then Ay_1 1is also characterized by
(W, Aa 1wk, _, = (V0 Vu),  (v,u) € Ffg 2* x F25 . (3.19)

Proof. Tt is a consequence of Proposition 2.4 that A € C(F;’%,Ff,‘a"Q), provided

either Q@ = R™ or 2a > 1/q. Hence Lemma 3.3 and Theorem 3.4 imply
A=-vPA|H},, C—vP, 1A|F}}, € L(Ey,Eory) .

’070 q,O,a

Since
A1 € L(Ey,Eyq) (3.20)

is the unique continuous extension of A € L(E;,Fy), assertion (3.18) follows.
Now suppose that 1/¢ < 2a < 1+ 1/q. Then we infer from Proposition 2.4 that

((vyu) = (Vo,Vu)) € L(FFT2* F23 R) .

q',0,0 q,0,0

If (v,u) € H, o , x Hy  , then it is clear that (v, Au) = v(Vv, Vu). Hence a density
argument and (3.20) prove (3.19). O

We close this section by proving some important embedding theorems. For this
we recall that, given —2 <t <s<2and 1 <r < o0,

H S HY,  1/¢>1/r>1/g—(s—t)/m . (3.21)

The following proposition shows that a similar result is true for H;
least if 2 is a standard domain.

0,0-Spaces, at

Theorem 3.10. Let Q2 be a standard domain. Suppose that s,t € [—2,2] and that
q,r € (1,00) satisfy

1/g>1/r>1/q— (s —t)/m . (3.22)
Then
s d t
Hq,(),a — HT‘,O,O’ .

Proof. (a) First suppose that ¢ > 0 and

s#1/q, t#1)r. (3.23)
Then, by (3.21) and the definition of H], (see (2.17) and (2.19)),

H}y— H, . (3.24)
From this we obtain
H;,O,O’ — Hﬁ,O,a’ ) (325)

thanks to Remark 3.7(b).
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(b) Now suppose that s <0 and
—-s#1/qd, —t#1/r". (3.26)
Then the arguments leading to (3.24) show that
H.'—~H,% . (3.27)
Suppose that 1 < p < oo and 7 € [0,2]/{1/p}. Then
CZo:={ueC*(,R™); supp(u) CCQ, u|dQ =0}

is dense in H] 4. Indeed, if 7 < 1/p then this follows from D C CZ, and the density
of D in Hj = HJ , (cf. Propostion 2.4). If 1/p < 7 < 2 then it is a consequence of
the arguments of Section 5 in [2] (also see Appendix B in [4]). Now we infer that
injection (3.27) is dense. Thus, by duality, reflexivity, Theorem 2.2 and (1.10),

d
H}o—H}, .
This implies
- d -
a0/ Lo = H o/ Lrx (3.28)

since Ly = (Ly,,)t =D} for p € {g,r}, where the closure and the annihilator
are taken in HY , for (1,p) € {(s,q), (t,r)}, respectively.
We infer from (3.27), similarly as in (a), that
H o= Hy% (3.29)

r',0,0

Theorem 3.5 entails

Trp: Hio/ Lpn — HJ,

poo o [l ulHyG,

is an isometric isomorphism for (7,p) € {(¢,7), (s,¢)}. From (3.29) we deduce that
T, D Ts,4. Consequently, (3.28) guarantees that

d
Hioe = Hroo - (3.30)
(c) Suppose that t < 0 < s and (3.23) as well as (3.26) are true. Since
H";ylovo- = H“;?Oyo' ? _2 S 52 < 51 S 2 ?
we can assume, by decreasing s and increasing ¢, if necessary, that
1/r=1/g—(s—1t)/m . (3.31)
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This implies that s —t < m/q. Thus, since ¢t <0, it follows that s < m/q. Hence
1/¢ >1/p:=1/q — s/m > 0. Consequently,
HS

7,0,0

— Lp o (3.32)
by (3.25). Note that (3.31) entails 1/r = 1/p + t/m. Hence, by (3.30),

Ly Hlg, . (3.33)
Now, by combining (3.32) and (3.33), we find

HS

7,0,0

— Hl,, (3.34)

in this case also.

(d) From (a)—(c) we know that (3.34) is true, provided (3.22), (3.23), and (3.26)
are satisfied. Since (? is a standard domain it is known that A has bounded imag-
inary powers (cf. Remark 8.2 below). Hence we infer from Theorem V.1.5.4 of [5]
and from Theorem 3.4 that, given —2 <ty < t; < 2,

[H!% 0 Hpolo = HG DR | 0<<1, 1<p<co. (3.35)

p,0,0

Now suppose that at least one of (3.23) and (3.26) is not satisfied. Then we can
find € > 0 such that s+¢, t+¢ as well as s — g, t— e satisfy (3.23) and (3.26).
Similarly as in step (c¢), we can also assume that —2 <t — ¢ < s + & < 2. Thus, by
what has already been shown,
Hybo = Hylly o Hygl, = Hygl, -

From this we obtain (3.34) by interpolation thanks to (3.35). Consequently, (3.34)
has been verified whenever s, t, ¢ and r satisfy the hypotheses of the proposition.
Moreover, by (3.30) the asserted injection is dense if s < 0.

(e) Suppose that ¢ > 0. By replacing in step (b) injection (3.27) by (3.24) we
deduce that

Ht S HS

,,'I’OYG- qI’OYG- :

Hence duality, reflexivity, Theorem 3.4, and (1.10) give HJ, , < H}, ,. Finally,
if s > 0>t then the density of injection (3.34) is derived from (3.32) and (3.33)

since we now know that these injections are dense. O

Corollary 3.11. Let Q be a standard domain. Assume that s,t € [—2,2] and that
q,r € (1,00). Then

8

q,O,agnt 1/¢>1/r>1/g—(s—t)/m .

n r,0,0 >
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Proof. First suppose that s,t ¢ 2Z. Fixe > 0 so that -2 <t —e < s+ < 2. Then

gete & ogtie o peee 4 e (3.36)

q,0,0 r,0,0 ? q,0,0 r,0,0
by Theorem 3.10. Hence, thanks to the reiteration theorem and to (3.35),

( s—e s+e )0
¢,0,0°"¢,0,6/1/2,00

. — — 0
= ([Hq,g,a5Hq2,0,a](s+2*5)/45 [Hq,g,a"H;,O,O'](S+2+E)/4)1/2’oo (337)
= (Hz;g,a'7H3,0,0')(()s+2)/4,oo -

Let [(]Ea,Aa) ;a € ]R] be the Stokes scale constructed with [-,-],, 0<8 < 1.
Then Theorem 3.4 and Theorem V.1.5.4 in [5] imply (see Remark 8.1 below)

HZY o =B = [Br—1,Eryi1]iyo k==+1.
Hence (1.3) and the reiteration theorem entail, together with Theorem V.1.5.9
in [5],

_ . 0 .
(HQ,S,J,HZ,O,J)Q,OO = ((E—27E0)(1)/2,ooa (EOaEQ)(l)/z,oo)g,oo = Ell—i—?@,oo

if 6 # 1/2. Consequently, we infer from (3.37) that

( s—e s+e )0 =ns
4,0,0°77¢,0,0/1/2,00 9,0,0 °

Similarly,
( ;E,Bir? 773,+0:Ea')(1)/2,oo = ni,O,a .
Now the assertion follows from (3.36) by interpolating with (-, -)? /2,00"
If s € 2Z then we deduce from Theorem 3.10 that

d d
s — s t t
Ng0,0 = Hgo,o = Hyo,0 = 90,0 5

where the last injection is a consequence of (1.2) and Lemma 1.1. This proves
everything. O

Remark 3.12. Instead of assuming in Theorem 3.10 that  is a standard domain
it suffices to presuppose that

Lo ={u€Ll,; V-u=0, vqu=0}, l1<p<oo,

and that the Stokes operator has bounded imaginary powers. In fact, this last
assumption is not needed if

1/r ¢ {1/gm', m'(1/q—2/m), m'/¢', 1 —=2/m —1/¢m"} .
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Proof. Suppose that s = 1/q and
1r=1/q—(1/q—t)/m =1/gm' +t/m

with t # 0. Then we can choose € € (0, |t| A 1/r) and proceed by interpolation as
in step (d) of the proof of Theorem 3.10. Since in this case ‘we do not interpolate
across 0, it is true that

[Hy o5 HydShe = Hy oy, (10) € {(s5,9),(r,1)} ,

without the hypothesis that A has bounded imaginary powers, thanks to The-
orem 3.4 with F := H. The exceptional value 1/r = 1/¢gm’ corresponds to t =0
where we would have to interpolate across 0. The other values correspond to s = 2,
s =0, and t = —2, respectively. O

4. The Convection Term

Of course, it is most important to have a good understanding of the continuity
properties of the nonlinear convection term. It is the purpose of this section to
derive results giving such information.

Recall that

9; € L(H, H; 7Y, 1<j<m, -1<s5<2. (4.1)
Moreover, given p1,pa € [1, 00], H6lder’s inequality implies
((a,b) = ab) € L(Lp, (U, R), Lp, (2, R); Ly, (O, R)) (4.2)
where 1/pg := 1/p1 + 1/p,. From this it easily follows that
Q= ((u,v) »u-Vov) € £2(Hq2,Lq) , (4.3)
provided g > m/3. Thus, setting

b(u,v) := —P(u-Vv) = =PV - (u®v) , u,v € H?

7,0,0

(4.4)

we obtain b € £L*(HZ, ,,Lg,s). In the following we establish continuity properties
of b on various other spaces as well.

Proposition 4.1. Suppose that 1 <p < oo and 0 <t < 2.
Let one of conditions (i)—(iii) be satisfied:

() ~1+m/p<t<mfp, m(1/p+1/g—1)<t<mlq.
() 1<t<1+m/p, 1+m(1/p+1/g—1)<t<1+m/q.
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(iii) p>q and
—14+m/p<t<l4+m/p, m(l/p+1/g—1)<t<l+m/q,

where m(1/p+1/g—1) <1 if t > m/p.
Then
b€ L(Lpy,H o i Hig ™) (4.5)

q,0,0

Proof. (i) Set R(u,v) := V - (u ® v). Since t < m/q it follows from (3.21) and (4.2)
that
((u,0) P u®v) € E(L,,,H;;LT(Q,R"‘ x R™)) ,

where 1 > 1/r:=1/p+1/q—t/m > 0. Thus, by (4.1),
R e L(Ly, H:, H b . (4.6)

Put s :=14+m/p—t € [1,2]. Note that 1/r' =1/¢' — (s — 1)/m. Hence we obtain
H} — H}, from (3.21). Thanks to

d
D H} o H) and D< H),— H},

d
this implies Hj, ; — Hrl',o- Consequently, by Proposition 2.4, the Hahn-Banach
theorem, and Theorem 2.2,

-1 _ -1 —s
H; —HT,0 — Hq,O .

By composing this injection with (4.6) and using H{ ; < H, we see that R belongs

to L(L,, H.; H, ;Bl_m/ P). Now the assertion follows in this case from
Ly, x Hy, < L, x Ht (4.7)
and from Lemma 3.3 and Theorem 3.4, since b= —PR| L, , x H., .

(i) By (4.1)
(v Vo) € L(HE, HIH(Q,R™™))

Thus, as a consequence of (3.21) and (4.2),
Q€ L(Ly,H: L) (4.8)

where 1> 1/p:=1/p+1/g— (t — 1)/m > 0. Since H2 ;<% L,, we obtain by du-
ality that L, — H_ . By combining this with (4.8) and using (4.7) we see that

Q € L(Ly,, HGH G ™™

Now again the assertion follows from Lemma 3.3 and Theorem 3.4.
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(iii) First suppose that p > ¢. If ¢ <m/p then (4.5) is entailed by (i). Thus
suppose that m/p < t <1+ m/p. Set to := m/pand t; := (1 +m/p) A 2. Note that
t1 >1+m(1/p+1/q —1). Consequently, thanks to (i) and (i),

b€ L(Lpgs Hpoos Hyoy ™) 5=0,1.

q,0, o’ q,0,0

Thus, given v € Ly 4,

i Hiog ™), 5=0,1,

q, 0 071°7°q,0,0

b(u,-) € L(H,

and the norms of these linear operators are bounded by c|[ul|;, . Theorem 3.4 and
the reiteration theorem for the complex interpolation functor entail

t—1— to—1— h-1-
H;,O = [H;?O,a’ q, 0 0]9 ) Hq 0,0 P = [H ?0,0 m/p q,10 a m/P]
for 6 := (t — to)/(t1 — to). Hence the validity of (4.5) follows in this case by inter-
polation.

Lastly, suppose that p = ¢. Then (4.5) is a consequence of (i) if t <m/q. If
m/q <t <1+ m/q then the above argument gives the desired result, provided we
choose tg < m/q and t; < 1+ m/q sufficiently close to m/q and to (1 +m/q) A2,
respectively. O

It is now easy to deduce from this proposition the following basic continuity
result.

Theorem 4.2. Suppose that s,t € [0,2] satisfy

s<mfq, t<l+m/q,

and
—14+mfg<s+t<14+m/q (4.9)
as well as
s+t>m(2/qg—1) . (4.10)
Furthermore, assume that
s+1>m(2/¢—1) if s+t>m/q. (4.11)
Then 1
b€ L(H 0,0, Hyooi Hybly ™) (412)

Proof. Set 1/p:=1/q—s/m <1/q and note that H}

00,0 < Lpo. Then (4.9) is
equivalent to

—1+m/p<t<1+m/p,
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and (4.10) is equivalent to t > m(1/p+ 1/q — 1). Furthermore, (4.11) says that
m(l/p+1/g—-1)<1 if t>m/p.

Hence the assertion follows from Proposition 4.1(iii). O

It should be noted that Proposition 4.1 and Theorem 4.2 are sharp results.
Weaker statements can be obtained, of course, by combining those statements with
embeddings of the form HY, , < H, , for -2 <t <5< 2.

Bilinear estimates for the convection term are fundamental for the study of
the Navier-Stokes equations and have been derived — given various hypotheses —
by several authors. Most of these papers contain estimates involving fractional
powers of the Stokes operator. We refer, in particular, to Lemma 2.2 of Giga and
Miyakawa [32], where Q is supposed to be bounded. Since in that case the Stokes
operator has bounded imaginary powers, it follows (cf. Theorem V.1.5.4 in [5])
that Lemma 2.2 of [32] guarantees the validity of (4.12), provided (4.9) and the
additional assumptions

s>0, t>0, s+t>2+m(l/q—1/q) (4.13)

are satisfied. (Observe that the second inequality in (4.9) and the last inequality
in (4.13) entail the restriction ¢ > m’.)

More recently, Kobayashi and Muramatu (see Lemma 5.1 in [49]) have been
able to drop the additional hypotheses (4.13) at the price of using certain abstract
Besov spaces. Their result is weaker than Theorem 4.2 (since it involves abstract
Besov spaces of the type B;; as domains and of the type B} ., as image spaces).
In addition, there are no concrete characterizations of these spaces in [49].

Assertion (4.12) has also been obtained by Grubb (see in Theorem 2.1 of [38]),
provided the additional assumptions

s+t>1+m2/¢g-1)y+, s+t—(1+m/q)>-1+1/q

are satisfied.

Remark 4.3. Suppose that m/q < s < 2. Then there exists t € (s — 2, s) such that
be £2(H;,0,0" H;,O,a)‘

Proof. This follows by obvious modifications of the proof of Proposition 4.1. O
5. Evolution Equations With Quadratic Nonlinearities

Let X be a metric space. Then BC(X, E) is the Banach space of all bounded and
continuous functions from X into F, endowed with the supremum norm.
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Given p,o € R and a perfect subinterval J of R* containing 0, we denote by
BC,,+(J, E) the Banach space of all u: J — E such that

(t > t"e°tu(t)) € BC(J,E) ,
equipped with the norm

wes llulle,., = llulle, . j ) = supt*e” utt)] -
teJ

We write C,, ,(J, E) for the closed linear subspace thereof, consisting of all u sat-
isfying t*u(t) — 0 as t = 0. We also set C, := Cp 0.
Throughout this section (Eo,E;) is a densely injected Banach couple, and
A € H(E,, Ey). We put U(t) := e~ for t > 0 and fix @ such that
||U(t)||L(E0,Ej) S Ctijeiwt 5 ] S {0, 1} ; t>0.

Moreover,

(@ if J =Rt ,
Y= 0 otherwise .

It is well-known that
Ue€C(J,Ls(E;) NBC)_pw(J,L(E,Ey)),  j,ke{0,1}, k<j, (5.1)
where L£,;(E) denotes L(E) endowed with the strong topology. We also set
By =Ejp=E =E, j€{01}, 1<p<oco.
Using these facts we can easily prove the following continuity properties of U.

Lemma 5.1.

(i) If 0< a <1 then
U € C(J,L5(Ey)) N BCy (J,L(Ey)) N BCo (T, L(Ea,00))

for Eo € {Ejq), Eap, ES o ; 1<p<oo}.
(i) If 0<B<a<lthen

U € BCypu(J,L(Es 00, Ea)) - (5.2)

Proof. (i) Thanks to (5.1) we can assume that 0 < a < 1. Then the assertion
follows easily by interpolation from (5.1) and the density of E; in E, (also cf.
Lemma V.2.1.2 of [5]).
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(ii) By interpolation we infer from (5.1) that (5.2) is true if either § = 0 and
a<lor f>0and a=1. If 0< 8 <a<1 then, by the reiteration theorem,
(Eg,00, En)o,1 = Eqg 1 for 6 := (o — 3)/(1 — B). Thus (5.2) follows in this case from

U € BCip,u(J,L(Es,00, E1)) N BCo (J,L(Eg )

by interpolating with (-,-)g,1.
Given u € Ly(J, Ey), we put
t .
U % u(t) :=/ Ult— yu(r)dr,  ted,
0
whenever these integrals exist.

Lemma 5.2. Suppose that 8 < 1.
(i) If 0 < a <1 then u — U *u belongs to

L(Cpu(J, Ea),Cp-1,0(J, Ea))

and to

£(C([0,T), Es), BC_o((0,T),E1)), T>0,

for Eq € { E{o), Bap, By oo 5 1<p< 0}
(i) If 0 <y <a<1 then

(ur Uxu) € L(Cpu(J, Eyo0)s Catpon—1w(ds Ean)) -

The norms of these linear maps are bounded by an increasing function of the length
of J for J # R*.

Proof. (i) From Lemma 5.1(i) we obtain the estimate
¢ ¢
U *u®)le, < C/O e lu(r) ||, dr < Ce_‘”t/o 2 dr lullg, ,(0.).5.)

for t € J. Now the assertion is obvious.
(if) Similarly as in (i) we infer from Lemma 5.1(ii) that

t
0@l <e [ (¢ =772 D (o), dr
o .
<’ B(1 4y — a,1 - f) lulle, . (0,0, E, )
for t € J, where B denotes the beta function. This implies that the map

t > tOTPTT et s u(t)
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is bounded from J into E, ;. It also shows that t**#=7=10 xu(t) = 0 in B, as
t — 0. Finally, it is not difficult to see that U % u belongs to C(J, Ey,1). Now the
assertion is obvious. O

Let X, Y, and Z be nonempty sets and f: X xY — Z. Then
i) (z) = f(z,u(@)) , zeX, u:X-Y.

Thus f?: YX — Z¥ is the Nemyt’skii operator induced by f.

Lemma 5.3. Suppose that 0 <y<a <1, 0<8<1/2, and w > 0. Also assume
that Q € L?(E1,Ey ). Then

(u,v) — U*Qh(u,v)

belongs to ) )
L2 (Cpw(J, Br), Cagop v 1,0(J, Ean))

and to
£*(c([0,T),E),BC_,((0,T],E1)), T>0.

Proof. Since w > 0 it follows that
120" [|Q4(u, 0) (D) |y o < QN (7 [[u(®)l g, ) (P [[0(B) | 5,)
for u,v: J— Fiandte J. This shows that
Q% € L2(Cpw(J, Er), Capu(J, Eyo0)) -

Now Lemma 5.2 implies the assertion. O

Remark 5.4. It is obvious that the analogues of Lemmas 5.2 and 5.3 are valid,
which are obtained by replacing C. ,, by BC., everywhere. O

In the following we denote by Uu® the function ¢ — U(t)u® for u° € E,.
Lemma 5.5. Suppose that 0 < a < 1 and let Fi_, be a Banach space such that

Elfa,l (i> Flfa — Elfa,oo .
Ifu® € Fi_, then Uul € Ca,w(j,El).
Proof. Lemma 5.1 and Fi_o < E1_q,00 imply

U e BCa,w(j,ﬁ(Fl—a;El)) s
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thus Uu® € BCy ., (J, E;). Hence it remains to show that t* ||U(t)u®||g, — 0 as
t—0. Fix T >0 and € > 0. Since E; is dense in E;_, 1, hence in Fj_,, there
exists v € E; such that

o —ullm_. <&/ sup t* UGl er_. oy -
0<t<T

The strong continuity of U on E; implies t*U(t)v — 0 in E; as t — 0. Thus

t U Oulle, < U @lE, + 2 TGO om0 m) 6” = vllF_,

<t*[[U@)vllm, +e

for 0 < t < T'. Hence the assertion follows. O

Now we suppose that
0<y<1/2 and Q€ L*(E1,Ey ) - (5.3)
Then we consider the Cauchy problem
U+ Au=Qu,u)+g(t), ted, u0)=u°, (5.4)
where g: J — Ey. By a solution u of (5.4) on J' we mean a function
ue C(J',Ey)NCJ', E)NCHJ', Ey)

satisfying (5.4) point-wise on J', where J' is a perfect subinterval of J contain-
ing 0. It is maximal if there does not exist a solution u D u with u # u. If it
is defined on all of J then it is global. Each function u € C(J', Ey) satisfying
u="Uu + U [Q%u,u) + g] on J' is a mild solution of (5.4) on J'.

Theorem 5.6. Suppose that (5.3) is satisfied and 0 < a < . Let F1_,, be a Banach
space with

Elfa,l £> Flfa — Elfa,oo (55)
and
U|Fi_q is strongly continuous. (5.6)
Also suppose that )
(u°, ) € Fi_o % Coyn(J, Es’oo) . (5.7)

Then problem (5.4) possesses a unique mazimal solution u := u(-,u°, g) such that
t" lu(t)|| g, — O ast—0. (5.8)
The mazimal interval of existence, J* := J*(u®, g) := dom(u), is open in J, and

we W, Fily) . (5.9)
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If a > 0 then
t* [lu(®)||l g, — 0 ast—0. (5.10)

Remark. Of course, (5.10) implies (5.8). However, this theorem guarantees unique-
ness among all perspective solutions satisfying (5.8) only.

Proof. (a) Fix T, € J and set J, := [0, T.]. By assumption (5.6),
Uul € C(J.,Fi_s) . (5.11)
Hypothesis (5.5) and Lemma 5.5 imply
Uu € Co(Js, B1) ifa>0. (5.12)
From Lemma 5.2 and assumptions (5.5) and (5.7) we infer that
Uxge Co(Je, Fi_y) NCo(Js, Ey) . (5.13)

Put X7 := C,((0,T],E,) for T € J and a := Uu® + U % g. Then (5.11)—(5.13) and
a < v imply that

a€Xr, 0<T<T,. (5.14)
Set
o(u) ==a+Ux*Q%u,u) , u€ Xr .
Lemma 5.3 guarantees the existence of u := u(Ty,) € RT such that
lle(u) = o)l xr < plllullx, + llvllx,) [lu = vllx, (5.15)
and
llp(u) - allxp < pllull, (5.16)

foru,v € Xr and 0 < T < T,.

Set R:= (v3—1)/4p and r:= (2 —+/3)/4p. Thanks to (5.14) we can find
T € (0,T.] such that ||a||x,. < R. Using this fact it is not difficult to verify that
the sequence (u;), defined by ug := a and w41 := ¢(u;) for j € N, lies in

M:=Mx:={u€Xz; |lu—alx,<r}

and that ¢[M is a contraction. From this we infer that (u;) converges to a fixed
point @ of ¢ in M and that this is the only one in M. Thus w € C,((0,T], E;) and

7 =Uu’ +U % (Q*(@,a) + g) (5.17)
on (0,T]. From (1.2) and Lemma 5.3 we deduce that
U % Q" (@, 1) € Co((0,T), B1—r,00) - (5.18)
Hence (5.11) and (5.13) entail
7 € C([0,T), Bi_v,00) = C([0,T], Eo) -

Thus @ is a mild solution of (5.4) on [0,T].
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(b) Thanks to (5.3), (5.7), and (1.2),
h:=Q*(@,a) +g € C((0,T), Eg,)

for 0 < 8 < «y. Thus, given 0 < ¢ < T, it follows from %(¢) € F;, Lemma 5.1, and
Theorem IV.1.2.1 in [5] that the Cauchy problem

O+ Av=h(e+t), 0<t<T-¢, v(0) = T(e) (5.19)

has a unique solution v € C([0,T — €], E1) N C1([0,T — €], Eo). Clearly, ¥ is a mild
solution of (5.19) on [0,T — ¢]. Since mild solutions of linear Cauchy problems
are unique and (e +-) is also a mild solution of (5.19) on [0,T —¢] we find
u(e +t) =v(t) for 0 <t <T —e. This being true for every ¢ € (0,7), it follows

that @ is a solution of (5.4) on [0, T].
(c) For T € J set

v __{ c([o,T),E,) ifa=0,
71 Cu((0,T),E)  ifa>0.

Then (5.11)—(5.13) imply a € Yy for 0 < T < T.. It also follows from Lemma 5.3
and a <+ that ¢ satisfies (5.15) and (5.16) with Xt replaced by Y7. If a >0
then the above arguments imply, by replacing M by My and making T smaller

if necessary, the existence of a unique solution v of (5.4) on [0,T] belonging to
Co((0,T), E1). If a = 0 then, by Lemma 5.3,

U * Q% (u, u)llcqo,1),E:) < T ”u”é([O,T],EI)

for T € J and u € C([0,T), E1). Thus, by making T smaller if necessary, we see
that in this case ¢(My) C My and ¢| My is a contraction. Hence Banach’s fixed
point theorem implies that ¢ has a unique fixed point v in My . Clearly, v is a mild
solution of (5.4) on [0, T']. Since Y7 — X7, uniqueness implies v = u. Consequently,
w € C([0,T),E) if a =0, and w € Cyo((0,T), E1) otherwise.

(d) Since w(T') € E1, the argument in (c) with o = 0, combined with a standard
continuation procedure, shows that the Cauchy problem

a4+ Au=Qu,u) +g(T+1t), te(J-T)nN(0,00), u(0) = a(T)

possesses a unique maximal solution w € C (J%r, E,). Hence, setting

u(t) , 0<t<T,
u(t) = — —_
wt-T), t-Tel:,

it follows that w is the unique maximal solution of (5.4) satisfying (5.8). Since (5.10)
has already been proven, as well as (5.9) for a = 0, it remains to verify that (5.9)
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holds if a > 0. But this is obvious from (5.12), (5.13), u € Co((0,T], E1), and

U xQ*(@,@) € Caery ((0,T), E1—a,1) = Co((0,T), Fi_s) ,
which is a consequence of Lemma 5.3 and a < 7. O
Remarks 5.7. Let conditions (5.3) be satisfied.

(a) Suppose that
(u,g) € BY_, o x Cay(J,ES ) and we C(J,E{_, )NCy(J', Ey)

for some perfect subinterval J' of J containing 0. Then w is a mild solution of (5.4)
on J' iff it is a solution on J'.

Proof. Clearly, every solution on J' is a mild solution on J’'. The converse has been
shown in step (b) of the preceding proof. O

(b) Suppose that 0 < o < v and
(49,9i) € B} g 00 X Catr(J,E) ) s §=1,2,

and T € J+(u?,g1) N J*+(u3, g2). Then there exists a constant & := x(T') such that,
letting u; := u(-,uY, g;),

lur = uzllc.o,m1,m) < K(Ilu) — udl|go

1—a,00

+ g1 = 92ll sy (0,112 )
where C,((0,T1], E,) is replaced by C([0,T], Ey) if a = 0.
Proof. Note that

up —uz = a1 — az + U * (Q%(u1,u1) — Q(uz,us)) ,

where a; := Uuy + U * g;. Fix To > 0 such that [|a;||y,;, < R for j = 0,1. Then
parts (a) and (c) of the proof of Theorem 5.6 show that |lu; — a;|y;, < r. Thus

lujllve, < R+r=1/4p,  j=12.
Hence we infer from the analogue of (5.15) that
llur — wzllvg, <2llar —azlly, - (5.20)
Now suppose that 7 € [Ty, 7] and put

a} :=U(ui(1)) + U Hg(t+), j=1,2.
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Note that (¢, w) — U(t)w is continuous from R* x E; to E;. Hence
[0,T] x [To,T] = Ey , (t,7) = U(u;(1))(t)

is uniformly continuous. Clearly, (¢,7) — U * g;(7 + -)(t) is also uniformly contin-
uous from [0,T] x [Ty, T] into Ei. Thus there exists 71 >0 with [|a}||y,, < R for
j=1,2 and 7 € [Ty, T). Now, similarly as above, we find that

llur = wallerrtml ey < 2Mla] = a3llorrir By s To<7<T.

This implies the existence of Ty < T} < --- < Ty, 1 < T, := T such that

llut () — ua(®)lle, < ellur(Tr) — wa(Te)lles + llgr — g2llo(ze, Tosa] B1))

for Ty, <t < Tky1 and 0 < k < m — 1. Now the assertion follows by finite induction
starting with (5.20).

(c) Given any T* € J, there exists R > 0 such that u(-,u°, g) exists on [0, T.] when-
ever (u°, g) satisfies
NUu® + U gllc, (0,118 < R -

Proof. This is obvious by the proof of Theorem 5.6. O

Besides the foregoing local existence theorem we obtain — given the additional
hypothesis that @ > 0 if J = Rt — global existence for small data.

Theorem 5.8. Let the assumptions of Theorem 5.6 be satisfied and suppose that
w > 0. Then there exists R > 0 such that u(-,u°, g) is a global solution of (5.4) and
belongs to C. ., (J, E1), provided

U6 +Uxglle, ,jmy < R- (5.21)

Proof. This follows from part (a) of the proof of Theorem 5.6 by replacing Xr
by X :=C,,(J,E1) and by denoting by p the norm of the bilinear map U Q"
on X. O

The following remarks give further sufficient criteria for u(-,u°, g) to be global.

Remarks 5.9. (a) Note that (5.21) is estimated above by

C(||Uu0||c%w(j,El) + ||9||021,u(j,E1,m)) )

which, in turn, is majorized by

(e lBis e + 9l o, o)) -

Proof. This follows from Lemmas 5.1 and 5.2. O
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(b) Let the hypotheses of Theorem 5.6 be satisfied and put u := u(-,u°, g). Suppose
that either

(i) u(JT) is relatively compact in EY?

1—7v,00
or
(ii) w: J* — E)_ , is bounded and uniformly continuous.
Then J* = J.

Proof. (i) Suppose that u(J*) is relatively compact in Ef__ _ and that J* # J.
Fix Ty € J* and T € J\J*. Since g € C([To,T], EY ), Lemma 5.2(i) implies

||U*gr||07((0,t],E1) < c||U*gT||C([0,t],E1) <et? ”g”C([TO,T],E.OY’OO)

for 7 € [To,t*] and t € (0,7 — t*], where ¢t* :=supJ* and g, := g(7 + -). Thus
there exists T" such that

U *g-llc,o,m,80) S R/2,  To<t<t. (5.22)
It follows from Lemma 5.1 that
1Uelle, «o,11,80) < WWurllo,ory,e +clle = urllgy

forTe Jt andee E}_ ., where u, := u(r). Thus, given 7 € [Ty, "), there exist
T, € (0,7 — 7] and r, > 0 such that

||U6||C-,((0,TT],E1) < R/2 ) ec IB(U-,—,T'T) ) (523)

where B(e, 7) is the open ball in EY _ _ centered at e with radius r. Since u(J*) is
relatively compact in Ef__  there exist 7; € J* and e,; € u(Jt) for 0 < j <m

such that u(J¥) is contained in |J{ B(e,,;,7-;) ; 0 <j <m }. Set
T:=min{T,, ; 0<j<m}AT

and fix € J7 satisfying > ¢+ — T/2. Then it follows from (5.22) and (5.23) (with
e := u(t)) that
lUuz + U*gf“c'.,((oj],El) <R.

Thus, since u(t) € Ey, (the proof of) Theorem 5.6 implies that the problem

v+ Av=Q,v) +g;, teJ—1, v(0) = u(t)

has a unique solution v € C([O,T], El). Consequently, 4 has been extended to the
interval [0,7 + 7] with £ + T > t*, which contradicts the maximality of ¢*.

(ii) Suppose that u: J* — E?_%OO is bounded and uniformly continuous and,
without loss of generality, that J is bounded. Then u possesses an extension
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we C(JN,E)_, ). Since J* is compact, u(J") is compact in EY_, . Hence

u(JV) is relatively compact in EY_  and (i) implies the assertion. O

(c) Let the hypotheses of Theorem 5.6 be satisfied and suppose that o <. Fix
T, € J. Then

—1/(v—a)
tt(w®,9) > Tu Ac(lWll . + ||g||0a+7(j,E7,m)) B

where t+(u?, g) := sup J*(u°, g) and ¢ > 0 is independent of (u°, g).
Proof. Note that

U + U xgllc, (0,118 < T 10U + U *gllc.0,17,64)
<A (1wl e + 9l Cur (0,11, .00))

for T € J with T < T,. Hence u(-,u°, g) exists on [0,7] at least if T < T, and

T ([ullpy., +llglle, g5, ) <R -

Thus the assertion follows. O

(d) Let the hypotheses of Theorem 5.6 be satisfied and suppose that a < . If
t+ :=t*(u’ g) < supJ then

Jim [u(®)]5, .. = o0

for each g € (1 —~,1].

Proof. Suppose that there are 3 € (1 —v,1] and a sequence (t;) in J* with ¢; — ¢+
and
sup [lu(t;)||Es,.. <00 -
J
Then, fixing o < v such that 3 > 1 — a, it follows from Eg ., — EY_, ., and (c)
(with Fy_, := BEY_, ) that there exists 7 > 0 such that ¢+ (u(t;),g) > 7 for j € N.
This implies that u can be continued beyond ¢, contradicting its maximality. O

In this paper we are interested in the Navier-Stokes equations. For this reason
we have restricted our considerations to quadratic nonlinearities. However, it is
not too difficult to extend the results of this section to other cases and to non-
autonomous situations as well. This and applications to parabolic systems will be
done elsewhere.
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6. The Navier-Stokes Evolution Equation
Throughout this section we suppose that

(3.1)—(3.3) are satisfied .
We consider the Navier-Stokes evolution equation

0+ Sv=>bv,v)+Pf(t), t>0, v(0) = v°

(6.1)

(6.2)

in L, and in suitable superspaces thereof. We suppose that (-,-)s satisfies (1.5)
for 0 < 6 < 1 and employ the notations F/, and Fy, ,, etc., introduced in Sections

2 and 3, respectively.

We begin by proving the following fundamental existence, regularity, and blow-

up theorem concerning maximal solutions of (6.1).

Theorem 6.1. Suppose that ¢ > m/3. Fix s € [0,2) satisfying
—l1+mfg<s<(m/g)AN(1+m/q)/2.

Also suppose that
—14+m/g<r<s

and
(UO; f) € "_1+m/q X C(zs—r+1—m/q)/2((07T]:”;,So_l_m/q)

q,0,0
for each T > 0.
Then:
(i) Problem (6.2) possesses (in H. %) a unique mazimal solution

vi= (.00, f) € CUIYmggt™%) N O, Hy, ,) 0 CM (I, Hig2)

4,0,0 4,0,0
satisfying

im ¢(s+1—-m/9)/2 =
lim ¢ (@)l =0

The mazimal interval of existence of v, that is,

Jt = JT(@°, f) == dom(v(-,2°, f)) ,
is open in R", and

ve C(JY, Fro,) if vVeF,.

Ifr <s and° € F} , then

lim t=772 [[u(t)|l . =0 -

t—0
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(ii) For each T > 0 there exists R > 0 such that J* D [0,T] whenever
0
”1) ”N;é:m/q + ||f||C.9+1—m/q((O7T]aNq2:sO_l_m/q) S R .

(iii) Put t*(0°, f) :=tT :=supJt. Ifr > —1 + m/q then t* exceeds

7

—2/(r+1-m/q)
EAC(I10lry,, +suptE =D F(D)] armsomrs)
a,0,0 >0 2,0

where ¢ > 0 is independent of (V°, f).
(iv) Suppose that t* < co. Then either

lim “itmig =
T (0l -0 = 00

—14m/q

7.0,0 is not uniformly continuwous. Furthermore,

orv:JT —>n

tlir?+ lo@®)laz,., = o0

for each T > =1+ m/q.
W) If
feCP(RY, L) + C(R", HY) (6.11)
for some p € (0,1) then v is a strong g-solution on J*, that is,

veC(Jt HZ, ,)NCH(JT, L) ,

and v° € Fy , implies v e C(J*,Fy, ), provided =1+ m/q <1 < 2.

(vi) Suppose that OS) is uniformly regular of class C™ (that is, of class C* for every
k € N) if Q@ #R™ and that, in addition to (6.11), f € C°°((0,00) x Q,R™).
Then ) _

veEC®Jt xQR").
Proof. (a) First we note that (1 +m/q)/2 < m/q iff ¢ < m. Furthermore,
(14+m/q)/2>—-1+m/gand —1+m/q <2 iff ¢g>m/3.

Thus there exists s € [0, 2) satisfying (6.3).
(b) Denote by [ (Es,As) ; a € R] the Stokes scale constructed with [-, -], and

by [(Fa,Bs) ; @ € R] the one constructed with (-,-)s for 0 < 6 < 1. Set
(EO;EI) = (]Es/2717]Es/2) ) A= As/Zfl .
By Lemma 1.1

d d
Eg1 > Fyp1p9 = Ej o =nio,  0<6<1. (6.12)
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Theorem 4.2 gives b € L*(E 2, Es_(14m/q)/2)- Setting 2y := s + 1 —m/q, we infer
from (6.3) that 0 < v < 1/2. Consequently, thanks to (6.12) and (1.2),

be LB, Ey o) - (6.13)

Put2a:=s—rand Fi_, := F; , = F,. /5. Then (6.4) entails 0 < a < v, and (6.12)
implies
d d
El—a,l — Fl—a — El—a,oo .
Moreover, U | F —,, is strongly continuous. (Here and below we use the same symbol

for U and any one of its continuous extensions over superspaces of Eq.) Since
-2 < 2s—1-m/q < 0by (6.3), it follows, by invoking Lemma 1.1 once more, that

25—1— .
nq:gO ma = (E*1’E0)3+s/2,oo = EE}y—1+s/2,oo )
where [ (Eq,Aq) ; a € R] denotes the Dirichlet scale constructed with [-, -], for
0 < 6 < 1. Hence Theorem 2.2, Lemma 3.3, and (6.5) imply

g:=Pf¢€ Ca+’Y((OJT)7]E9y—1+s/2,oo) ) T>0.

Since
B is/z0 = Bsjam1,Es)) oo = B o

by Lemma 1.1, it follows that
g€ Ca+’y((0aT]JE2,oo) ’ T>0.

Consequently, setting @ := b and invoking Theorem 3.4, assertion (i) follows from
Theorem 5.6.

(c¢) Assertion (ii) is entailed by the above considerations, Remark 5.9(a), and
Theorem 5.8 by applying the latter Theorem to (6.2) on [0, T] for each fixed T > 0.

(d) Remarks 5.9(b)—(d) entail, by invoking (1.2), assertions (iii) and (iv).

(e) Let (6.11) be true. Fix T € J* and set ¢.(t) :=¢@(e +t) for 0 <t <T —¢
whenever ¢ is defined on [0,T]. Since v € C((0, T, Eq /2), it follows from Theo-
rem 4.2 that

h:=b'(v,v) +g € C((0,T),Es_s) , (6.14)

where 26 :=1+m/q.
Observe that

ve(t) = Ut)v(e) + U x he(t) 0<t<T—-¢. (6.15)
Since this holds for every e € (0,T), we infer from Lemmas 5.1 and 5.2 that

v e C((0,T), Es_ste) 0<E<. (6.16)
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Fix € € (0,1) such that k :=k(§) :=s/2+ & — 6 > 0 and 2k(§) < m/q, and that
that there exists N € N with

$/2+ Nk <d<s/2+(N+1)k.

Define {n € (0,€) by
s/24+ Nk(§) + k(én) =9 .

Also set
Bo:=s/2, Bj:=Bji-1+Kk=5/2+jk, 1<j<N.
Since v € C((0,T],Es,) by (6.16) we deduce from Theorem 4.2 that
h € C((0,T],Es 245, —5) -

Thus (6.15) and
$/2+P1—0+E=P1+ K=o

imply (similarly as (6.14) entailed (6.16)) that v € C((0,T],Eg, ). This bootstrap-
ping argument leads by induction to v € C((0,T],Eg, ).

Note that k({n) < k(€) so that 2k({nx) < m/q. Hence, by invoking Theorem 4.2
once more (with a:=k({x) and 8 = BN), we get from k({n) + By =4 that h
belongs to C((0,T],Eo). Now (6.15) entails

v e C((0,T,E,) nC* ((0,T],E,—1), 0<p<l1. (6.17)
Fix @, 3,n € (0,1) satisfying n > @V 8 and
b€ L(Ex,B5;E) - (6.18)

We deduce from (6.17), (1.2), and Proposition I1.1.1.2 in [5] that v belongs to
c?((0,T), EavB) for some 0 € (0, p). From this, from (6.18), from (6.11), and from
(1.2) we infer that

he C?((0,T],B) + C((0,T],Eg)

Now Theorems I1.1.2.1 and I11.1.2.2 of [5] imply
ve C((0,T],E ) NC((0,T),F) -

Since this is true for every T' € J7 it follows that v is a strong g-solution on J+.
The fact that v is continuous at ¢ = 0 in Fj, , if

(m/@) A(L+m/q)/2<r <2

follows by the arguments used in the above bootstrapping procedure and by the
assertions contained in Theorems I11.1.2.1, I1.1.2.2, and IV.1.2.1, IV.1.2.2 of [5]
concerning strict solutions. This proves (v).
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(f) Assertion (vi) follows by a standard but tedious bootstrapping argument
(cf. [32] and [49]) which we leave to the reader. O

Next we prove a global existence theorem for small data in the case where (2 is
bounded.

Theorem 6.2. Let the hypotheses of Theorem 6.1 be satisfied and let Q be bounded.
Denote by Ao the smallest eigenvalue of the Stokes operator. Then, given w € [0, Ao),
there exists R > 0 such that tT(v°, f) = oo and

sup 5T/ 0)/2 gwt lo(t, v, f)llms < oo (6.19)
>0
whenever
HUOHN;é"f"m/q + igg gsH1-—m/q wt ||f(t)||Nq2:;0—1—m/q <R. (6.20)

Proof. This is an easy consequence of Theorem 5.8, Remark 5.9(a), and the proof
of Theorem 6.1, thanks to type(—S) = —\o (see Remark 3.1). O

Remarks 6.3. (a) Theorem 6.2 shows that v(-,%, f) is exponentially decaying in H, a

whenever this is the case for f in N(iffl*m/ 7 provided (6.19) is true.

(b) Suppose that f =0 and 0 < w < Ag. Then Theorem 5.8 implies the existence
of a constant R' > 0 such that t*(v°) = co and (6.19) is true, provided

supt’e“t||le 0| gs < R' (6.21)
t>0 ¢

where 2y := s + 1 — m/q. However, this condition is equivalent to the requirement
that [|[v°[] y-14m/q be small.

q,0,0
Proof. Tt suffices to show that (6.21) defines an equivalent norm on N, (};m/ 7
Using the notations of the proof of Theorem 6.1 we see that, denoting by ~
equivalent norms,

Ve fle 500y = 1 I(A — w) (A — w)em AN,

~ 77 [tBeT PO,

since B := A —w € H(E1, Ep) and B is an isomorphism from E; onto Eg, thanks
to type(—B) = w + type(—A) = w — Ag < 0. It is known (cf. Section 1.2.10 in [5])
that

supt” ! ||tBe B0 g, ~ ||UO||E1_7,oo .
£>0
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Since, thanks to (6.12),

s—2y _ n*1+m/q

0 —
El_'Yvoo - nqaoao' q,0,0 ’

the assertion follows. O

(c) Theorem 6.2 and the above remarks remain valid if the assumption that Q be
bounded is replaced by the hypothesis that type(—S) < 0. O

A priori Theorem 6.1 guarantees a unique maximal solution v, for each choice
of s. The following proposition implies, however, that v, is independent of s if f is
sufficiently regular.

Proposition 6.4. Suppose that ¢ > m/3 and s,5 € [0,2) satisfy

—1+mjg<s<s<(mfg)AN(1+m/q)/2

and
—14+m/g<2s—35<1l+4+m/q. (6.22)
Also suppose that
(0%, ) € 0y 6™ X Cyyr_myq (0, T, 025 ™19 (6.23)
for each T > 0. Let
v e O n gt N O+, HE 5 ,) NCHIH, HEG2) (6.24)

be the unique mazimal solution of (6.2) satisfying (6.7), guaranteed by Theo-
rem 6.1(1). Then

NS C(g+1_m/q)/2((O,T],H;,O,G) nct ((O,T],Ifgf2 ) , 0<T<th.

q,0,0

Proof. First we note that (6.23) implies
f€Cotmp(OTny5 ™), T>0.

Thus Theorem 6.1 guarantees that v is well-defined.
Fix T € J* and set (Eo, Ey) := (H. 4%, H g ,)- Also set
2y:=2s—1-m/q—(3—-2)=2s—35+1—m/q.

Then (6.22) entails 0 < ¥ < 1. Moreover, setting (-,-)g = (-,-)9

6,00°

EO - 25—1-m/q - EO

¥,00 T nqzoaa' ¥,00 2
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where, here and below, we use the notations of the proof of Theorem 6.1. Thus we
infer from (6.7), (6.13), and (6.24) (cf. the proof of Lemma 5.3) that

_O
Y (0,v) € Cot1—myq((0,T), B o) -
Since § > s it follows from (6.23), Theorem 2.2, and Lemma 3.3 that
—0
Pfe CS+1,m/q((O,T],E7’OO) .
Thus, recalling that h := bf(v,v) + Pf, Lemma 5.2(ii) entails
Uxhe C(§+1fm/q)/2 ((03 T]a HqE,O,a) .

Set 2@ :=3 + 1 — m/q so that n;(l]j;m/q = E,_g. Then Lemma 5.5 implies

UUO € C(§+1—m/q)/2((05T]JH§ ) .

q,0,0

Consequently,
v=Uv"+Uxh € Clsp1-m/q)2((0, T, H o) - (6.25)
Fix £ € (0,7) and note that
ve = Uv(e) + U x he

on [e,T —¢]. Thanks to v(¢) € Ey and h. € C([e, T — e],Egm) it is an easy con-

sequence of Theorem II.1.2.2 in [5] that v. € C*([¢,T], Eo). Since this holds for
every ¢ € (0,7T) it follows that

veCH(0,T],H) . (6.26)

4,0,0

This proves the assertion. O

Our next proposition shows that v is also independent of ¢ in a suitable sense
if the data are regular enough.

Proposition 6.5. Suppose that Q) is a standard domain and m < g < r < co. Also
suppose that

(0%, f) € nj o™ x [CP(RY, L, N L,) + C(R", HE N HY)] (6.27)
for some p € (0,1). Given p € {q,r}, let
vp € C(JF g ot ™ N O, Ly, ) N CL IS H 2 ) (6.28)
be the unique mazimal solution of (6.2) in L, , satisfying
im ¢(1—m/p)/2 —
lim ¢ lop(®)l, =0 (6.29)

Then v, D vg.
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Proof. First note that L, N L, < L, and Hf N Hf < Hf. Furthermore, Corol-

lary 3.11 implies
—14m/q
q,0,0

< p Hm/ir (6.30)

n r,0,0

Hence it follows from Theorem 6.1 that the unique maximal solution v, of (6.2)
satisfying (6.28) and (6.29) is well-defined.

(a) Suppose that 1/r > 2/q —1/m, that is, -1+ m/q < —m(1/q—1/r). Put
s:=0 and 5:=m(1/q¢—1/r). Since s<m/qg=(m/q) A (1+m/q)/2, it follows
from (6.27) that

—14m 25—1—m
(°, f) € nq’otr /4 Cs+1—m/q((0,T];nq,0 /q)

for T > 0. Thus Proposition 6.4 implies

Vg € C'(l,m/r)/Q((O,T],I{§ ) nct ((07T]’H§,_0,2a) , T e J;_ .

q,0,0

From Theorem 3.10 we infer that

HSGH S HM . j=0,1.
Hence
ve € CUUS, Lro) NCH(JF, H S ) (6.31)
and
lim ¢4/ [lug (1), =0 . (6.32)

From (6.30) it also follows that

vg € C(JF n s¥m/my . (6.33)

q »"'°r,0,0

Theorem 6.1 implies, thanks to (6.27), that

ve € C(JF, H2, )NC (JF, Lys) - (6.34)
By Theorem 3.10,
Hloy < Lo . (6.35)
Observe that
SKI'H(?,O,O' n H72',0,a' = ST‘|H2,O,<7 n H72',0,(7 . (636)

Denote by [(Epq,Apq ; @ € R] the interpolation-extrapolation scale generated
by (Lp,s,Sp) and [+, -], 0 <@ < 1.Since D, C Lg,s N Ly s and D, is dense in L, ,
it follows that Ly, N L, , is dense in L, ,. Hence, 1 + A, ¢ being an isomorphism
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from H}, , onto Ly ,, we see that H

20,0 NHZ, . is dense in H . Thus we infer
from (6.36) and

Sp=~Apo CAy_1E€ E(Lp,me_,g,a)
that
Ay _1|LyoNLpo=A_1|LyoNLy, .
Consequently, (6.34) and (6.35) imply

Ag—1vg(t) = A1),  teJS. (6.37)
Therefore we deduce, by taking into account (6.31) and Theorem 4.2, that
bg (1) + Ar,10g(8) = b(vg (), 0,(1)) + PF(t) ,  te . (6.38)

Now the assertion follows from (6.31)—(6.33) and (6.38).
(b) Suppose 1/r < 2/q—1/m. Set r¢ := g and define rp, € RU {—oc0} by

1 3 1 1 1 3\k /1 1 1

Ll - D) hm G- 2

Tk 2\rp_1 m m 2 qg m m
for k € N*. Then there exists £ € N* such that 1/rp1; < 1/r <1/ry. Note that
re > rg—1 and 1/ry > 2/rp_q — 1/m for 1 < k < £ as well as r > r; and
1/r >2/ry —1/m. Thus (a) implies v, C v,, Cv,, C -+ C v, C v,, from which
the assertion follows. O

Remark 6.6. Throughout this section — as well as in the remainder of this paper —
we always impose regularity hypotheses for f although only P f occurs in (6.2). This
is done for convenience since f is the quantity given in the original equations. Of
course, if f(t) € L, for t € R then it is no loss of generality to assume that f = Pf
since a term of the form (1 — P)f can always be subsumed in the pressure term Vp
of (0.1). (Note that this argument does not work if f(¢) belongs to a negative space
since then P is defined by continuous extension and we did not prove that it is a
projection.) O

7. Very Weak Solutions

Throughout this section we suppose that

(3.1)-(3.3) are satisfied and

7.1
either g >mor1<m/3<qg<m. (7.1)

We set s(q) := (=1 + m/q)+ and assume that
(°, ) € Hy), x C(R, Hy (™2 . (7.2)

Note that 0 < s(q) < 2.
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By a very weak g¢-solution on J of the Navier-Stokes equations we mean a
function
v e CJ,H*D ) (7.3)

q,0,0
satisfying

- / {{(0 + vA)w,v) + (Vw,v @ v) } dt = /(w,f) dt + (w(0),v°) (7.4)
J J

for all
w € Ly(JHy o) WL Hy 3 %) (7.5)
having compact supports in J* := J\sup J.
Let (7.3) and (7.5) be satisfied. Theorem 3.8 implies that

/((&5 + vA)w,v) dt
J

is well-defined. It follows from Theorem 4.2 that

be c2(HID  gr@-immiy

q,0,0°7"¢q,0,0

Thus, since 2s(q) — 1 —m/q > s(q) — 2, we see that (7.3) and (7.5) imply that
(w,b(v,v)) is integrable over J. If v € H; , and w € HJ,  , then it is clear that

(w,b(v,v)) = (Vw,v @ v) . (7.6)

in H@) and the one of H2 , , in Hj,jos,ff), we infer

Hence, by the density of HZ , , 200 ;

from (7.6) that
/ (Vw,v @ v)dt
J

is meaningful if (7.3) and (7.5) are satisfied. It is obvious from (7.2) that the integral
on the right-hand side of (7.4) is well-defined. Lastly, since

Wi, H, D) < C(J, H, %)

(e.g., Theorem IT1.1.2.2 in [5]), also the term (w(0),v") makes sense. Consequently,
the concept of a very weak g-solution is meaningful.

Of course, a very weak g-solution is maximal if there does not exist another
such solution being a proper extension of the former.

Remarks 7.1. (a) Let v be a very weak g-solution on J. Then v is a distribu-
tional solution on J of the Navier-Stokes equations in class (7.3). This means that
v satisfies (7.3) and (7.4) for all

we{eeDQxJ" R"); V-p(,t) =0, t € J*} =D, (A x J*) .
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Proof. Using obvious identifications it is known (e.g., Theorem 40.1 in [76]) that
D(Q x R) = D(R, D). Thus, by restriction, D(2 x J*) = D(J*, D). From this we
infer that

D, (2 x J*)=D(J*,D,) . (7.7

Since each w € D(J*,D,) satisfies (7.5) and has compact support in J*, the asser-
tion is obvious. O

(b) Suppose that
D, & HE W (7.8)

q',0,0

Then v is a very weak g-solution on J iff it is a distributional solution on J satis-
fying (7.3).

Proof. Thanks to (a) it suffices to show that a distributional solution in class (7.3)
is a very weak g-solution. It is not difficult to verify that (7.8) implies

DI, Dy) & Ly (J, HA 2D n W} (J, 50 .

q',0,0

Now the assertion is obvious. O

(c) Suppose that  is a standard domain. Then (7.8) is true for

(i) m/3<g<o0if @ =R™,

(ii) m/3 < ¢ <m — 1 otherwise.
Thus in each of these cases very weak g-solutions are distributional solutions be-
longing to class (7.3), and vice versa. However, if 2 # R™ and ¢ > m — 1 then
2 —s(q) > 1+ 1/q'. Consequently, each w satisfying (7.5) has a normal derivative
on 0N which does not vanish, in general. Thus in this case D(J*, D, ) is not dense
in class (7.5) of test functions being admissible for very weak g-solutions. It follows
that in this situation the class of very weak g-solutions is a proper subset of the
class of distributional solutions satisfying (7.3).

Proof. Assertions (i) and (ii) are known and can be shown by the techniques exposed
in Chapter IIT of [28], for example. O

(d) The considerations following the definition of a very weak g-solution show that
s(g) is the smallest s € R such that the term (Vw,v ® v) is well-defined for all
veH,,. O

(e) A function v is a very weak g-solution on J iff v satisfies (7.3) and (7.4) for all
w = pu with ¢ € D(J*,R) and u € HZ 20,

q,0,0
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Proof. Let (Eg, E1) be a densely injected Banach couple. Suppose that
u € Ly (J*, E1) N W (J*, E)

with compact support. By a standard extension-by-reflexion procedure we may
assume that
u € Ll(]R,El) n WII(R,E())

with compact support. Let {¢. ; € >0} be a mollifier. Then ¢. *u € D(R, E;)
and
p-*u—u in Li(R E)NW!(R Ep)

ase — 0. Hence D(R, E; ) is dense in L, (R, E; ) N W} (R, Eo ). Since the tensor prod-
uct D(R,R) ® E; is dense in D(R, E;) by Proposition V.2.4.1 of [5] it follows, by
restriction, that

d
D(J*,R) ® By C Ly(J*, 1) N W} (J*, Ep) .
Now the assertion is obvious. O
(f) Let © be a standard domain. Suppose that 1 <m/3 < ¢ <r < m and that

(0%, f) € Hyot™ 0 x o (1, Hy g 1™y .

q,0,0 4,0,0

If v is a very weak g¢-solution on J of the Navier-Stokes equations then it is a very
weak r-solution on J.

Proof. Theorem 3.10 implies that

0, f) € H.2t™/m x o(J, H 2™y .

r,0,0 r,0,0

Let v be a very weak ¢-solution on J. Then, again by Theorem 3.10,

ve CWJ,H Iy o o, H 1Ty

‘LO"T T‘,O,G’

By invoking Theorem 3.10 once more we see that

H2j*s(r) N H(?IJ;O*,-;(Q) , j=0,1.

r',0,0
Now the assertion is an easy consequence of (e) |

The following theorem shows that v is a very weak g-solution on J of the Navier-
Stokes equations iff v solves the integral equation

o(t) = e 50 + /t ef(t*T)SP(—V -(v(r) @ v(1)) + f(T)) dr , teJ,

in C(J,H'W ).

4,0,0
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Below we denote by [(Ea ,A); a € ]R} the Stokes scale constructed with [-, -],
for0 <0 <1

Theorem 7.2. Let (7.1) be satisfied and suppose that v € C(J, ijo",{,). Then v is a

very weak q-solution of the Navier-Stokes equations on J iff v is a mild solution of
the evolution equation
U+ Ap_1u=>b(u,u)+g(t), tedJ, u(0) = 2° (7.9)
in By_1, where 2a := s(q) and g := Pf.
Proof. Tt follows from (7.1) and Theorem 4.2 that
h:=b(v,v) +9 € C(J,Eq—1) C Loojoc(J, Ea—1) -

Let (Eo, E1) := (Eq—1,E,) and A:=Ay,_;. Then (Ep, E1) is a densely injected
Banach couple and A € H(E;, Ep). Thus Theorem V.2.8.3 of [5] guarantees that
there exists a unique u € Lo 10¢(J, Eo) satisfying

/ (0, + Ayt u) dt = / (ut, By dt + (u (0), 0(0)) (7.10)
J J

for all uf € Ly 10c(J, E5) N W}

1,loc
this unique solution is given by

(J, Eﬁ_l) having compact support in J*, and that

t
u(t) = e “v(0) +/ e I An(r)dr, ted. (7.11)
0
Thanks to Theorem 3.4,
B = (o) = (Bamy) 2B}, = Hy oY
and

B = (B) = (By) =B, = H, %% .

Uy

It also follows from (1.10) that

AP = (4) = (Ay) = A,

with respect to the duality pairing (-, )z = (-, -)g _,- Thus we infer from (3.17)

that

0
(0t + A" Jub u) = (=0t — vAur u) . (7.12)
From (7.6) and the density of Eﬂl x E; in ]Eﬁ_a x E, it follows that

(uf, h) = (Vur, v @ v) + (U, f) . (7.13)
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Now suppose that v is a very weak g-solution of (0.1) on J. Then we deduce from
(7.12), (7.13), and (7.10) that u := v satisfies (7.10). Thus

v=Uv+Ux (b(v,v) +g) onJ (7.14

)
in E4—_1, that is, v is a mild solution of (7.9) on J. Conversely, if v satisfies (7.14)
then the above considerations show that v is a very weak g-solution of (0.1) on J. O

The only result known to the author which is related to Theorem 7.2 is due to
Fabes, Jones, and Riviere [18]. These authors show that, in the case = R™ with
m > 3, a function v € L, ((0,T), L,,,), where m < ¢ < 0o and m/q+2/r =1,is a
distributional solution of (0.1) iff it satisfies an integral equation involving, besides
the heat kernel, an m-dimensional generalization of Oseen’s divergence free matrix
fundamental solution. Thanks to Remark 3.7(a), it is not difficult to see that their
integral equation is a representation of (7.10).

Remark 7.3. Suppose that
e Lr,IOC(R+>H;,((;1)72)

for some r € [1,00). Then Theorem 7.2 remains valid, provided we define a very
weak solution v on J to be a function satisfying (7.3) and (7.4), where (7.5) is
replaced by

w € Ly (J,Hy 3 n WL (1, H, 57 (7.15)

having compact support in J*.

Proof. This follows from Theorem V.2.8.3 of [5]. O

8. Uniqueness

Let (Eo, E1) be a densely injected Banach couple and A € H(E;, Ey). Given 6 > 0,
we write A € BIP(Ey,0) if type(—A) < 0 and there exists N > 0 such that

A ooy < NP, teR, (8.1)

that is, if A has a bounded inverse and bounded imaginary powers.

Remark 8.1. Suppose that Q is a standard domain. Then, given p € (1,00) and
w,8 >0,
w+ Sy € BIP(Ly,,9) . (8.2)

Proof. It has been shown by Giga [30] that (8.2) is true with w = 0 if Q is bounded.

Giga and Sohr [33] proved that A := S, satisfies (8.1) with Ey := L, , and p be-
longing to (1, 00) if 2 is an exterior domain and m > 3. This estimate is contained
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in Appendix A of [34] if  is a half-space. It is well-known and not difficult to
derive by Fourier analysis if O = R™.

Note that type(—Sp) < 0. Hence type(—w + Sp) < —w for each w > 0. Now the
assertion follows from Theorem 3 in [65] (if €2 is bounded also see Corollary I11.4.8.6
in [5]). O

We again assume that

(3.1)—(3.3) are satisfied and

8.3
either g >mor1<m/3<qg<m. (8:3)

In the proof of the following theorem [ (E,,Ay) ; a € R] denotes the Stokes scale
constructed with [-,-],, 0 <8 < 1. Recall that s(q) := (-1 +m/q)+.

Theorem 8.2. Suppose that

@°, f) e H{D, x C(®Y, HP™?) .

q,0,0

Also suppose that there are w > 0 and 0 € [0,7/2) such that
w+ S, € BIP(Ly,;9) . (8.4)

Then there exists at most one mazimal very weak q-solution of the Navier-Stokes
equations.

Proof. Thanks to Theorem 7.2 we have to show that (7.9) possesses at most one

maximal mild solution v in H 5,(0‘1,)0_2. For this it suffices, by obvious arguments, to
prove that, given any sufficiently small 7' > 0, equation (7.9) has at most one mild
solution v € C([0,T], E,), where 2a := 5(q).

From (8.4) and Proposition V.1.5.5 in [5] we infer that w + A,_; belongs to
BIP(Ey-1;6). Since Ey is a closed linear subspace of L, it follows that Ey is a
UMD space. Thus E,_; is a UMD space as well (c¢f. Theorem I11.4.5.2 in [5]).
Hence the Dore-Venni theorem (see [5], Theorems II1.1.5.2 and II1.4.10.8) entails

that, given any r € (1, 00), there exists x, > 0 such that
||U*U||LT((0,T),1EQ) < Ky ||u”Lr((0,T),]Ea_1) (8.5)

for u € L,((0,T),Es—1) and T > 0.
Theorem 4.2 guarantees the existence of A € RT such that

16(w; V)l|gacy < Allullg, llvlle. s w0 € B . (8.6)
Fix 28 € (2,2 Am/q) and r > 1/(B8 — ) and set & := k. Since Eg <4 E, there is

v* € Eg such that
|00 — v*||g, < 1/8Ak . (8.7
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Let vy,vq € C([O, T],IEa) be mild solutions of (7.9). Set w := vy — v2 and note that
w=Ux (b(vl,vl) — b(v2,v2)) =Ux (ao(w) + a(w)) (8.8)
with

ao(w) := b(w,v1 —v°) + b(vy — 0%, w) + b(w,v® —v*) + b(v° — v*, w)

and
a(w) = b(w,v*) + b(v*,w) .
Then
llao(w)(D)llea—, < @(T) [0, , 0<t<T,
where

o(T) == Mllvr = lleo,11,80) + o2 = 0°lleqo,11,E.)) + 1/45 -
Thus there exists To > 0 such that ¢(T") < 1/2k for 0 < T' < Ty, and, consequently,
lao(w)(®)llea—y < Nlw®le, /26,  0<t<ST LTy .
Now we infer from (8.5) and (8.8) that
lwllz, (0,m),ka) < 2IU *xa(w)ll oy ey » O0<T<To. (8.9)

Observe that b € L(E,,Ez;Eg_1) by Theorem 4.2. Hence it follows from Lemma 5.1
and Holder’s inequality that

U % a(w)|lL. o0.1)5) < c(/OT(/Ot(t—T)—lw—“ llw(r)lg, dT)Tdt)l/r -

<eoT? * lwlly,0,1) ) -
Finally, we deduce from (8.9) and (8.10) that w(t) =0 for 0 <t < T and any
T € (0,Ty] satisfying 2coT%~ < 1. ad

Remarks 8.3. (a) If ¢ > m then assumption (8.4) is not needed for Theorem 8.2
to be valid.

Proof. Indeed, in this case Theorem 4.2 implies that b belongs to £2(E,E_,),
where 2y = 1+ m/q < 2. Thus maximal regularity is not needed and the assertion
follows by an easy modification of the above proof based on the singular Gronwall
inequality (cf. Theorem I1.3.3.1 in [5]). Details are left to the reader. O

(b) By replacing in the definition of a very weak solution condition (7.5) by (7.15)
it follows that Theorem 8.2 is also true if

f € Lpoe(RT HI 72 .

for some r € [1,00).
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Proof. This is a consequence of Remark 7.3 and the above proof. O

Recently, Furioli et al. [26], Lions and Masmoudi [59] and Monniaux [63] pub-
lished uniqueness proofs for mild solutions in C([0,T], L) of the Navier-Stokes
equations. More precisely, in [26] and [63] there is studied the case 2 = R®. Mon-
niaux’s proof is also based on maximal L,-regularity, but is different from ours
and — even in that simpler situation — more complicated. In [59] there is given
a sketch of an idea for a uniqueness proof in the case where m > 3 and either
Q=R", or Q is an m-dimensional torus, or (2 is regular, relying on completely
different techniques. We also mention that, by means of probabilistic methods,
Le Jan and Sznitman [56] established uniqueness and existence results for a class
of generalized solutions if Q = R3.

By combining Theorems 6.1, 7.2, and 8.2 we obtain the following existence and
uniqueness theorem. For simplicity, we impose more restrictive hypotheses on f
than actually needed and leave it to the reader to formulate weaker assumptions.

Theorem 8.4. Let assumptions (8.3) be satisfied and suppose that

°, f) € H'W x C(R',L,) . (8.11)

q,0,0

If ¢ <m then also suppose that (8.4) is true. Then the Navier-Stokes equations
possess a unique maximal very weak q-solution.

Proof. Fix s € [0,2) satisfying (6.3). Then (8.11) and Theorem 6.1 imply the ex-
istence of a unique maximal solution v, of (6.2) satisfying (6.5) and belonging to

C(J+,H, ,jfg,{,). Using the notations of Theorem 7.2, it follows that

As—2)/2 C A(s(g)-2)/2

thanks to s > s(q). Hence, taking into account Theorem 4.2, we see that v, is a mild
solution of (7.9) on J*. Now Theorem 8.2 and Remark 8.3(a) entail the assertion. O

Remarks 8.5. Let the hypotheses of Theorem 8.4 be satisfied.

(a) Fix any s € [0, 2) satisfying (6.3). Then the unique maximal very weak g-solution
v coincides with the unique maximal solution v, of (6.2) in H; ;% whose existence
is guaranteed by Theorem 6.1(i). In particular, v, is independent of the choice of s.

Proof. The proof of Theorem 8.4 shows that v D v,. The converse relation, v4 D v,
follows from Theorem 7.2, Remark 5.7(a), and the maximality of v, as a solution

of (6.2) in H* W2, o

q,0,0

(b) Also suppose that
feC’(RY, L) + C(RY, HY)
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for some p € (0,1). Then the Navier-Stokes equations possess a unique maximal
strong g-solution

ve O H Y nC(J*, H2 ) nC(JH, L) .

4,0,0
It coincides with the maximal very weak g-solution.

Proof. By (a) and Theorem 6.1(v) the maximal very weak g-solution is a strong
g-solution. Since every strong g¢-solution belonging to C(J, H ;7(61,)0) is a very weak

g-solution on J, the assertion is obvious. O

9. Integrability Properties

In this section we show that very weak solutions possess additional integrability
properties. For this we need the following embedding result.

Lemma 9.1. Let Q be a standard domain. If 0 <7< 2 and 2 <p <r < oo then

T—2 T
LPJ — (Hp,O,a’Hp,O,a)lfT/QvT :

Proof. Tt follows from Remark 8.1 and Theorem V.1.5.4 of [5] that

[H;?O,J7H;,10,a]0 = H;’e(],a— (91)

for —2 < 59 < 51 <2and 0< 0 < 1, where sy := (1 —6)sg + 6s1. Hence

HI o2 = [H 5 HE o olir—242)/4 » j=0,1. (9.2)

p,0,0 p,0,07 ""p

By the reiteration theorem and (9.1)

B;)—,T‘,O,O' = (LP’UW Hg,O,a)T/ZT = ([Hp_,g,a7 H§,0,0]1/27 Hg,O,J)T/Q,T (9 3)

= (Hy .00 Hy 0,0)(r4+2)/4,r

and, similarly,
BT = (H;2 Hg,o,a)r/4,r ] (9.4)

p,7,0,0 p,0,0

Thus we infer from (9.2)-(9.4) that

(Hp$ o Hy 0.0)050 = Fj = (Hy g o Ho o ,)6;.00 5

p,0,0

where F; € {H;ﬁa,ij,B;;’%’;a} and 0; := (7 — 2j + 2)/4 for j = 0,1. Consequently,

the reiteration theorem implies

( T—2

T - T—2
p,0,07 Hp,(],o')l—T/Q,’r‘ - (

Bp,r,O,g-: B;,T,O,o)l—'r/Z,r - (95)
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Since 2 < p <, it is known (cf. Theorem 4.6.1 in [77]) that

HI§;>BS

P, B;lyT/(—)H;/, OSSSQ

From this and the characterization of the Stokes scales contained in Theorem 3.4
we deduce that

HI‘I)—,O,O' (i) B;J—,T,O,O' ) BZ’_,;;,O,U & HZ’T&:O’ .
Thus, by duality,
Ho @B ¥, j=01.
Hence
Lpo = [H} 5%, Hy o ol1—r/2 = [B} 0.0 Bporo,olimr/2 - (9.6)

Finally, Theorems V.1.5.4, V.1.5.9, and V.1.5.10 of [5] imply that

T—2 T - T—2 T
[B} 70,00 Bprooli-r/2 = (By 0,00 Bpro,e)1-r/2,r -

Now the assertion follows from (9.5) and (9.6). 0O

Remark 9.2. It should be noted that Lemma 9.1 remains valid if the hypothesis
that €2 is a standard domain is replaced by the assumption that the Stokes operator
is well-defined and condition (8.2) is satisfied. O

After these preparations we can prove the following integrability result.

Theorem 9.3. Suppose that

(i) Q is a standard domain;

(ii) g >m and m > 3 if g =m;

(ili) 2<p<r<ooandp<yg;

(V) (0©,f) € (Lpo N Ly) x C(RY, LN L,).
Then the unique mazimal very weak g-solution vy € C(J}, Ly ) of the Navier-
Stokes equations satisfies

vg € L,((0,T),H.Y ), Tedi.

p,0,0

Proof. First we note that v := v, is well-defined, thanks to Theorem 8.4 and Re-
mark 8.1.
Proposition 4.1(iii) and assumptions (ii) and (iii) imply
b€ L(Lgo, Holy s Halg s m™1) 9.7)

Fix T € J}. Then, by (9.7),

||bh(U - UO’U)”LT((O,TO),HZOT,;% <c ||1) - UO”C’([O,TO],Lq) ||v||L7‘((07TO)3H2,/01"0- (98)
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and, given any v* € D,,

165 = v*,0) < el = vl vl (9.9)

||Lr((0,To)7H§,/or,;2) 0,To),H.; )

for0< Ty <T.

Denote by [(Es,Aq); a € R] the Stokes scale generated by (L, ,,S,) and
[-,-]p, 0 <8< 1. Set U(t) := e~ t=1+1/» for ¢t > 0. Since (8.2) is satisfied it follows
from Proposition V.1.5.5 and the maximal regularity theorem II1.4.10.7 in [5] that

WU 9ll0,0,00,m27,) < W9lle, om0, m27772 - O<To<T. (9-10)

Thus (9.8) and (9.9) entail

[T * [p3(v = v°,0) + B (° = v*,v)]|

Lr((OaTO)iHi,/OT,a) (9 11)

< olly, 0,10y, /2

provided v* is chosen sufficiently close to v* and Ty € (0, 7] is sufficiently small.
From Theorem 7.2, formula (9.7), Remark 8.5(a), and (6.37) we infer that

v=a+ U xbi(v,v)
=a+U~x [bh(v — 0%, v) + b5 (° —v*,0)] + U b (v*,v) ,
where a := Uv® + U * Pf. Hence, thanks to (9.11),

”””Lr((o,To),Hi,/&,)

< 2llall , (0,10, 27, + 20U %", 0)lp, 0,209,127 -

p,0,0

(9.12)

Since D, C L, , for 1 < s < 00, it follows from Proposition 4.1 that

b(’l)*,') € L(H2/r H2/r72+1/r) ]

p,0,0° " p,0,0

Hence, setting
Bt =t @) w®) = Ol gare Xo070(0)

for t € R, where x(o,1;,] is the characteristic function of the interval (0,7p], we
obtain

* 1/2r
1T % B (v*, v) ) <ellkxwlly, o < Ty

“Lr«o,To),Hi,/oi, ”””LT«O,To),Hi,/Oi,) ’

where the last inequality is a consequence of Young’s inequality for convolutions.
Thus, by making Ty smaller if necessary, we infer from (9.12) that

”U”Lr((OvTO),Hi,/&a) < c”a”m(o,To),Hi(&,) :
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Note that (9.10) and f € C(R,L,) imply U Pf € Lr((O,To),HwT ). From the

p,0,0
maximal regularity theorem II1.4.10.7 of [5] and from Lemma 9.1 we deduce that

”UUOHLT((O,TO),H:/OT,S) < c”UOH(Hi,/or,;2yH;2,,/oT,g)1—1/r,r hS CHUOHLP <.

Hence a belongs to L, ((0,Tp), Hi/oig)7 consequently v also.
Now we replace v° by v(s) for any s € (0,7]. Since v is uniformly continuous

on [0, T] the preceding arguments guarantee the existence of 77 > 0, being indepen-
dent of s € [0,T1], such that (¢ — v(t+ s)) € L,((0,T1), H;,/or,a)- Now the assertion
is obvious. O

Corollary 9.4. Let hypotheses (i), (ii), and (iv) of Theorem 9.3 be satisfied. Then

vg € L, ((0,T), Ls) , Telf,
provided
2 2
S4B 2 ps>p>2, g>p. (9.13)
r S p r

Proof. Since condition (9.13) guarantees Hi,/or,o — Ly, — L, thanks to Theo-

rem 3.10, the assertion follows. O

Remarks 9.5. (a) Suppose that 2 is a standard domain and ¢ > m with m > 3 if
q = m. Also suppose that

(anf) € Lgs X C(R+=Lq) .

Then
v, € L ((0,7),L,), TeJt, (9.14)
provided
g_}.m:m’ g<r<oo, ¢g<s<oo, (915)
ro s q
and
lim ¢/7 |log (#)l|,, =0 - (9.16)

Proof. Assertion (9.14) follows from Corollary 9.4 by setting p = ¢ and by observing
that the case (r,s) = (00, ¢q) is covered by the continuity of v, from Ji into L.
By Corollary 3.11

Lq,g;}n;(g,o , T:=m(l/g—1/s)=2/r.
Since —7 > —1 4 m/s thanks to ¢ > m, assertion (9.16) follows from (6.10) and
Theorem 7.2. O
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(b) Given the hypotheses of (a), it follows that v, € LT((O,T),LS) for T € J;r,
where r and s satisfy Serrin’s condition

2/r+mfs=1
withg<s<ooand1—-m/qg<2/r <14 (2-m)/q.

Proof. From (a) we know that v, € L((0,T),L;) whenever 2/T + m/s = m/q.
Since
L=((0,T),Ls) < L, ((0,T), Ls) , 2/r:=2/F+1-m/q,

the assertion follows. O

(c) Theorem 9.3 and, hence, Corollary 9.4 and (a) remain valid if the hypothesis
that Q be a standard domain is replaced by the condition that (3.1)—(3.3) should
be true and assumption (8.2) should hold for the particular p under consideration
and for p:= ¢ if ¢ = m.

Proof. This follows from the proof of Theorem 9.3, Remark 9.2, and Theorem 8.4. [

It is easily verified that the regularity hypotheses for f in the preceding theorems
can be relaxed. We leave this to the interested reader.

10. Weak Solutions

Suppose that
(UO; f) € L2,0’ X Ll,loc(R+;L2) .

Recall that u is a weak solution on J of the Navier-Stokes equations (0.1), provided
u € Loo(J, La,,) N Lao(J, Hy)

and
/J [~ (g, ) + (Y, V) + (p, (u - V)u) } dt = /J (s fydt + (p(0),0%)  (10.1)

for all ¢ € D(J*,D,). It is a global weak solution if it is a weak solution on [0, T]
for every T > 0.

Theorem 10.1. Let (3.1)—(3.3) be satisfied and suppose that ¢ > m, where m > 3
if ¢ = m. Also suppose that (8.4) is satisfied if ¢ = m, and that

(°, f) € (Lay N Ly o) x C(RY,LoN L) . (10.2)
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Denote by v, € C(J, Ly,») the unique mazimal very weak q-solution of (0.1). Then
vq is a weak solution on [0,T for every T € J;f . Furthermore,

vy € C(JF, Lay) . (10.3)

Proof. Since S» is self-adjoint and positive semi-definite it follows that (8.2) is
satisfied for p = 2. Thus, thanks to Remark 9.5(c), we infer from Theorem 9.3 with
p=r =2 that )

vy € Lo((0,T), Hy g,) Telf. (10.4)

Proposition 4.1 entails
b€ L(Lyg Hyy o3 Hgy")
Hence v := v, € C(J;, L,,,) and (10.4) imply
Y(v,v) € Ly((0,7), Hyp ),  TeJf.

Thus the maximal regularity theorem IT11.4.10.7 of [5] entails that, given T' € jq+ ,
the linear Cauchy problem

U+A_ypu=b(v,0)+Pf, 0<t<T, u(0)=2° (10.5)
possesses a unique solution
u€ Ly((0,T),Hy ,,) N W5 ((0,T),Hs g ,) (10.6)

and it is given by
Uv® + U * (b(v,v) + Pf) .

Hence v = v. By Theorem I11.4.10.2 of [5] the intersection space in (10.6) embeddes
continuously in

C([OaT]a (Hié,oﬁ H%,O,a)1/2,2) .
Since Ay is self-adjoint it follows from Theorem V.1.5.15 in [5] that

(HZ_,(},(J"HZI,O,U)l/Q,Q = [HQ_,(%,J’HZI,O,G']l/Q = LQ,U .
This implies (10.3) and, thanks to (10.4),
u € Loo((0,T), La,s) N Ly((0,T), Hy) , TeJS.

FixT e j,;" . Since v is a very weak g-solution on [0,T], relation (7.4) holds, in
particular, for each w € D([0,T), D, ). For such a w it follows from (10.4) that

_/OT<Aw,U> dt = /OT(Vw,VU) dt .
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It is also not difficult to verify that

T T
—/ (Vw,v @v)dt = / (w, (v-V)v)dt .
0 0
Hence v is a weak solution of (10.1) on [0, T. O

Remarks 10.2. (a) Let the hypotheses of Theorem 10.1 be satisfied. Then the
strong energy equality

t t
o (D113, + 20 / Vo (DI, dr = lua(t)]3, +2 / (vg(r), £ (7)) dr
t’ t!
is valid for ¢,#' € Jf with ¢' <t.

Proof. By Hélder’s inequality (u,v,w) — (u,b(v,w)) is a continuous trilinear form
on L, x H} x H}, as is well-known. It is also well-known and easily seen that
(u,b(u,u)) = 0 for u € D,. Hence we infer from Theorem 10.1 by a density argu-

ment that (vq, bt (vg, vq)> =0on J;'r . From the preceding proof we know that
vy € L2((0,7), Hy,) N W5 ((0,T), H )
and
b+ A 100, = W(vg,0) + Pf,  0<t<T, (10.7)
for any T € Jf. Hence we can apply (v,,-) to (10.7) and integrate from t' to t.

Then it follows from Proposition 3.9 that
¢

¢ 2
/t, {0t + 0190, Ydr = [ (g o

tl
which implies the assertion (cf. Proposition V.2.4.7 in [5]). O

(b) Suppose that € is a standard domain, ¢ > m withm > 3if ¢ =m,and f = 0. If
v? € Ly , N L, , then v, is a weak solution belonging to a Serrin class on [0, T'] for
every T € Jf, as we know from Theorem 10.1 and Remark 9.5(b). Hence we can in-
voke regularity results due to Heywood [40], Sohr [72], and others (see Theorem 5.2
in Galdi’s survey [27]) to obtain another proof for v, € C‘"’(J'(;r x Q,R™). O

Recall that, thanks to results due to Leray [57] and Hopf [41], it is known that,

given any  (without any restriction on 912), there exists a global weak solution v
to the Navier-Stokes equations satisfying the energy inequality

t t
lo@®)IIZ, + 21//0 V()L dr < [[W°l1, + 2/0 (v(r), (1)) dr (10.8)

for ¢t > 0. But neither uniqueness nor smoothness (if f and Q are smooth) is known
if m > 3. (We refer to Galdi [27] and Wiegner [85] for more information on the
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present state of the art of these problems, as well as for additional references.)
A global weak solution satisfying (10.8) is called Leray-Hopf weak solution.

The results derived above have the following implications on uniqueness and
regularity for weak solutions.

Theorem 10.3. Let conditions (3.1)—(3.3) be satisfied and suppose that ¢ > m with
m > 3 if ¢ =m. Also suppose that (8.4) is true if ¢ = m, that

(%, f) € (L2,p N Lg,) x C(RY, LN L) ,

and denote by vq € C(J;,Lq,g) the unique mazimal very weak q-solution of the
Navier-Stokes equations. If u is any Leray-Hopf weak solution of (0.1) thenu D v,.

Proof. Recall that assumption (8.2) holds for p = 2. Hence it follows from Remarks
9.5(b) and (c) that v is well-defined and

v, € L ((0,T),L,), TelJS,

where 7 > ¢ and s > 2 satisfy 2/r + m/s = 1. Since v, is also a weak solution by
Theorem 10.1, the assertion follows from Serrin’s uniqueness theorem [68, The-
orem 6] (also see Galdi’s proof [27, Theorem 4.2] which is based on Masuda’s
paper [60] and does not need Serrin’s restriction m < 4). O

Remark 10.4. Suppose, in addition to the hypotheses of Theorem 10.3, that
feCP(RT,L,) + C(]RJF,Hg’)

for some p € (0,1). Then
ve € CJS,H)NC (J], Ly)

by Remark 8.5(b). If, moreover, f € C*((0,00) x Q,R™) and 99 is uniformly
regular of class C* if Q # R™, then v, € C°(J} x 0, R™) by Theorem 6.1(vi).
Hence Theorem 10.3 entails that there exists exactly one Leray-Hopf weak solution
on Jj and that it enjoys the regularity properties just described. O

Of course, the technique for proving smoothness of weak solutions by identifying
them (if possible) with strong ones is standard and has been used by many authors
starting with Leray [57] (e.g., Galdi’s survey [27]).

11. Strong Solutions

In this section we prove our main results concerning the strong solvability of the
Navier-Stokes equations. For the sake of obtaining simple statements we impose
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conditions which are more restrictive than necessary. We leave it to the reader to
weaken those assumptions by employing the more general theorems of the preceding
sections.

Recall that

Also note that the definition of a maximal strong solution given in the Introduction
carries over to the case where f # 0.

Theorem 11.1. Let the following assumptions be satisfied:
(i) Q is a standard domain;
(ii) either 1<m/3<qg<morq>m>2;
(iii) f € CP(RY,L, N Ly,) for some p € (0,1);
(iv) o0 € H o 4m/e.
Then there exists a unique mazimal strong solution v := v(-,v°, f) of the Navier-
Stokes equations satisfying

limv(t) =v®  in H, T/ (11.1)
t—0
and, if ¢ > m,
lim t=m/02y) =0 in L, . (11.2)
—>

Proof. Hypotheses (i) and (ii) and Remarks 3.1 and 8.1 imply that assumptions
(6.1), (8.3), and (8.4) are satisfied.

(a) Suppose that ¢ > m. Given r > ¢, denote by v, the unique maximal solution
of (6.2) in L, , satisfying (6.6) and (6.7) with s:=0 and ¢ replaced by r. Since
L,N Ly — L, we see, as in the beginning of the proof of Proposition 6.5, that v, is
well-defined. That proposition also guarantees that v,, D vy, if ¢ < 7o <71 < 0.
Set t+ := sup,, ¢ and define v € C([0,%),ny ,) by setting v|[0,t}) := v, for

» Y00,0,0
r > q. Then v is well-defined and well-adapted to ngol’o’g. Moreover, Theorem 6.1(v)
implies that v |[0, ) is a strong r-solution on (0, ;). Thus we infer from (6.36) that
v satisfies (0.2) on (0,#%). Hence v is a maximal strong solution. Since v|[0,t]) := v,
it follows from Theorem 6.1 that v satisfies (11.1) and (11.2). Lastly, v is uniquely
determined since this is true for every v,.

(b) Suppose that 1 < m/3 < ¢ <m. Fix r > m such that 2m/r > —1+m/q,
which is possible. Set s := m(1/¢ — 1/r). Then Theorem 6.1 implies the existence
of a unique maximal solution

vg € C(JF Hy g i N O HE o ) N CHIF HEGE) (11.3)
satisfying

lim £0=™/0/2 ||y, (t)

lim gz, =0 (11.4)
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Moreover, ) )
v € C(JF Hy o, ) NC (I, Lyo) - (11.5)
By Remark 5.7(a), v, is a mild solution on J} of (7.9) in C(J}, Hi, ,), hence

in C(J}, Hq_’é:;m/q), since s > —1 +m/q. Thus v, is a very weak g-solution on J;F
of the Navier-Stokes equations by Theorem 7.2. Hence, by Theorem 8.2, it is the
only one in C(J;,Hq_,é:;m/q).

Theorem 3.10 implies

H: Y <y H7 2 j=0,1.

q,0,0 r,0,0 ?
Since, by (1.3) and Corollary 3.11,

—1+4m/q —14m/q —14m/r
Hipo " 2 Ng00 " Moo o

we deduce from (11.3) and (11.4) that

vg € C(IF,n ot ™M YN C(JF, Lyo) NCH(JF, HZ ) (11.6)

7,0,0 7,0,0
and
lim ¢t(1=m/7)/2 ||y, (8)]],, =0 .

t—0 r

From this it follows (cf. the proof of Proposition 6.5) that v, C v,, where v, is
defined as in (a). Now the assertion is an obvious consequence of (11.5) and (a). O

Corollary 11.2. Let the hypotheses of Theorem 11.1 be satisfied. If

00 e gl bm/a+ (11.7)

q,0,0

then the mazimal strong solution v := v(-,0°, f) satisfies

limo(t) =o°  in H /o4 (11.8)

and it is unique in this class. If, in addition,
0
v € Flog € {Hyoo Byrooi g0 1< <00}

for some s € ((=1+m/q)+,2] then

. — .0
%grg)v(t) =

in F2, . (11.9)
Proof. Using the notations of Theorem 11.1, we know that v D v,. From (11.7) and
Theorem 6.1 we infer that v, € C(J;‘,H(71+m/q)+). Hence Theorems 7.2 and 8.2

q,0,0
imply the uniqueness of v, in this class. Now the proof of Theorem 11.1 shows
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that v is the only maximal strong solution satisfying (11.8). If v° € F, , then
vy € C(J}, F7y ,) by Theorem 6.1. Hence (11.9) follows from v D w,. O

Remarks 11.3. Let the hypotheses of Theorem 11.1 be satisfied and denote by
v :=wv(-, %, f) the unique maximal strong solution of the Navier-Stokes equations.

(a) If there exist s € (—1,2] and » > m/(s + 1) with r > ¢ such that

sup ||v(t)||H5’0‘o < 00
o<t<ty

then ¢+ := ¢+ (20, f) = .

Proof. Using the notations of Theorem 11.1, it follows from Theorem 6.1(iv) that

tf = oo. Hence t* = sup,,. , tf = oo. O

(b) Suppose that » > m with » > g and —1 + m/r < s < 0. Then
+ a —1/8
t* =t > 1Ae(lo@) s, , +5up(r =) [F()ly-1-me)

for 0 <t < tt,wherea:=(—-s+1—m/r)/2and 8:= (s + 1 —m/r)/2, and where
¢ > 0 is independent of v and f.

Proof. Note that (11.6) and (6.30) imply that v(t) € L, ,. Thus the assertion fol-
lows by applying Theorem 6.1(iii) (with s:=0, r:=s, and ¢ :=r) to v, on the
interval [t, 00). O

(¢) Suppose that v° € Hé;}:mmn, Then

v € L.((0,T),L,) , 0<T<th

qvm >

ift(1-m/q)y+ <2/r<(1-m/g)+ +2/mwithr >2andmV ¢ < s < oo such that
2/r+m/s=1.

Proof. If ¢ > m then this follows from v D v, and Remark 9.5(b) since v° € L, ,.

If ¢ <m then v° € H,, é:;m/ ? < L., and the assertion follows once more from

Remark 9.5(b) and v D vy, O

(d) Suppose that v° € Ly , N H, ;5’1; ™/9+ Then v is a weak solution on [0, T] for
every T < tT and v € C([0,t%), L, ).

Proof. The embedding

H(gz)’l:m/q” s Lyym,o entails v° € Lo 5 N Lyym,o - (11.10)
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Hence Theorem 10.1 implies the assertion for all T < tJ,,. Fix to € (0,t},,,) and
note that
v(to) € Hyypmoo < Lpos  P>qVm. (11.11)

Thus, by applying Theorem 10.1 to the Navier-Stokes equations on the inter-
val (tp,00) with initial value v(ty), we find that ¢+ v(t +19) is a weak solu-
tion on [0,T] for every positive T < t} — t,. Consequently, v is a weak solution
on [0, T] for every T' < t} and every p > q V m, which, thanks to (10.3), proves the
assertion. O

(e) Suppose that f € C*°((0,00) x Q,R™) and 99 is uniformly regular of class C*°.
Then v € C*((0,t%) x Q,R™).

Proof. This is a consequence of Theorem 6.1(vi). O

Our next theorem shows that each global weak solution of (0.1) satisfying the
energy inequality coincides on [0,¢") with v, provided ¢° is suitably regular.

Theorem 11.4. Let hypotheses (i)—(iii) of Theorem 11.1 be satisfied and suppose
that

0 € Loy N H ™0+

Denote by v the unique mazximal strong solution of the Navier-Stokes equations
satisfying

limo(t) =2°  in H{ZH™/0+

t—0

If u is any Leray-Hopf weak solution then u D v.

Proof. Fix T € (0,t*) and to € (0,t}y,,). Then (11.10) and Theorem 10.3 imply that
u and v coincide on [0, t9]. From the last part of Theorem 10.1, that is, from (10.3),
and from (11.11) we infer that v(tg) € Lo, N Ly, for any given p > ¢V m. Thus,
fixing such a p with t;f > T, we find that u and v coincide on [tg,T] by applying
Theorem 10.3 to the Navier-Stokes equations on [tg, 00) with initial value v(tp).
Since this is true for every T' € (0,t%) it follows that u = v on [0, t1). O

Corollary 11.5. Given the hypotheses of Theorem 11.4, suppose that v is global.
Then there exists exactly one Leray-Hopf weak solution. It is smooth for t > 0 if
f is smooth for t > 0.

Next we prove that the unique maximal strong solution is global if €2 is bounded
and the data are sufficiently small.

Theorem 11.6. Let hypotheses (i1)—(iv) of Theorem 11.1 be satisfied and suppose
that Q is bounded. Denote by Ao the smallest eigenvalue of the Stokes operator and
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fix w € [0,X0). Then, given any r > m with r > q, there exists a constant R such
that v(-,v°, f) exists globally and satisfies

iugt(l’m/”/r"e“t llo(t,v%, f)llz., < oo
>

whenever
||UO||N_1+m/r + sup ¢t~/ Tt If @) y-1-m/» < R
7,0,0 t>0 7,0

Proof. Thanks to (6.30) and v D v, the assertion follows by applying Theorem 6.2
(with ¢ :=r and s :=0) to v,. O

Acknowledgment I am indebted to G.P. Galdi and H. Sohr for interesting and useful discussions.

References

[1] R.A. ADAMS. Sobolev Spaces. Academic Press, New York, 1975.

[2] H. AMANN. Dual semigroups and second order linear elliptic boundary value problems.
Israel J. Math., 45 (1983), 225-254.

[3] H. AMANN. Existence and regularity for semilinear parabolic evolution equations. Ann.
Scuola Norm. Sup. Pisa, Ser. IV, 11 (1984), 593-676.

[4] H. AMANN. Dynamic theory of quasilinear parabolic equations — II. Reaction-diffusion
systems. Diff. Int. Equ., 3 (1990), 13-75.

[5] H. AMANN. Linear and Quasilinear Parabolic Problems, Volume I: Abstract Linear
Theory. Birkh3user, Basel, 1995.

[6] H. BEIRAO DA VEIGA. Existence and asymptotic behavior for strong solutions of the
Navier-Stokes equations in the whole space. Indiana Univ. Math. J., 36 (1987), 149-166.

[7] W. BORCHERS AND T. M1vAkawA. L2 decay for the Navier-Stokes flow in halfspaces.
Math. Ann., 282 (1988), 139-155.

[8] W. BORCHERS AND H. SOHR. On the semigroup of the Stokes operator for exterior
domains in L9-spaces. Math. Z., 196 (1987), 415-425.

[9] F.E. BROWDER. On the spectral theory of elliptic operators, I. Math. Ann., 142 (1961),
22-130.

[10] C.P. CALDERON. Existence of weak solutions for the Navier-Stokes equations with initial
data in LP. Trans. Amer. Math. Soc, 318 (1990), 179-200.

[11] C.P. CALDERON. Addendum to the paper “Existence of weak solutions for the Navier-
Stokes equations with initial data in LP”. Trans. Amer. Math. Soc, 318 (1990), 201-207.

[12] C.P. CALDERON. Initial values of solutions of the Navier-Stokes equations. Proc. Amer.
Math. Soc., 117 (1993), 761-766.

[13] M. CANNONE. Ondelettes, Paraproduits et Navier-Stokes. Diderot Editeur, Paris, 1995.

[14] M. CANNONE. A generalization of a theorem by Kato on Navier-Stokes equations. Rev.
Mat. Iberoamericana, 13 (1997), 515-541.

[15] M. CANNONE AND Y. MEYER. Littlewood-Paley decomposition and Navier-Stokes equa-
tions. Meth. and Appl. of Anal., 2 (3) (1995), 307-319.

84



(16]

(17]
(18]

M. CANNONE, F. PLANCHON AND M. SCHONBEK. Strong solutions to the incompressible
Navier-Stokes equations in the half-space, 1998. Preprint.

J. DugunpiI. Topology. Allyn & Bacon, Boston, 1966.

E.B. FABES, B.F. JONES AND N.M. RIVIERE. The initial value problem for the Navier-
Stokes equations with data in L?. Arch. Rat. Mech. Anal., 45 (1972), 222-240.

R. FARwIG AND H. SOHR. Generalized resolvent estimates for the Stokes operator in
bounded and unbounded domains. J. Math. Soc. Japan, 46 (1994), 607-643.

R. FARWIG AND H. SOHR. Helmholtz decomposition and Stokes resolvent system for
aperture domains in L%-spaces. Analysis, 16 (1996), 1-26.

P. FEDERBUSH. Navier-Stokes meet the wavelet. Comm. Math. Phys., 155 (1993), 219—
248.

C. Foias. Une remarque sur 'unicité des solutions des équations de Navier-Stokes en
dimension n. Bull. Soc. Math. France, 89 (1961), 1-8.

H. FuJita AND T. KATO. On the Navier-Stokes initial value problem I. Arch. Rat. Mech.
Anal., 16 (1964), 269-315.

H. FuiitA AND H. MORIMOTO. On fractional powers of the Stokes operator. Proc. Japan
Acad., 16 (1970), 1141-1143.

D. FuiilwARA AND H. MORIMOTO. An L,-theorem of the Helmholtz decomposition of
vector fields. J. Fac. Sci. Univ. Tokyo, Sect. IA, Math., 24 (1977), 685-700.

G. FurioLl, P.-G. LEMARIE-RIEUSSET AND E. TERRANO. Sur l’unicité dans L3(R3) des

solutions «mild>» des équations de Navier-Stokes. C.R. Acad. Sc. Paris, 325 (1997),
1253-1256.

G.P. GALDI. An introduction to the Navier Stokes initial-boundary value problem. In
G.P. Galdi, J.G. Heywood and R. Rannacher, editors, Lectures in Mathematical Fluid
Dynamics. Birkhduser, Basel. To appear.

G.P. GALDL. An Introduction to the Mathematical Theory of the Navier-Stokes Equa-
tions. Springer Verlag, New York, 1994.

Y. GIGA. Analyticity of the semigroup generated by the Stokes operator in L, spaces.
Math. Z., 178 (1981), 297-329.

Y. Giga. Domains of fractional powers of the Stokes operator in L, spaces. Arch. Rat.
Mech. Anal., 89 (1985), 251-265.

Y. GIGA. Solutions for semilinear parabolic equations in LP and regularity of weak
solutions of the Navier Stokes system. J. Diff. Equ., 61 (1986), 186-212.

Y. Giga AND T. MI1YAKAWA. Solutions in L, of the Navier-Stokes initial value problem.
Arch. Rat. Mech. Anal., 89 (1985), 267-281.

Y. Gica AND H. SoHR. On the Stokes operator in exterior domains. J. Fac. Sci. Univ.
Tokyo, Sect. IA, Math., 36 (1989), 103—-130.

Y. GiGcA AND H. SOHR. Abstract LP estimates for the Cauchy problem with applications
to the Navier-Stokes equations in exterior domains. J. Funct. Anal., 102 (1991), 72-94.

S. GOLDBERG. Unbounded Linear Operators. McGraw-Hill, New York, 1966.

P. GRISVARD. Kquations différentielles abstraites. Ann. Sc. Ec. Norm. Sup., Sér. 4
(1969), 311-395.

G. GRUBB. Initial value problems for the Navier-Stokes equations with Neumann condi-
tions. In The Navier-Stokes equations II—theory and numerical methods (Oberwolfach,
1991), pages 262-283. Lecture Notes in Math. #1530, Springer Verlag, Berlin, 1992.

85



(38]

(39]

40]
[41]
42]

(43]

(44]

(45]

G. GruBB. Nonhomogeneous time-dependent Navier-Stokes problems in L, Sobolev
Spaces. Diff. Int. Equ., 8 (1995), 1013-1046.

D. GUIDETTI. Abstract linear parabolic problems with nonhomogeneous boundary con-
ditions. In Ph. Clément, E. Mitidieri and B. de Pagter, editors, Semigroup Theory and
Evolution Equations, pages 227-242, New York, 1991. M. Dekker.

J.G. HEywoob. The Navier-Stokes equations: On the existence, regularity and decay of
solutions. Indiana Univ. Math. J., 29 (1980), 639-681.

E. Hopr. Uber die Anfangswertaufgabe fiir die hydrodynamischen Grundgleichungen.
Math. Nachr., 4 (1951), 213-231.

J. HORVATH. Topological Vector Spaces and Distributions, volume 1. Addison-Wesley,
Reading, Mass., 1966.

H. IwWASHITA. Lg-L,-estimates for solutions of nonstationary Stokes equations in an
exterior domain and the Navier-Stokes initial value problem in Ly spaces. Math. Ann.,
285 (1989), 265-288.

T. KATO. Quasilinear equations of evolution with application to partial differential equa-
tions. Lecture Notes in Math. #448, Springer Verlag, Berlin, pp. 25-70, 1975.

T. KATO. Strong LP-solutions of the Navier-Stokes equation in R™, with applications to
weak solutions. Math. Z., 187 (1984), 471-480.

T. KATO AND H. FUJITA. On the non-stationary Navier-Stokes system. Rend. Sem. Mat.
Univ. Padova, 32 (1962), 243-260.

T. KATO AND G. PONCE. Commutator estimates and the Euler and Navier-Stokes equa-
tions. Comm. Pure Appl. Math., 41 (1988), 891-907.

A.A. KisELEV AND O.A. LADYZENSKAYA. On existence and uniqueness of the solution of
the nonstationary problem for a viscous incompressible fluid. Izv. Akad. Nauk, 21 (1957),
655—680.

T. KOBAYASHI AND T. MURAMATU. Abstract Besov space approach to the non-stationary
Navier-Stokes equations. Math. Meth. Appl. Sci., 15 (1992), 599-620.

H. KozoNo AND M. NAKAO. Periodic solutions of the Navier-Stokes equations in un-
bounded domains. Tohoku Math. J., 48 (1996), 33-50.

H. KozoNO AND H. SOHR. Remark on uniqueness of weak solutions to the Navier-Stokes
equations. Analysis, 16 (1996), 255-271.

H. KozoNO AND M. YAMAZAKI. Semilinear heat equations and the Navier-Stokes equation
with distributions in new function spaces as initial data. Comm. Partial Diff. Equ., 19
(1994), 959-1014.

H. KozoNo AND M. YAmMAZAKI. Local and global unique solvability of the Navier-Stokes
exterior problem with Cauchy data in the space L™>. Houston J. Math., 21 (1995),
755-799.

A. KUFNER, O. JOHN AND S. FUCIK. Function Spaces. Academia, Prague, 1977.

O.A. LADYZENSKAJA. Mathematical Theory of Viscous Incompressible Flow. Gordon &
Breach, New York, 1969.

Y. LE JAN AND A.S. SzZNITMAN. Stochastic cascades and 3-dimensional Navier-Stokes
equations. Probab. Theory Relat. Fields, 109 (1997), 343-366.

J. LERAY. Sur le mouvement d’un liquid visqueux emplissant ’éspace. Acta Math., 63
(1934), 193-248.

J.-L. LIONS. Quelques Méthodes de Résolution des Problémes aux Limites Non Linéaires.
Dunod, 1969.

86



[59]
[60]
[61]
[62]
[63]
[64]
[65]
[66]
[67]
[68]

69]

P.-L. LioNs AND N. MAasmoupi. Unicité des solutions faibles de Navier-Stokes
dans LY(Q). C.R. Acad. Sc. Paris, 327 (1998), 491-496.

K. MAsuDA. Weak solutions of the Navier Stokes equations. Tohoku Math. J., 36 (1984),
623-646.

T. M1YAKAWA. On the initial value problem for the Navier-Stokes equations in LP spaces.
Hiroshima Math. J., 11 (1981), 9-20.

T. MIYAKAWA. On nonstationary solutions of the Navier-Stokes equations in exterior
domains. Hiroshima Math. J., 112 (1982), 115-140.

S. MoNNIAUX. Uniqueness of mild solutions of the Navier-Stokes equation and maximal
LP-regularity. C.R. Acad. Sc. Paris, 328 (1999), 663-668.

G. ProDI. Un teorema di unicitd per le equazioni di Navier-Stokes. Ann. Mat. Pura
Appl., 48 (1959), 173-182.

J. PrRUss AND H. SoHR. On operators with bounded imaginary powers in Banach spaces.
Math. Z., 203 (1990), 429-452.

F. RIBAUD. Semilinear parabolic equations with distributions as initial data. Discrete
and Cont. Dyn. Systems, 3 (1997), 305-316.

R.T. SEELEY. Interpolation in L? with boundary conditions. Stud. Math., 44 (1972),
47-60.

J. SERRIN. The initial value problem for the Navier-Stokes equations. In R.E. Langer,
editor, Nonlinear Problems, pages 69-98. Univ. Wisconsin Press, 1963.

CH.G. SIMADER AND H. SOHR. A new approach to the Helmholtz decomposition and the
Neumann problem in L?-spaces for bounded and exterior domains. In G.P. Galdi, editor,
Math. Problems Relating to the Navier-Stokes Equations, pages 1-36. World Scientific,
Singapore, 1992.

P.E. SOBOLEVSKII. On nonstationary equations of hydrodynamics for viscous fluids. Dokl.
Akad. Nauk, 128 (1959), 45-48.

P.E. SoBoLEVSKIl. Coerciveness inequalities for abstract parabolic equations. Soviet
Math. (Doklady), 5 (1964), 894-897.

H. SoHR. Zur Regularitdtstheorie der instationdren Gleichungen von Navier-Stokes.
Math. Z., 184 (1983), 359-375.

H. SOHR AND W. vON WAHL. On the singular set and the uniqueness of weak solutions
of the Navier-Stokes equations. Manuscripta Math., 49 (1984), 27-59.

V.A. SOLONNIKOV. Estimates for solutions of nonstationary Navier-Stokes equations.
J. Soviet Math., 8 (1977), 467-529.

R. TEMAM. Navier-Stokes FEquations. North-Holland, Amsterdam, 1979.

F. TREVES. Topologic Vector Spaces, Distributions and Kernels. Academic Press, New
York, 1967.

H. TRIEBEL. Interpolation Theory, Function Spaces, Differential Operators. North Hol-
land, Amsterdam, 1978.

S. UKAL A solution formula for the Stokes equation in R%}. Comm. Pure Appl. Math.,
40 (1987), 611-621.

W. VARNHORN. The Stokes Equation, volume 76 of Math. Research. Akademie Verlag,
Berlin, 1994.

W. voN WAHL. The Equations of Navier-Stokes and Abstract Parabolic Equations. Vie-
weg & Sohn, Braunschweig, 1985.

87



[81] F.B. WEISSLER. Local existence and nonexistence for semilinear parabolic equations
in L?. Indiana Univ. Math. J., 29 (1980), 79-102.

[82] F.B. WEISSLER. The Navier-Stokes initial value problem in Ly. Arch. Rat. Mech. Anal.,
74 (1980), 219-230.

[83] F.B. WEISSLER. Existence and non-existence of global solutions for a semilinear heat
equation. Israel J. Math., 38 (1981), 29-40.

[84] M. WIEGNER. Resolvent estimates for the Stokes operator on an infinite layer. Personal
communication.

[85] M. WIEGNER. The Navier Stokes equations — a neverending challenge? Jahresbericht
DMV, 101 (1999), 1-25.

Institut fiir Mathematik
Universitdt Ziirich
Winterthurerstr. 190
CH-8057 Ziirich
Switzerland

88



