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Abstract

Alternative representations of boundary integral operators corresponding to
elliptic boundary value problems are developed as a starting point for numer-
ical approximations as, e.g., Galerkin boundary elements including numerical
quadrature and panel-clustering. These representations have the advantage
that the integrands of the integral operators have a reduced singular behaviour
allowing to choose the order of the numerical approximations much lower than
for the classical formulations.

Low order discretizations for the single layer integral equations as well as for
the classical double layer potential and the hypersingular integral equation are
considered. We will present fully discrete Galerkin boundary element methods
where the storage amount and the CPU-time grow only linearly (without any
logarithmic terms) with respect to the number of unknowns.

AMS Subject Classifications: 65N38, 65R20, 65Y20
Key words: panel clustering method, variable order approximation, boundary integral
equations

1 Introduction

The integral equation method is an elegant tool to transform homogeneous linear
boundary value problems with constant coefficients into boundary integral equations
(BIE) on the boundary of the domain (see, e.g., [12], [17]). The boundary element
method is a flexible discretisation technique for solving these equations numerically.
In the last twenty years, efficient algorithms have been developed for overcoming the
major bottlenecks of this method: Quadrature methods for evaluating singular and
nearly singular surface integrals have been established (cf. [15], [7], [24], [29]) and
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sparse representations for the non-local integral operators have been developed ([14],
[22], [23], [29]). By employing such fast algorithms, the computational complexity and
the storage amount for solving boundary integral equations were reduced from O(n?)
to O(nlog™ n), where n denotes the number of degrees of freedom of the discretisation
and Kk ~ 6. Asymptotically, with increasing n, the term log" n becomes negligible
compared to m while for practical problem sizes the factor log®n has a significant
effect on the run-time behaviour of the algorithms.

In [23], the model problem of the classical double layer potential was considered
on a smooth surface discretised with piecewise constant boundary elements. It was
shown that for the nearfield integrals where the integrand is singular and nearly
singular the approximation by zero yields a consistent and stable discretisation and
the “expansion orders” in the panel-clustering representation of the integral operator
can be chosen such that the complexity of the resulting algorithm and the storage
amount is O(n) with the same constant in the O(-)-estimate as before.

This approach is extended in this paper to more general boundary integral equa-
tions by re-formulating the boundary integral equation such that the kernel function
has a reduced singular behaviour. This concept can be regarded as an extension of
the concept of partial integration introduced in [19].

We emphasize that the main goal of this paper is to present a panel-clustering
type algorithm which solves numerically the classical boundary integral equations in
R? on piecewise smooth surfaces in O (n) operations. The key ingredients are

e partial integration which reduces the singular behaviour of the integral kernels,

e a modified panel-clustering method which employs a globally Lipschitz contin-
uous approximation of the kernel function,

e a variable expansion order for the panel clustering (small on small surface re-
gions and large on large regions)

e the error analysis which determines the expansion orders for the panel-clustering.

The paper is at some point a bit technical since the detailed analysis and subtle
combination of all these ingredients are essential to achieve the prescribed goal.
Some consequences are listed below:

1. Most nearfield integrals in the alternative representation can be replaced by 0!
No complicated evaluation of singular surface integrals are necessary any more.

2. The changes from the classical panel-clustering algorithm to the new one are
only moderate. Various shift and summation operations simply have to be cut
earlier as in the classical versions.



The main results are the alternative representations (3.3), (3.8), and (3.10) of the
integral operators, the panel-clustering approximations of the arising bilinear forms
(4.33), the choice of the expansion orders (4.32), the algorithmic description of the
method at the end of Section 5 and the justification of the choices of the expansion
orders by the error analysis in Section 6.

2 Galerkin discretisation of integral operators

Throughout this paper,  C R denotes a bounded Lipschitz domain with boundary
I' and normal vector field n (oriented to the exterior of §2). We define the Sobolev
space H°(I'), s > 0, in the usual way (see, e.g., [17]). Note that the range of s for
which H*(T") is defined may be limited, depending on the global smoothness of the
surface I'. For s < 0, the spaces H*(I") are the dual of H* (I").

We will consider the general integral equation

M+ K)u(z) == du(x) + /F k(z,y)u(y)ds, = f(z), rel, (2.1)

for some given scalar A € R kernel function & and sufficiently smooth right-hand side
f- The corresponding weak form is

Find u € H such that a(u,v) := (M + K)u,v) = (f,v) forall v € H. (2.2)

Here H equals H* (I') or is a closed subspace of H* (I') for some p € {—1/2,0,1/2}.
(The bracket (-,-) denotes the continuous extension of the L? (T') scalar product to
the H=*(I") x H*(I") duality pairing.) Typical examples are: the classical single
layer, double layer and hypersingular operators for the Laplacian where a(-,-) =
A+, ) +al(-,-) with:

Single layer potential:

AN=0, H= H-1/2 (F) . a (u7 U) — / v (l’) u (y) ds, dé’y, (2.3&)
x4 [z =yl
Double layer potential:
; 0 1 (2.3b)
A==+ H=L1*T = — ds,ds,
=) )= [ v ul) e dsds.

Hypersingular operator:

0 0 1
=0, H=HY?D) /R, a ;z/ —/ E— .
A=0, () /Ry (s 0)i= [ ola) g fu ) g g dsyds
(2.3¢)

In the standard, conforming Galerkin method we select a subspace S C H and
approximate (2.2) by seeking U € S, such that

a(UV)=(f,V) forall V e S. (2.4)



In the context of the boundary element method, these subspaces are finite element
spaces lifted to the surface I'.

Definition 2.1 (a) The master element ¢ C R? is the open triangle with vertices
(0,0)T, (0,1)T and (1,1)7.

(b) A set T = {t1,ts,...,ta} consisting of open and disjoint (possibly curved) tri-
angles in R® such that there is a C*-diffeomorphism V, : t — T for eacht € T
is a surface triangulation of I' if it satisfies

r=|[Jt

teT

(c) The triangulation is compatible if the intersection t N1’ =: e of non-identical
triangles t,t" € T is either empty, a common vertez, or a common edge and, in

the case that e is an edge, there exists an affine mapping v : t — t such that
\Ilt_l‘e = (‘Ijt, 07)_1‘6'

The stepsize of a grid is given by
h = max diam(t) (2.5)

teT

For k € {0,1} and p € Ny, the finite element space S(k,p, 7 ) is defined by
Slk,p,T) :={ue H*D) |Vt €T :uo ¥, € P,}.

Remark 2.2 If k = 1, we assume throughout the paper that the triangulation is
compatible.

We will consider boundary elements of lowest order for the discretisation of the inte-
gral operators, i.e.,

e §=5(0,0,7) for the single layer operator and
e $=S5(1,1,7)/R for the hypersingular operator.

e The boundary element space for the double layer potential operator is a subset
of §(0,0,7) which contains all functions vanishing in a certain neighbourhood
of the corners and edges of the surface I'. For the detailed definition of the
finite section method we refer to [6].

Let (b;)!_; be the local basis of S(k, p, 7). Hence, every function u € S is characterised
uniquely by the coefficient vector u = (u;);_, € R” with respect to this basis

=1
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If w e §and u € R* appear in the same context we will assume throughout the
paper that (2.6) holds. Plugging this representation into equation (2.4) and testing
by the basis functions, we can rewrite the variational equation as a system of linear
equations

Ku=F (2.7)

with
Kz’j = a(bh b]) and F = F(b]) (28)

fori,j € {1,...,n}.

The basis representation of the Galerkin method transforms the continuous prob-
lem into a system of linear equations. The direct numerical realisation of this ap-
proach suffers from two bottlenecks, (a) the computation of the matrix entries requires
the evaluation of singular, nearly singular and regular surface integrals over pairs of
panels, (b) the system matrix is not sparse but fully populated and the computational
and storage costs are at least of order n?.

In recent years, numerical methods have been developed to overcome these draw-
backs of the boundary element method. Regularising transformations for evaluating
singular and nearly singular surface integrals (see [26], [15], [7]), the panel-clustering
method (see [14], [13],) and multipole methods (see [22], [10]) have been introduced.
The use of these methods reduces the storage and computational complexity to
O (nlog"n), where k = 4 for some special kernel functions in (2.1) and k ~ 6,7
for general kernels.

However, the logarithmic terms and the large constants in the O (-)-estimates are
clearly visible for practical problem sizes and significantly spoil the “linear” scaling
of the complexity.

In this paper, we will present alternative representations of boundary integral
equations which allow the use of quadrature techniques and panel-clustering methods
with reduced approximation order while preserving the overall convergence order of
the discretisation. The storage and computational complexity of the approach is
O (n) without any logarithmic factors. The remaining part of the paper is organised
as follows.

In Section 3, we will introduce alternative representations of classical boundary
integral operators. These representations allow the use of quadrature and panel-
clustering methods of low approximation order.

The panel clustering method is based on an approximation of the integral kernels.
In Section 4, we will introduce a new panel-clustering method to approximate the
integral kernels arising via the alternative representations of integral operators. Its
algorithmic formulation is presented in Section 5.

The error analysis is developed in Section 6 and justifies the choices of the ap-
proximation orders in the description of the algorithm.



3 Alternative Representation of Classical Bound-
ary Integral Operators

In this section, we will derive alternative representation of classical boundary integral
equations, where the kernels are replaced by tangential derivatives of some generator
functions which have reduced singular behaviour. In our applications this generator
function is one of

1 = =yl

Gy (7,y) = Gy (7,y) = gy

- 3.1
e =yl (3.1)

(Note that G is the fundamental solution of the Laplace operator in three dimen-
sions.)

The advantage compared to the classical formulations is as follows. If we replace
the generator function G on I' X I' by some globally Lipschitz continuous approxi-
mation G € C% (I x T') we may obtain an approximation % of the kernel function
k by applying the tangential derivative, say D, to G. Typically, the approximation
G — G is of higher order compared to the approximation of k£ — k=D <G — CAJ)

For the error analysis, we apply partial integration pulling the derivative D to the
test and trial function and may take advantage of the possible regularity of the exact
solution. The continuity of G — G avoids the appearance of line integrals due to
partial integration. Thus, in the error estimates the difference G — G instead of k —k
enters allowing to reduce the order of approximation.

3.1 Classical double layer potential

It is well known that

Tr:T—-R 2+ — /—Gl x,y)ds, = 1 /%dsy (3.2)

defines a function in L?(T") which has constant value 1/2 almost everywhere on T'.
Hence, the constant function 1/2 on T' coincides in the L?-sense with YTp.

This means that we can rewrite the bilinear form ap of the double layer potential
(cf. (2.3b)) as

ap(u,v) = <)\ - %) (u,v) + /F><F v(x)(u(y) — u(x))%é’w dsy ds, (3.3)

for all u,v € L?(T"). The difference to the standard form in (2.3b) is that the integrand
of the second term in (3.3) has a reduced singular behaviour if the function u has
some regularity, e.g., u € HY(T).



3.2 Hypersingular operator

Partial integration in the form of Stokes’ theorem can be applied to equation (2.3c)
for Lipschitz surfaces (cf. [19]) to obtain for the bilinear form ay of the hypersingular
operator

apr(,0) = /F F«Eiw(x), curleu(y)) G (e, ) ds, ds,. (3.4)

—

Here, the surface curl curly is a tangential differential operator. For functions u €
H'Y2(T') having an extension u* € H'(I) into a three-dimensional neighbourhood U
of T', the surface gradient Vr and the surface curl are defined by

—
Viu:= (Vu*)|p and curlpu:=—nxVpru  onT. (3.5)

For a differentiable vector field F : R?® — R3, we introduce the scalar counterpart of
the surface curl by
curlp F':= (n, curl F) onT,

where curl denotes the curl operator in the Euclidean space R®. The composition of
the surface and tangential curl operator leads to the Laplace-Beltrami operator

82
Aru = — curlp curlpu = | Au* — —u*
on?

r

Simple tensor analysis yields

1 0 1

— = Arylly — 2| + (ny,y — x) (3.6)
ly — || Y Y

ony |ly — =]

for all y € T and z € R®\ {y}. The second derivatives in Ar, with respect to y
would complicate the panel-clustering method and require higher global smoothness
of the approximation. Thus, we express the Laplace-Beltrami operator (3.6) by a
composition of first order surface derivatives with respect to x and y.

Lemma 3.1 Let Vi := Vr —nd/0n denote the tangential gradient and let Ar ., :=
— <Vp7x, V%7y>. Then

AI‘,yGQ (.T, y) = AF,:cyGQ (.T, y) vy € F7 Vr € RS\ {y}7
where Gy is as in (3.1).
Proof. The proof follows from

Aryllz =yl = (curlpy(n. x Vy [lz = y[)))].—, = = (cwrlpy (n. x V, [z = y]))|

0
= (Ve =, Yo =yl = = (92, T, o =l
Y

z=y



Remark 3.2 For a differentiable function F : Ur — R which is defined in a tubular
neighbourhood Ur of T' we introduce (cf. (3.5)) the mixed surface curl by

—_—

curlp 4y := —ny X Vp,
and obtain
—
Ar ,, = curlp, curlp . (3.7)

Replacing the kernel in (3.4) by (3.6), we obtain the representation

ay(u,v) (3.8)
oG,

// {curlpu(y curlpv( )) <Ap,xyG2(x,y) + (ny,y — x)gT(x,y)) dsy ds,.
Y
3.3 Single layer potential

In order to work out the principal idea for the regularization of the single layer poten-
tial (2.3a), we assume that the Lipschitz boundary I' is the surface of a polyhedron,
i.e., there exist disjoint open plane faces I';, i € {1,...,q}, such that

q R—
- U T
i=1
The oriented distance of x from the extended infinite plane I'; through I'; is given by

di(x) := (ng, . — ¢;)

where n; is the constant outer normal vector on I'; and ¢; € I';. A simple consequence
is that

(ny, x —y) = di(z) (3.9)
holds for all y € T';.

Due to (3.6), the bilinear form ag for the single layer operator (2.3a) has the
representation

as(,0) = / [ )G yuty) ds, ds,
- [ [ e (Amny x|r+<ny,y—x>a%ny%$”) ds, ds,
// (Y)Ar 2y Ga(z,y) dsy ds,

+ [ [t - uw) . - x>a%cl (,y) ds, ds,
/ Zq:/r (ny,y — G (x,y) dsy ds,.

i Ty



By using (3.9), we can simplify the last term in order to get

(u, ) / / (1) Ar 0y G (2, y) ds, ds. (3.10)
/ / 1) = ) gy ) G .9) iy s,

(pu,v)

q

i1 di(x)Y;(z) is a weight function and the spherical angle T;(x) is

/ —Gl (x,y)ds,.

Note that, for polyhedral surfaces, T; can be computed analytically (see, e.g., [8]).

where p (z) =
given by

4 Kernel approximation

A matrix-vector multiplication appears as a basic arithmetic operation in every step
of an iterative solution method for solving the linear system in (2.7). The result of
a multiplication of the system matrix corresponding to a bilinear form a (-, ) with a
vector u is (a (b;,u));_,, where b; denotes the basis of the boundary element space
and u is the boundary element function corresponding to the coefficient vector u.

The representation of the Galerkin discretisation with respect to the nodal basis
of the boundary element space leads to a full matrix and the computational and
storage costs of assembling the matrix and of a matrix-vector multiplication are of
order n?. The panel-clustering method allows to represent the Galerkin discretisation
with O (nlog™n) quantities in a non-matrix form (our new approach results in k = 0).
This representation allows the efficient evaluation of a matrix-vector multiplication
and, hence, iterative solvers can be employed for solving the linear systems.

All kernels in the bilinear forms ag, ap, ag (cf. (3.10), (3.3), (3.8)) are Gateaux
derivatives of scalar generator functions defined in R®*. Our concept for the kernel
approximation is to approximate the generator functions and then to approximate
the kernel by the Gateaux derivative of the expansion.

4.1 Generalized cluster tree

The standard panel clustering method is based on the local approximation of the
kernel function by a degenerate kernel on non-overlapping (six-dimensional) subsets
of the domain I' x I'. Since we need a globally continuous approximation (cf. Section
3), we would have to ensure continuity along the one- to five-dimensional intersections
of the respective subsets, which would lead to a complicated algorithm.



Instead, we construct approximations on overlapping subsets of I' x I' and blend

them by using a partition of unity (w("’s)x(”’s)) (0.5)CP consisting of non-negative, glob-

ally continuous cut-off functions y(@*) € C%' (T x I') and positive weights (w("’s))
R.

(o,8)€P C

Thus, any function f : ' x I' — R has the representation

flay)= Y wN (zy) f (2,y).

(o,8)€EP

The construction of the functions y(* will result in a tensor structure, i.e., Y% =
X? ®@x* with functions x7, x* € C%! (T') which have local support. In our application,
the function f will be the generator function G € {G1, Gs}. If, for b = (o, s) € P, the
supports of x? and x* are well separated, the kernel function can be approximated
by a degenerate expansion.

Definition 4.1 (Hierarchical partition of unity) A function system
(X)oer with x":T—=R  VoeT (4.1)

along with a disjoint partition T = (Ty)L_, of the index set T in (4.1) is a hierarchical
partition of unity, if,

1. forall €{0,...,L}, the family (x7)oer, s a partition of unity for I’

2. for each ¢ € {0,...,L —1} and each o € T}, there are a set sons(c) C Tyq and
positive coefficients (VU"")UIGSOHS(U) satisfying

=) (4.2)

o’ €esons(o)

The level of a cluster o € T} is denoted by level (o) := ¢. The elements in T" are
called clusters. In contrast to the classical panel-clustering method the set T" is not
a tree but defines a simple hierarchy of clusters via the relation ¢ — sons (o).

Remark 4.2 For the classical panel clustering method, the clusters are subsets of the
set of freedoms for the boundary element discretisation and the hierarchy of clusters
is defined via set inclusion. The equation (4.2) is the analogue of this condition

Example 4.3 Let I' = (0,1) and, for £ = 0,1,..., L, define the index sets T, :=
{(p, 0) : 0 < pu < ng} where ng = 2°.

For0 < (<L, let (z4),2 = (1/me),Z, denote the set of equidistant grid points
and let (X”)UeT[ be the continuous, piecewise linear Lagrange basis corresponding to
the nodal points (z,),cr,-

10
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Figure 1: Cut-off functions arising in the multiscale representations 1, 2, 4 of f as in
(4.3).

The function system (X7),cp, forms a C%Y(T')-partition of unity for T' and satis-
fies, for o = (u,0) € Ty, with 0 < ¢ < L, the relation

va

o Gsons

with sons (o) = {(2u— 1,0+ 1), (2u, 0+ 1), (2u + 1,0+ 1)} NTpyy and

oo’ 1 Ty = Ty ,
! ._{ 1/2  otherwise. } Vo' € sons (o).

There exist numerous (multiscale) decompositions of a function f: ' — R corre-
sponding to different subsets P C T'; some examples are shown below and illustrated
in Figure 1

F=xO0F 4+ xB0f = OV f 4 LD f oy (10 (4.3)
—X(O2f+3 (12f+2X22f+4X32f+X(10)f
—X(02f+3(13f+4X23f+8X33f+2X22f+1(32f+X10)f

Remark 4.4 The generalisation of the approach of Example 4.3 for the construction
of hierarchical partitions of unity to sequences (gg),fzo of mested surface triangulations
is straightforward.

Note that the definition of a hierarchy of partitions of unity does not necessarily
require a sequence of nested meshes. One might employ techniques developed in the
fields of composite finite elements (cf. [16]), agglomeration methods (cf. [1], [28]),
the partition of unity method (PUM) (cf. [18]) or meshless methods (cf. [11]) for

this purpose.

For the efficiency of the algorithm, it is essential that there exists a constant
Csons € N such that
| sons(o)| < Coons (4.4)

11



holds for all o € T'.
We will use tensor-product interpolation on axis-parallel boxes Q° C R? satisfying
the condition

supp X7 C Q7 (4.5)

for the construction of the degenerate kernel approximation. In order to find a stable
interpolation scheme, we require that the partition of unity consists of functions in
Whe(T') and that there are constants Ciab, Csupp, Ct € Rso such that

HXUHW“’O(F) < Cstabzlevel(a), diam Qa < Csuppz—level(a),

max card {o € Ty, : 7 C supp x“} < Cj, (4.6)
TE

Furthermore, we assume that there is an extension x9 of x” into a tubular neigh-
bourhood of I' such that the normal derivative dx7 /0n is in L* (I') and

ox%/on =0 almost everywhere on I'. (4.7)

In the following, we skip the index “+” in x4 and identify x“ with its extension.

4.2 Generalized partitions

The kernel function in (2.1) which we want to approximate is defined on I x T', while
T corresponds to partitions of unity for I'. We will use a tensor-product approach
in order to construct a suitable partition of unity for T' x I': We set T2 := T, x T,
and T? := (Ji_,T?. The clements in T2 are called blocks. Note that, for each
b = (0,s) € T?, the clusters o, s belong to the same level and we define level (b) :=
level (o) = level (s). Let

b . 0o s | sons(o) x sons(s) if level (b) < L,
X° i =x’®x° and sons(b):= { 0 if level (b) = L.

for all b = (0,s) € T2

In order to approximate the kernel function, we need a covering of the domain
I' x I'. Tt will turn out in the analysis of the interpolation error that the relative
distance of a pair of boxes has to be controlled by some parameter.

Definition 4.5 (Admissibility) A pair (0,s) € T x T is called n-admissible for
URS R>0; Zf

diam(Q7 x Q%) < ndist(Q7, Q°) (4.8)
holds.

In order to derive an efficient approximation of the integral kernels, we will specify
a minimal index set P C T? along with corresponding weights (wb)bG p in R such

that (wbxb)be p 1s a partition of unity for I' x I" and each b € P is either n-admissible
or a leaf with level (b) = L.

12



Definition 4.6 (Admissible partition of unity) A family (wP)pep C Rso along
with an index set P C T? is an admissible weight corresponding to n € Ry, if

Zwbxb =1 (4.9)

beP

holds and if each block b = (0,s) € P with level (b) < L is n-admissible. If (wP)pep
is an admissible weight, then (wPx®)pep is an admissible partition of unity for I' x I

The weights are the tensor versions of the weighting factors which appear, e.g., in
the decompositions (4.3). The procedure subdivide computes a minimal admissible
weight. It is called by

w:=0; Pu:=0; Pua:=0; forbe TyxT,do subdivide (b, Pyear, Par, 1, w);

and defined by

procedure subdivide(b, P,car, Prar, ¢, W) ;
begin
if b is admissible then begin
wP = wP + ¢ Puoi= P U{b};
end else if level (b) = L then begin
wP = wP + ¢ Puar := Paear U {b};
end else for b’ € sons (b) do subdivide(b’, Prear, Prar, Y77 75% ¢, w) :
end;

Here, we used the conventions b = (o, s), b’ = (¢/, ') and the definition of the
coefficients 77" as in (4.2).

The index set P C T? is the union of P, and P.e.,. Note that all blocks in P,
are n-admissible and all blocks Pyear belong to the finest level: level (b) = L.
The supports supp x? € I' x I' corresponding to b = (o,s) € P form a covering of
I'xT.

4.3 Construction of the kernel approximation

Let us first consider the standard polynomial approximation of the kernel. The idea
is to approximate the generator functions (cf. (3.1)),

1 _Jle—yl

_ d G 4.10
ey M Y= 410

Gl (33, y) =

on domains Q7 x @Q° corresponding to admissible blocks (o, s) € Py,

13



For a continuous function v € C° (@), we denote the tensorised m-th order
Chebyshev interpolation by

7= > u(zl) L], (4.11)
V] oo <me
where, for v € Ny, |v| := max{y; : 1 <i < 3} denotes the maximum norm, zJ =

Q7 and L7 () := L)' (x1) L2 (x2) L2 (x3) are the corresponding tensorised Lagrange
polynomials. The choice of the approximation orders m? will be fixed later in (4.32).

Let G € {G1,G3} be a generator function (cf. (4.10)). For each b = (0,s) € P,
we define approximations G? of G® := \PG by

(93]?)?:1 are the Chebyshev interpolation nodes scaled to the intervals J; x Jy X J3 :=

cb Xb G ifbis z'mdrnissible with 7° = 7° © T°
G otherwise

and combine these functions by means of the hierarchical partition of unity:

G = Z wPGP. (4.12)

beP

Thus, for b = (0,s) € Py, we have defined blockwise degenerate resp. separable
approximations

GP(z,y) =x" Y G, )Ly(x)L(y) with |(v,p)], = max {|V],, |}
|(v,) | o <mP

(4.13)
Our construction of blocks b = (0,s) € P, implies that the clusters o, s belong to
the same cluster level. The choice of the expansion orders (cf. (4.32)) will be constant
on each level, i.e., m? = m® for all o, s € T,. This motivates the definition mP := m?
in (4.13), while generalisation might be advantageous in special situations (cf. [2,
Section 1.6.2]).

Example 4.7 (Approximation properties) Let G € {G1, G2} be a generator func-
tion (cf. (4.10)). If we have a globally uniform local error bound, i.e., an ¢ € Ry
satisfying |G — IPG||c.goxgs < € for all b = (0,8) € Pry, we find

IG = Clloe = ||D_w"\P(G=T°C) || < D7 wPA"NC = TGl upp o
beP o0 bEPfar
< Z wWPP||G = I°G|so.grxgs < Z wPyPe = ¢,
b:(U,S)GPfar b€ Prar

so good local approximations can be combined to form a good global approximation.

14



4.4 Application to kernel functions

Now we will apply the approximation scheme described in the preceding subsections
to the bilinear forms given in Section 3.
The relevant kernel functions are related to the generator functions by

0 0
kl(muy) = %Ch(m,y), k2(£7y) = <ny7y - $>%G1($,y) (414)
Yy Yy

k}3($, y) = Ar,xyGQ(x7 y)7 (415)

and (3.3), (3.8) and (3.10) take the form

ap(u,v) = ()\ — %) (u,v) + /1“ /Fv(x)(u(y) —u(x))ki(z,y) dsy ds,, (4.16)
a(u,v) = /F /F (curlru(y), cutlpo (@) (ko (2, ) + ks(z, ) ds, ds., (4.17)

as(u,v) = /F/Fv(x)u(y)kg(x, y) +v(z)(u(y) — u(z))ke(z, y) ds, ds, + (pu,v) .
(4.18)

Approximations of the kernel functions ki, ko, k3 will be constructed by applying
the surface derivatives d/0n,, Ar,,, and the multiplication by (n,,z — y) to the
approximations of the generator functions.

We will not discuss the numerical treatment of (X — 3) (u,v) and (pu,v) since
their representations with respect to the local boundary element basis result in sparse
matrices where the computation of the entries can be performed by simple quadrature
methods. Apart from these local operators the bilinear forms ap, ay, and ag can be
written as sums of terms of the form

a(u,v) = /1“ ) Vop () Uop (Y) Gop (2, y) ds,ds,, (4.19)

where, for u,v € S, we put u,, = Dju, v, = Drju, Gop = (D111 @ Dry) G, where the
operators

Dy, Dy1,Drrr, Dy € Iim —x>icT>rl-—V v (4.20)
YL, Vi, Vv ’8ny’ ys Y any’ i Iz VI .

depend on the underlying problem (cf. Lemma 3.1, (4.14), (4.17)).

Remark 4.8 Note that for all operators the algorithmic realisation is based on the
same panel-clustering algorithm which can be realised in an abstract way independently
of the concrete kernel function. This fact reduces the complexity of an implementation
substantially.
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Remark 4.9 Note that the term [, v (z)u(z)ky (2,y)ds,ds, in (4.16) is not of
the form (4.19). However, by substituting u., (y) < 1 and v,, () «— u(z)v (z) in
(4.19), this term can be treated in a completely analogous way.

Notation 4.10 In Section 4.3, we have introduced the approzimation G of the gen-
erator function G. In view of the definition of G, we introduce G as a shorthand
for (Dr;r ® Dry) G. Similarly, Gg’p is short for (Di;r ® Dyy) (XbG) and Gg’p =
(D111 ® Dpv) GP.

4.4.1 Approximation of a
We replace G' by G in (4.19) to obtain

a(u,v) Zw //vop ) Uop (Y (:E y) dsy ds,

beP

= Z / / Vop(2)op () Gy (2,y) dsy ds, (4.21)

U S ePnear

+ Y wh Y Gl ( /F VopDrrr (X7 L) ds) (4.22)

b:(U,S)EPfar |(V7M)|§mb

X (/ Uop D1y (XSEZ) ds) .
r

Let (b;);_, denote the basis of the boundary element space S. To obtain a more
compact representation we introduce

1. for 1 <14, j < n, the nearfield matrix

N, i Z / / (@) ()., )G, (5,y) dsyds,,  (4.23)

0' S EPnear

2. for 0 € T and |v| < m?, the farfield coefficients

L7 (v) = /F voyDirt (L) ds, (4.24a)

R? (u) := /FuopDW (X°LY) ds, (4.24b)

3. for b = (0,5) € P, and |(v, u)| . < mP (cf. (4.13)), the expansion coefficients

KD = wPG (29, 1°). (4.25)

v, v
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Then, a(u,v) can be expressed by (cf. (2.6))

a(u,0) =vINu+ Y > Ly kDR (u). (4.26)

b:(U’S)GPfar |(V7/J')|oo Smb

Remark 4.11 As a consequence of the local supports of the boundary element basis
functions b; and the cutoff functions x° (cf. (4.6)), the nearfield matriz is sparse.
The integral over I" x I in (4.23) can be replaced by an integral over

2.

| . / | .
b=(k,£)€ Puear supp b; Nsupp x supp b;Nsupp x

and the number of blocks b € Pyear per index pair (i, j), where the integration domain
has positive measure, is O (1).

The farfield coefficients L7 (v), RY (u) can be evaluated recursively by using the
hierarchical structure of T'. The details and the algorithmic realisation of a matrix-
vector multiplication will be discussed in Section 5.

4.4.2 Variable Expansion Order

For the efficiency of the panel clustering method, it is essential that the farfield
coefficients can be evaluated by a recurrence relation. The function systems which
we have introduced in the previous sections can be written in the form

D[[[ (XUAC(;) ) DIV (XU,CZ) Yo € T, |I/‘Oo S me. (427)

where D;rp, Dy € {], a/on, (ny,y — x) %, Vr, V%} depend on the underlying op-
erator (cf. (4.20)).

For the efficiency of the algorithm it is essential to evaluate the farfield coefficients
L7, R;, via a recursion which is based on a refinement relation of the expansion
system

L= Z )\ZZ,,EZ,, Vv|, <m? Vo €T with level (0) < L, Yo' € sons (o)
/] oo <me”’

(4.28)
with suitable shift coefficients X;Z,l The functions L7 are polynomials and, hence,
relation (4.28) implies that the expansion orders are constant m’ = m? (since a
polynomial cannot be represented by a polynomial of lower degree).

On the other hand, a panel-clustering method which has linear complexity requires
low expansion orders on small blocks and higher expansion orders on larger blocks.
This leads to a variable distribution of the expansion orders and the condition m? <
m? for ¢’ € sons (o). This is a conflict to (4.28) if we choose polynomials as the
expansion system.

17



To overcome this problem, we will replace the Lagrange polynomials by suitable
approximations and employ the refinement relation directly for the definition of the
expansion system.

Definition 4.12 Let (L9) ser denote the Lagrange polynomials as in (4.11). For

] oo <m?
any given set of order distribution (m?) ., which satisfies

a_l

m’ <m

o

for all o € T with level (0) < L and for all ¢’ € sons (o),

the approximated Lagrange polynomials (L9) ser are given, for alloc € T and v
V] oo <m?

with |v| < m?, by
Lo if level (o) = L,
Lo = Z Z <7070/)\Z:Z,,> ~I‘j,' otherwise (4.29)
O'/ESOHSO"Z//|OOSmUI

with A%, = L° (25)) and v>7" as in (4.2).

v,V v

Remark 4.13 The construction of an approximated function system which is based
on a refinement relation can be applied to more general function systems than the
Lagrange polynomials as well. For instance, the construction of function systems
which are based on a refinement relation is very common in the context of wavelets.

(o

Remark 4.14 If the expansion order is the same on all clusters, i.e., m® = m for
all o € T, then, the approximated functions system coincides with the original one in

(4.27).

Replacing the expansion systems in (4.27) by the approximated systems (Dﬁg)

oceT 7
V] oo <m?
D € {Dyy1, Drv}, leads to approximated farfield coefficients L7, RY in (4.24).
Lemma 4.15 Let
LS (v) == / VopDr11LY ds, (4.30)
r

RZ (u) == /uopDWﬁ,‘j ds.
r
Then the recursion for the farfield coefficients

Liwy= > 3 mN9LY (v) (4.31)

o’€sons(o) || <mo’

holds for all o € T with level (0) < L and v with |v| < m?. The coefficients RZ
satisfy the same recurrence.
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Finally, we will specify the expansion order m?. Recall the definition of the axis-
parallel cubes Q7 = J7 x JJ x JJ as in (4.5). The following assumption reduces
technicalities.

Assumption 4.16 The length of subsequent intervals is strictly decreasing. There
exist constants 0 < g<g<l1 such that

0<g§

o !
‘]j

/‘J]‘»"Sq_<1 Vo € T\T, Vo' €sons(o) V1<j<3.

The expansion order on a cluster o € T with ¢ := level o is given by
m’i=my:=0F+(L—-0)a VI<j<3 (4.32)
for some integers > 0 and a > 1.

Remark 4.17 If Assumption 4.16 does not hold and clusters do not shrink on (many)
subsequent levels we recommend to use an anisotropic order distribution as proposed
in [2, Section 1.6.2].

4.4.3 Panel-Clustering with variable expansion order

Let a, 3 € Ny and 0 < g < 1 be fixed. Recall the definition of the expansion orders
m? as in (4.32) and, as in (4.13), we set, for b € Py, with £ := level (b), m® := my,.
Let the farfield coefficients I:f,’, R? be defined by (4.30). Then, the panel clustering
approximation with variable order of the bilinear form a (-, -) is given by

a(u,v) =vNu+ > > L ()RR (u) (4.33)

b=(0,5)€ Prar |(v,1) | oo <mP

5 Algorithm

In this section, we will explain the efficient algorithmic realisation of a matrix-vector
multiplication, i.e., the evaluation of (@ (b;, u));_;. The farfield coefficients L7, R;, are
of the abstract form (4.30), and the expansion coefficients HB“u are the evaluation of

the generator function at the interpolation nodes:

RIE’M = wP@ (27, 23) Vb = (0,5) € Prar, Y(,pu) NG XN, 1 |(v, )|, < mP,
(5.1)
where the choice of G € {G1, G5} depends on the underlying operator.
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5.1 Numerical Quadrature

The computation of the nearfield matrix N involves the evaluation of singular and
nearly singular surface integrals.

The nearfield integrals are approximated by the quadrature technique introduced
in [26], [15], [7]. We distinguish between the proper singular case, where the kernel
function is singular in the domain of integration and the nearly singular case, where
the kernel function is analytic but its derivatives blow up as the distance of the panels
tends to zero.

For the proper singular integrals, regularising coordinate transforms (relative co-
ordinates) are introduced rendering the integrands analytic (cf. [26], [15], [7], [25]).
Then, properly scaled tensor Gaufl quadrature rules are employed for the numerical
approximation.

The nearly singular integrals are directly treated by properly scaled tensor Gaufl
rules where the order is chosen according to the error estimates. We do not recapit-
ulate the quadrature formulae but refer to [7], [25] for a compact reference.

The error analysis in Section 6 will show that these quadrature techniques require
only O (1) kernel evaluations per matrix entry (independent of the mesh width) to
obtain an approximation N of the nearfield matrix such that the corresponding per-
turbed Galerkin solution converges with the same rate as the exact Galerkin solution.

5.2 Setup Phase of the Panel Clustering Algorithm

In this section, we will develop an efficient algorithm to evaluate the second term in
(4.33), namely the farfield part

g (0,0) 1= Y > kb LI ()R (u). (5.2)
b:(U,S)GPfar ‘(Vuu)loogmb

The farfield coefficients can be represented by the farfield coefficient matrices
L? = (LY,) 1<i<n , R7 = (RY,) 1<i<n which are defined for all clusters o € T and
K |Ij| K

<m?¢ V| o <m@

all 1 <i<nby
L7, = [ ), Dinks ds (5.3)
I

R?, = / (b),, Drv L3 ds. (5.4)
I

bu)
) (1) o <

with the expansion coefficients as in (5.2). Using these matrices, the bilinear form
Qfar (,+) in (5.2) equals

vT Z L’SP (R | u:= 2”: v; Z Z sy L7 RS, | uy.

b:(078)epfar i7j:1 b:(U,S)EPfar I(V7/"/)|oogmb

The expansion coefficients are the entries of the interaction matrices S® = (Ii
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In the next step, we will use the recurrence relation (4.31) to avoid the storage
of the farfield coefficient matrices L7, R?. Instead we define, for all o € T with

level (¢) < L and o’ € sons (¢) the shift matriz BT = (ijg) | <me DY

|Vl‘<§mgl

BY 7 =477 \07  with 4% asin (4.2) and X77 as in (4.28).

v,V

The relation (4.31) implies

R'= Y RBV=[ Y Y BB

o’ Esons(o) o’ €sons(o) |y/‘00§m0’ 1<i<n
V] oo <m?

and the same relation holds for the farfield coefficient matrices L°.

In summary, the fast evaluation of the bilinear form ag,, (-, -) in (5.2) requires a
setup phase which consists of the following steps.

1. Compute and store the interaction matrices SP for each farfield block b € P,,.

2. For all o € T with level (¢) < L and all ¢’ € sons (o) compute and store the
shift matrices B,

3. For all 0 € T with level (¢0) = L compute and store the basis farfield coefficient
matrix

/(bi)op DiiL% ds Yie{1,2,...,n}: |suppb; Nsupp x| > 0,
LY = r

[N%

0 otherwise,

in a sparse format. Proceed with the basis farfield coefficient matrix Ry, in the
same manner.

5.3 Fast Matrix-Vector Multiplication

Let Ky, denote the representation of the bilinear form ag,, (-, -) with respect to the
basis (b;)7_, of the boundary element space. Recall the convention (2.6) relating a
coefficient vector u = (u;);_, € R" with the corresponding boundary element function
u.

In this section, we will present an algorithm for the fast evaluation of Kg,u =
(Gfar (bj,u));_,. For o € T, let

Pey(o) :={se€T : (0,5) € Pp}. (5.5)

21



For a given vector u € R", we define

r' = (1)), < = (R)Tu, and s7:= Z S7*r*

12
SEPfar(U)

and find

y=Kgu= > LS"R)u= Y LSr'=> L% (56

b:(Uvs)GPfar b:(Uvs)GPfar o€eT

For o € T with level (o) < L, the computation of r? can be written in the form

eomyus Y (B7) (R u= Y (8)

o’ €esons (o) o’ esons (o)

so we can compute r = (r?), ., by the recursive procedure forward which starts
from the coarsest cluster level Ty C T'. The procedure is called by

for 09€T1y, do forward(u,og,r);
and defined by

procedure forward(u, o, r);
begin
if level (¢) = L then r? := R%u
else begin
r? = 0;
for ¢ € sons (o) begin
forward(u,o’,r); r7 :=r? + (B”/"’)T r”
end
end
end;

By the similar procedure backward we can use the matrices B? to compute y
from the coefficients s?. The procedure is called by

for o09€Ty do backward(y,oy,s);
and defined by

procedure backward(y, o, s);
begin
if level (o) = L then
y:=y+ L%’
else for ¢’ € sons (o) do begin
s7 =57 + B??s’; backward(y, ¢',s) ;
end
end;
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We can combine the forward and backward transformation in order to devise a
fast algorithm for the matrix-vector multiplication. Recall the definition of P, (o)
as in (5.5).

procedure mvm(u,y);
begin
for 0y€1, do forward(u,oy,r);
for o€T do Dbegin
s? :=0; for s € Py, (0) do s7 :=s7 + S(@*)yrs
end
for o0y €Ty do backward(y,oo,s);
end;

6 Error analysis

In this section, we develop the error analysis for the variable order panel-clustering
method applied to the alternative representations of boundary integral operators. As
a result we obtain the distribution of the expansion order on different cluster levels
and the quadrature orders for the nearfield part.

We restrict here to low order boundary element discretisations with quasi-uniform
and shape regular meshes (cf. Definition 6.15 and 6.16). For higher order bound-
ary elements, the use of graded meshes becomes important which are neither quasi-
uniform nor shape regular. The panel-clustering method for those types of meshes
will be discussed in [9)].

In the error estimates, C' denotes a generic constant which is independent of the
levels ¢ and L and may vary at each appearance.

6.1 Interpolation error estimate
Let G € {G1,Gy}. G is asymptotically smooth, i.e., we have
008G (2, )| < Casymp (v + )l | = y|| o7+ (6.1)

for constants Cysymp, co € Rso. This estimate follows from Cauchy’s integral formula
(see, e.g., ([14, Appendix BJ), [23, Lemma 4.24]). The order of singularity g equals 1
for G = G and is —1 for G = Gs.

For each m € N, let A,, € R>; be the smallest constant such that

127Ul 00,11, < At oo,[=1,1] (6.2)

for all u € C' ([—1,1]), i.e., A, is the Lebesgue constant for the m-order interpolation
operator Z™ on [—1, 1]. For our analysis, it is not essential that Z™ is the Chebyshev
interpolation operator as long as there are constants C'y, A € Ry, satisfying

A < Cr(m+ 1) (6.3)
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for all m € N, i.e., that the interpolation scheme is stable (in the case of Chebyshev
interpolation, we have Cy = A =1, ¢f. [21]).
In [2, Corollary 3.8], the fundamental estimate
‘ J" k+1

= Tl < O+ AP (1)l o0
has been proven for polynomials v € PP and intervals J' C J. Since our kernel
approximations are constructed as derivatives of variable-order interpolants of the
generating functions G; and Gi, we need to introduce derivatives into the above
estimate.

Lemma 6.1 Let J' C J be intervals. For p,k,l € Ny with | < k < p and for all
u € PP, we have

o o T F
rwwwﬁquwsﬁﬂ+MWWW”1Gﬁ) Ol

Proof. Let z € J be the midpoint of J and let u be the [-th order Taylor
expansion of u in the point z. Then we have

) 1 /1IN
o= alles < 5 (15) 1Ol (65)

Markov’s inequality (cf., e.g., [5, Thm. 4.1.4])

2lp2 . p
[0 < (2) 1] Mol v 2] == 00

allows to apply verbatim the proof of Corollary 3.8 in [2] to prove the assertion. m
By similar techniques, we find

1(Z50) Olloo,r < Ak [0,

for all k,1 € N with [ < k and all w € C'([-1,1]).
Using (6.3), these estimates take the form

C/ o (], k—l+1
Hu(l) N (IL];/U)(UHOO,J/ < W(IH' 1))\+2l(4p)p k—1 (H) Hu(l)Hoo,Ja (6.7a)
C/ o |J/| k—I1+1
mﬁmwmwS%+ﬁﬂww“%mp“(ﬁa (s
(6.7b)
1(Z5w) P se,s < Crlk + DM w W] (6.7¢)
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for u € PP, w € C'([~1,1]) and a constant C’ € R.y. This means that the only
difference between the original estimates for the interpolants and our estimates for
their derivatives are the increased stability constants and the decreased approximation
order.

Next, we will investigate the approximation property of polynomials for analytic
functions.

Lemma 6.2 Let J be a closed interval and w € C* (J) such that, for some C,,
Yo > 0, there holds

[u™] ., < Cuvinl  V¥neN.
Then -
: Iy .
inf ||lu—pl,, <CC, |14+ — with ¢y ==y, |J],
pePk ’ Co

where C' only depends on cg.
Proof. The proof is a direct consequence of [2, Lemma 3.13]. m

Definition 6.3 (Cluster sequence) Let 0 € T, { := level (o). A sequence 0 =
(04)E, C T satisfying oy = o and 0,41 € sons(o;) for alli € {¢,...,L—1} is a cluster
sequence corresponding to o. The set of all such cluster sequences is denoted by &,

For each cluster sequence & = (ai)iL:é € ?" and ¢ < k < L, the composite

interpolation operator is given by
I7 =Tt o L7 .. 0 IOk,

If k = ¢, we skip the index k and write Z° instead of If . The relation of the
iterated interpolation operator on cluster sequences and the approximated function
systems (cf. (4.29)) is given by

DL;= 3 47D (x™T7 (L)) (6.8)
Teco

g

L-1
where, for & = (0;)L,, we set v7 := [[4°#9#. In (6.8), oy, is the last component
i=t

of the sequence @, Y’ is the corresponding cutoff function. L7 are the Lagrange
polynomials as in (4.11) and £ denote the approximated ones (cf. (4.29)).

Next, we will express the variable order approximation of the kernel functions
by using the iterated interpolation operator and start with the approximation of the
generator function. We have for the farfield approximation

._ b b. oA b b.bTb
Gy 1= g w E Y2 xP G = G = g w E vPxPIPQG, (6.9)
bePar B bePrr  BHedh
=GP —.Gb
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. b — —
,S) € Pry, we employ the notation € := €7 x €* and, for
ﬁ

where, for b = (
L . e - b
s;);—, and a corresponding block sequence b = (o',s’) € €, we

7 =(0)k, 5 =

o
it (
put

P = X"t ® x°, P = 7?7?, and TP := I,?) ®Ik?.
Again, for k = ¢, we skip the index k in IE.
Remark 6.4 The function system (wbvg)(g) bep forms a partition of unity of

bech

X = > P (6.10)

becr

I' x I' and it holds

Farfield approximations to the kernel function in the farfield Gy, (cf. (4.19)) are
derived by applying the operator D;;; ® Dyy to G, Recalling (6.9), we get

<@far>0p = Z wP Z <7§X§I§G> (x,y). (6.11)

]
bePu Db P

The farfield part of the exact kernel is defined by replacing the term (XE)IE)G) in

op
(6.11) by (XbG> :
op

Let us consider an admissible block (0, s) € Py, Let & = (ai)fzg and 5 = (si)fzg
be cluster sequences corresponding to o and s. Let the parameter 3 € Ny (cf. (4.32))
satisfy # > 1. Using our results on differentiated interpolants (cf. (6.7), we can
generalize [2, Theorem 4.3] in order to find a polynomial C' and constants @ > 0 and
0 < ¢ < 1 satisfying

18705(G = ZP Q)| supprs < C dist(Q7, Q)9 Il frmintFmar = = (5.12)

for all multi-indices v, u € N3 with |v|, |u| € {0,1}.

Under reasonable assumptions the right-hand side in (6.12) can be expressed in
terms of the levels ¢, L. The first one concerns the support of the cut-off functions.
Let 'y :=suppx?, o€ T.

Assumption 6.5 There exist constants C < oo and 1 < C < oo so that, for all
0</?¢<L andany o €Ty,

diam T, < diam Q° < Ch2:7*,
C—127¢ < diamT, < diam Q° < C27.
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The admissibility condition controls the maximal diameters of admissible pairs of
clusters. Assumption 6.6 implies that the diameters of admissible pairs of clusters
are comparable with their distance.

Assumption 6.6 There exists a constant 0 < C' < 1 such that, for all admissible
blocks (0,5) € Prar, the estimate

max {diam(Q?), diam(Q*)} > Cndist (Q7, Q°)
holds.

Proposition 6.7 Let b = (0,s) € Py, with ¢ := levelb. Assumptions 6.5 and 6.6

imply
—t —t

2 2
CHo— < dist (Q7, Q%) < C—.
n n

Proof. Let b be as in the proposition. Then, Assumptions 6.5 and 6.6 imply

dist (Q7, Q) < cin max {diam(Q°), diam(Q®)} < CQ;.

For the lower bound, we use the admissibility condition (4.8) and Assumption 6.5 to
obtain

2—(
dist(Q7, Q) > n~ ' diam (Q7 x Q%) > n ' diam Q” > C ' ——.
n

Lemma 6.8 Let (4.6) and Assumptions 6.5, 6.6 be valid. Let g+ |p+ v| > 0. Then,
the right-hand side in (6.12) can be estimated from above and we obtain the estimate

oG — TP G))| - < Colatlntr) gme. (6.13)

oo,supp x P

where C' < 0o and 0 < ¢ < 1 are independent of the level ¢ and L.

Next, we will derive an estimate of 8;’85 (Gfar — @far) on supp xP for some b €
Pr.r. By using the splitting (6.11) we obtain

Grar — Grar = Z w" Z VE)XE) <G —I§G> )

be Pfar QGEb

Since (wbyb Xb>§€€b is a partition of unity, the local estimate (6.12) carries over
beP

to
(6.13)
< C29cm (6.14)

00,Supp X_b) -

< max ||G — IE)GH

00,supp xP E)G &b

HGfar — Gtar
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(cf. Example 4.7).

Next, we will estimate first derivatives of the approximation, more precisely, for
b € P, the difference

B (Ggr - égr) 0 3 PP <G - ﬁG) , (6.15)
bech

where 0 is a first order derivative. Leibniz’ product rule yields

a<Ggr—@gr) - Y 4P (aﬁ) (G—I?G) + 3 4PN (G—ﬁe).

beeb bee¢b

(6.16)
The second sum can be treated as before and, again, the local estimates carry over
to the global ones:

- - N - (6.13)

> PxPo(e-176) < max 9 (G = TPG) | s < C27 e,
i beer o suppX

bech 00,supp xP

(6.17)
Hence, we focus in the following to the first sum in (6.16). The difficulty here is

that, in a straightforward estimate, the term <8XE>> blows up like 2% (cf. (4.6)) while

the approximation property for a block b with ¢ = level b decreases as ¢“~* which
does not compensate the 2/-term in an adequate way. The following proposition
overcomes this problem by a more subtle estimate of the difference G — Z*G.

Proposition 6.9 Let G € {G1,Gy}. Let b € Py, with { := levelb and b =
H

(bj)fze € €P with b; = (0j,5;). Then, there exist constants §,C > 0 independent of

l, k, and L such that

1—myg
lG - 176 <0 ()" 2t (HL) Ve<k<L

QEXQ%k n2€—k

Proof. We start with the one-dimensional case. Let J be an interval and Z¥ the
kth order interpolant on J. Then, for any u € C* (J), we have for all z € J

}(u —If}u) (m)} = /g: (u —If}u)/

where xy € J is some interpolation point for Z%. Let p,_; € P*~! be any polynomial
of maximal degree k — 1 and p;, € P* an antiderivative satisfying p} = pr_1. Then,
by using the projection property of Z*, we get

<wle-m],

ICw = Zuw)'llo ;= l[(w = prt-pr = Taw)||

<l =Pl + || (@ (e = )

00,J
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The stability estimate (6.7¢) leads to

| @ (o~ w)

< C(k + DM |0 = pr_i|oo,s-

Together, we have proved

lu—Tjull., < {1+ ok + DM2HI] i o’ = vl

For functions u, where u' satisfies the assumption of Lemma 6.2, we conclude from
Lemma 6.2 that

-k
|u—Zhul|  , < CCw {1+ Cr(k+ 1)} [ ] (1 - Ci) (6.18)
’ 0

with ¢ := 7, |J|. In our application, ¢, will depend on the cluster level ¢ and we will
assume (and prove below) uniform boundedness ¢, < ¢, where ¢ is independent of
¢ and L. Under this assumption and for £ > 1, we find a constant 6 > 0 depending
only on C), ¢y, and X such that

e A
|u IJUHOOJSC'CUI 1+06 |J].

By a classical tensor argument, we transfer this resul_t) to the approximatiog on any
block b = (0,5) € Py with ¢ := level (b). Let b = ((05,5,));, € €P. Fix
¢ < k < L. From Proposition 6.7 we derive

diam (Q™* x Q*) < (Cn2") ™"

Let O denote a first order partial derivative. For the generator functions G €
{G1,Ga} (cf. (3.1)), the estimate

|8G|Wn,oo(QaXQs) < Cerygan! VneN with Cqg =C (7]2£)g+1, Yo = Cn2t.

follows from (6.1) in combination with Proposition 6.7. Note that the constant ¢ in
the multidimensional case is given (and can be estimated) by

) == yer diam (Q7F x Q%) < Cn2"~*.

Hence, we can apply (6.18) componentwise and, by a standard tensor argument,
we derive

1—myg
|G - IkaHoo,Q"k wo <C (7726)%1 diam (Q7 x Q™) (1 ! 172(Z—k)

AV 0 e
<C (2" 27 Hn%"“ :
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Lemma 6.10 There exists 0 > 0 independent of £ and L such that, for any b € P,
with £ :=level b, there holds

10 (GRr = GR) || o upp e < C279H (1 46)7 (6.19)
Proof. Let b = (0, s) € Py, with £ := level b. Then,

EP= 3 4P (aﬁ) (G —I§G> L (aﬁ) S zh, (G -T™a).
k=¢

becr bech

~

By using the inverse inequality (4.6) and Proposition 6.9 we obtain

(5 1—myg
HEbHooQUxQS < CVC{stab Z ’beOb2LZSk+l 2E>g+12 (1 + 7726 k) )

b(‘Zb

where, for b = ((ay, Sj))f:g and ¢ < k < L — 1, the stability of the iterated interpo-

lation is . _
o =zt
Lo(Q7LXQL)—L®(Q7k xQ%k)

and XOE’ : ' x I' = R denotes the characteristic function of supp x> x supp x*c. In
[2, Theorem 3.11, Proof of Lemma 4.2] it is shown that

Sk+1 < CAG

holds. Hence, by choosing 3 > 1 + « in (4.32), we obtain

5 o k—L—1
b z - (1 + 772[_1“)
HE Hoo,fosz < Ccstab 772 Z 7 Z 2
bE Cb k=¢
— = L
< OMCuar (1297 D /PP Y08, (6.20)
beeb k=t
with L1
<1 + ,ﬂz%k)
M := max | ——— )
(<k<L 2

The maximum is attained for k = L, yielding

M < % <o

(1 n —77222)
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with C' depending only on ¢§,n, and «. The sum over the powers of the stability
constants in (6.20) can be estimated by

ZA < C%(my+1)".

By fixing a constant 0 < # < 1, we obtain

MZA <C(1L+60)7™.

Next, we estimate the remaining term Y ¢ g, 7®x¢ in (6.20). Let &> € Ty, x Ty,

H
be the set of terminal blocks in €P :

—

&" = {b,: b = (b)), € €}
and, for b’ € G, we define ‘Thp C TP as
Thb {b _(bj)fzge@:bL:b'}.

Then, we can write

—>

=3 Y = S (6.21)

beeb begb  peebw b’esh

with wP € [0, 1] as in (4.9). Since the supports of the basis functions have finite over-
lap (4.6), the right-hand side in (6.21) is bounded by constant which is independent
of the levels ¢ and L.

Altogether, we have proved

|E®|| <C1+0)™ (2"

00,Q7xQ°

The combination with (6.17) and Lemma 6.8 proves the assertion. m

The proof in the case of mixed derivatives 0,0, <Gfar Gfar) can be derived in
the same fashion as for the first order derivatives.

Lemma 6.11 There exists 8 > 0 independent of £ and L such that, for any b € Py,
with ¢ := level b, there holds

10:0y (GRi = GE) [l s uppyp < €270 (1 +0)7™ (6.22)

~b
Gfar

Remark 6.12 Since supp <Gfar ) = supp xP, we may replace the norm ||-||
in (6.14) and (6.19) by the norm ||-[|  pp-

oo,supp xP
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6.2 Local analysis of the kernel approximation

We have presented alternative integral equation formulations for the single and double
layer potential and the hypersingular equation. For the error analysis, we will impose
certain assumptions on the smoothness of the surface.

Assumption 6.13 For the

Single layer potential: T is the surface of a Lipschitz polyhedron, (6.23a)
Double layer potential: T' is the surface of a Lipschitz domain (6.23b)
and is piecewise smooth,

Hypersingular equation: T is globally smooth. (6.23¢)

Under these assumptions, local error estimates can be derived for the approxima-
tion of the kernels ki, ko and ks (cf. (4.14), (4.15)). For j =1,2,3, let k]b = wPxPk;
and (cf. (6.9))

A~

B (2,y) = wP G (), KR () = wP(ny,y — 2) 52 G (),
k2 (z,y) == wPAr,,GY (z,y) .

The following Theorem is a direct consequence of (6.14), (6.19), and (6.22). Recall
—
the definition of the operator curlr ., as in (3.7).

Theorem 6.14 Let (6.23b) be satisfied. There exist 7 > 0 and positive constants
C1 < 00 and ¢y < 1 such that, for all0 <n <7 (cf. (4.8)), there holds,

o for all admissible blocks b = (o, s) with ¢ = level (b) and all (z,y) € ' x T’
-~ -~ Clcmz
kS () = B (9)] +[Ary (G (9) =~ G2 (09) | < ooy
-~ ClCmZ
kP (x,y) — kP (x, ’ < -2
‘ r(z,y) ()] < dist? (Q, Q%)
(6.24)
e For all blocks b € Py, with € = level (b) and all (x,y) € I' x I', we have

’mrwy <G]2[’ (x,y) — @5’ (x,y))’ < Oy, (6.25)

e If, in addition, assumption (6.25c) holds, the estimate'

kS (2,) — k3 (x, y)) < Crey” (6.26)

is fulfilled for all admissible blocks b with ¢ = level (b) and all (z,y) € T x T.

Estimate (6.26) can be improved with a substantial increase of technicalities to an upper bound
Cicy** dist (Qo, Qs). However, it will turn out that (6.26) is sufficient for our applications.
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In view of this lemma, we introduce the order of singularity g by

1 ifk‘:kigOl"k‘:k’g,
g:=9q 2 if k =k, (6.27)
0 if k = ky and (6.23c) holds.

6.3 Abstract assumption on the mesh, the cluster tree and
the block covering

The following abstract assumptions concern the covering P. They are proved for
shape regular and quasi-uniform meshes in [23].

Definition 6.15 The uniformity of a mesh G is characterized by the smallest con-
stant Clyy; satisfying
h S Cunih7'7 VT € g

where h is as in (2.5) and
h, := diam .

Definition 6.16 The shape reqularity of panels is characterized by the smallest con-
stant C,, satisfying
h2 < C, 7|, V1 € gq.

Remark 6.17 Since G only contains finitely many panels, the constants Cyni, Cy are
always bounded. However, it will turn out that the constants in the estimates below
behaves critically with increasing values of Cy, Cuni and we assume here that C, and
Cuni are of moderate size.

Assumption 6.18 The constants a, 3 in (4.32) are chosen so that o in (4.32) sat-
isfies a > 1 and 2*79¢5 =: C3 < 1/2 holds with ¢y as in Theorem 6.1/ and g as in
(6.27).

We need an assumption estimating, for o € T}, the number of clusters s forming
a block (o, s) in P,

Assumption 6.19 There exists a positive constant C' < oo so that

max P (0) = C.

Note that the symmetry of the admissibility condition (cf. (4.8)) implies
maxf{g €T :0€ Py (d)} =C.

oeT
In order to estimate functions in the H' (T')-norm on blocks (o, s) € Py, we have
to introduce neighbourhoods of o U s which are connected (cf. Figure 2). More
precisely, we will approximate derivatives of functions on I' by difference quotients
with respect to the surface metric and express the geodetic distance (approximately)
by triangle neighbourhoods.
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. 0, \

Figure 2: Tllustration of the sets G (b) and G* (b) for a two-dimensional domain with
polygonal boundary. The panels are the segments of the polygon. The panels in G (b)
are marked by a black square while the additional panels in G* (b) are marked by an
asterisk.

Notation 6.20 A sequence (1;)7_, of triangles in G is “edge-connected” if, for all
1 <1 <gq, the triangles 7;_1 and 7; share a common edge.

Forb = (0,$) € Py, let G(b) C G denote a smallest set having the properties

a. all triangles T € G with |7 N (Q7 U Q®)| > 0 are contained in G (b),

q

b. for any two triangles T,t € G (b), there exists an edge-connected sequence (7;)7_,

of triangles in G (b) with 7o =7 and 7, =t.

Notation 6.21 The union of all elements in G (b) defines an edge-connected neigh-
bourhood of (Q7UQ*)NT

Uum)= J 7

T€G(b)
Furthermore, we need the extended sets G* (b) and U* (b) defined by

G (b):={reG:7NUD)#0} and U*(b):= |] T
T€G*(b)

Assumption 6.22 Foro €T, let

U (o) = U U (o,s).

SGPfar(U)

There is a positive constant C' < oo such that for all o € Ty the estimate
t{seTy:cCU (s)} <C
holds.
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Lemma 6.23 Let Assumptions 6.5, 6.18, and 6.6 be satisfied. There exists a con-
stant C' < oo so that, for allb = (0,s) € P, with £ := level (b) there holds

(VITTIT -+ IT] ) e dist ™ (@7, Q) < Cefyh® 9C, (6.28)
where g is as in (6.27) and [ is as in (4.52).

Proof. Recall that 0 < ¢y < 1 from Theorem 6.14. Let b = (0, s) € Pp,,. Without
loss of generality we assume that

diamT', = max {diamI',,diam 'y} .

Hence,
( [To| |Ts| + |Fs\) < C(diamT,)?,

where C' depends only on (the curvature of) the surface I'. Using (4.8), Assumptions
6.5 and 6.6 we obtain

< ‘Fa| |Fs| + |Fs‘) c;ﬂe dist ™9 (QU, Qs) < Cngh2—92(L—€)(2—g)C;nz
and, by employing Assumption 6.18,
< /‘Fa‘ ‘Fs| + |F5|> c;ﬂe dist ™9 (QU, Qs) < chnghQ—g (22—963)(L—€) _ chngh?—gcé—é‘

6.4 Quasi-interpolants

For the error analysis of the panel-clustering approximation, we will need some re-
sults concerning the approximation of functions in H' (T'). Let P : H' (T) — S :=
§(0,0,G) denote the L?-projection:

(Pu) |,= %/u ds forall T €g. (6.29)

Lemma 6.24 For u € H'(T), let U := Pu denote the L*-projection as in (6.29).
Then,

[u = Ull 2y < Chlull gy - (6.30)
For all b € Py, there holds
sup [U (y) — U (2)] < C'lulg g py) - (6.31)
(z,y)€b
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Proof. Estimate (6.30) is a standard approximation result. We omit the proof
and proceed directly with (6.31).

For b = (0,$) € Py, let T'y, :=T', x I's = supp x? X supp x*. Choose 7,t € G with
7,t € G (b) such that

sup U (y) = U (2)| = [Ur = Uy,

(m7y)erb

where Uk := U |k for any K € G. Hence,

sup \U(y)—U(x)|:%/u ds—%/tu ds. (6.32)

(x’y)erb

Let Poy: H' (T') — §(1,1,G) denote the Clément interpolation operator (cf. [3]).
For u € H*(T") and U = Pgju, we obtain for the difference in the right-hand side of

(6.32)
 fas g fras =g [ (- 0) s [ (-

+—/Uds——/Uds. (6.33)
7| J; tl J;

The first difference in the right-hand side of (6.33) can be estimated by

‘T‘/ ds—ﬂ < U) ds| < C X{:}HU—

< Clul g s vy

|K|‘1/2 (6.34)

and we proceed with the second difference in (6.33). Choose an edge-connected
sequence (Ti)q_o with 7p = 7 and 7, = t and a sequence of points M; € 7,N7,—7. Then,

/Uds / (M) + VUT,y M1>) ds
7| 7]

:ﬁ(Ml)er/ VUT,y—M1> ds

U(M,) + qi <vﬁﬂ., M, — MZ-+1> + % / <V(7T,y - M1> ds.
i=1 T

Consequently, by using well-established properties of the Clément interpolation we
get for the second difference in the right-hand side of (6.33)

1 [~ 1 [~ 1 ~
_/Uds——/Uds <> |ven
‘T| T ‘t| t =0

The combination of (6.32), (6.33), (6.34), and (6.35) finishes the proof. m
The next lemma concerns an inverse inequality for piecewise constant functions.

o

H'(U(b))
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Lemma 6.25 There exists a constant C' depending only on the constants C\n; and
Cy (cf- Definitions 6.15 and 6.16) such that

Ul 20y < CR 2 Ul gy YU € 8(0,0,G).

For a proof, we refer to [4, Theorem 4.7] and [9], where the assumptions on the
mesh are even relaxed.

6.5 Single layer potential operator

We consider the discretisation of the single layer potential operator by piecewise
constant boundary elements S := S (0,0,G) on a quasi-uniform mesh G. We assume
that T' is a polyhedral Lipschitz surface. If the solution u is in H' (T'), the quasi-
optimality of the Galerkin discretisation and the approximation property of S imply

= Ul g=rr2ey < CR [Jull gy -

The effect of numerical integration in the nearfield part and the panel-clustering
representation is studied in the framework of the first Strang Lemma.

Let ag : S x & — R denote the bilinear form ag as in (4.18) where the nearfield
integrals (related to Ppear) are replaced by numerical quadrature and the farfield
integrals (related to Pp,;) by the panel-clustering approximation. The corresponding
solution is denoted by U. The solution U exists provided the stability estimate

las (U, V) = as (U, V)| < CU 120y IV | 1721 (6.36)

holds for all U,V € S with a sufficiently small constant 0 < C = O(1). The
convergence is of optimal order provided the consistency estimate

int Jas (U, V) = s (U, V)] < CF2 ull ey IV -2 (6.37)

is satisfied for all V € S and all w € H' (T'). We discuss the effect of the panel-
clustering approximation first. We assume that the bilinear form (v, pu) in the defi-

nition of ag (cf. 4.18) is treated without further numerical approximations.
Let Eg := Epgs + EQ s = ag (U V —ag (U V) with (Cf (611))

Epg = Epg+ Eplg = Z / / (krb(a? y) — k% (Sﬂ,y))

0 00 - U (8 (r.0) - B y)) b dsyds,
and

EQ S = EQ 5+EQ S = Z ([FXF - QFXF) ((V ® U) k?? + ((V ® U) - (VU) ® 1) k;)) )

b& Phear

where Ity denotes the integral over I' X I' and Qr«r the quadrature approximation.
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6.5.1 Panel-Clustering Approximation

We start with estimating the panel-clustering approximation error and begin with
Efls. If £ and b appear in the same context, they are linked by ¢ = level (b).
We employ estimate (6.24) to derive

|Ef| < Z Ccy dist ™! (Q",QS)/F ) |V ()| |U (y) — U (x)| ds,ds,. (6.38)

b= (Uvs)epfar

First, we establish the stability estimate in (6.36). The integral in (6.38) can be
estimated by Holder’s inequality

/F V@IV ) = U @) dsads, < VTV e 1V,
O'XS
I IV ey 10 e

< (VT + 0l ) IV g 10 e,

Estimate (6.28) leads to

Bl <cénh 3 IV g 100 2o, (6.39)

b= (a $)€E Py

<0c2nh20”2||vum > Ul e, or,

UET[ SEPfar(O')
< CCQWZC?,LJ > IV 1012y o)
=0 G’ET@
L
_ 2
< Cenh Y CE WV ey | D U1 o)
6:0 O'GT[

L
< chnhl/Q HV”H—l/?(F) ||U||L2(r) ZC:’;L_e
=0
¢
11— 030277 ||V||H71/2(1“) HU”H*U?(F) :

<

Hence, for sufficiently small 0 < n = O (1) or sufficiently large 0 < 8 = O (1) (cf.
(4.32)), the stability requirements of the first Strang Lemma are satisfied for the term
ELL.

For consistency, we proceed in (6.38) with U = Pu (cf. (6.29)) and employ (6.28)

38



and Lemma 6.24 to obtain

|Eps| < C Z VTV 2oy [l 1 @ (o)) nhCy~*

b:(U’S)GPfar

L
<Cnh Y S CE 27 IV Ul s o) -

=0 ocTy

By using Assumptions 6.22 and 6.5, we get

L
|Epls| < Cnh? Z Cy 2t Z IVl 2200y 141 o)
=0 o€l
L
Lt 2
< Cnh? Z 2C3) IVl 2y Z w5,y Z 1
=0 oeTy s:0CU*(s)
< 1_720377’13/2 IV =12y [l gy (6.40)

and this is the consistency estimate.
In the next step, we estimate the error EIID, ¢ and employ the representation

Brs= Y [ V@U) (@ha) @) dsds,
b=(0,8)€ P 17 <
with - -
ep (x,y) == Z x P <G2 —Ing) )
bech

The stability estimate is completely analogous as for Ef due to (6.24) and hence
omitted. We proceed with the consistency. ’

Let u € H'(I') and U := Pu denote the L%*-projection of u onto S (0,0,G) (cf.
(6.29)). Then,

Eh = Ebg (U.V) = Bhg (U —u,V) + Ebg (1, V). (6.41)

We begin with the estimate of the first term. Analogous estimates as for the proof of
stability lead, in combination with (6.30), to

|Brs (U= w, V)| < CRY2 V| gpasoqey 1t = Ul ey < CH2 IV grosaqey el ey

We proceed with the estimate of the second term in (6.41). Since u € H'(T),

—
(each component of) the surface curl, curlru, is in L? (T') and we may employ partial
integration in I' to the curlr, operator in (3.7). Due to the smoothness and localness
of the integrands the boundary term vanishes and we obtain the representation

E,QS (u, V) = Z /1“ ] V (z) <CT>rlpu (v) ,(ﬁp,web (z, y)> dsyds,.
X

be P,
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The integral can be estimated, for b = (o, s) € Py, by

— —
/F N curtpul ds, ds. S/r v ds/r curteul ds < T IV syl e
O->< S o S

Combining these two estimates with Lemma 6.28 and arguing as in (6.39) results in

}EIID,S (u, V)‘ < chh2 Z CsL_Z HVHL?(FU) |u|H1(FS)

bEPfar

Cghg/Q ||V||H—1/2(1") ‘u|H1(F)

C

<
~1-0Cs

6.5.2 Estimate of the Quadrature Error

We begin with studying the nearfield quadrature error Efg. For the nearfield inte-
grals we employ the coordinate transforms which are descrlbed in [7] to regularise the
integrands and standard Gauf} rules for their quadrature approximation with m point
per space dimension. Since we are dealing in the Galerkin boundary element method
with four-dimensional integrals the amount of work for approximating a matrix entry
is proportionally to O (m?).

In [26], [15], [29], [27], error estimates have been developed for the quadrature
approximation. It was shown that for a pair of panels 7 x ¢t the quadrature error
satisfies

‘(L—xt - :—nxt) (W)‘ S Ch3 (1 + 5)—2m ||W||L°°(Fg><1"s)

holds for some 0 < § = O (1) and any piecewise polynomial W. By assuming this
quadrature error estimate and the inverse inequalities

Vil CP T MWV 2y s MUl ety < CHT U 2oy »

we derive, in a similar fashion as for the panel-clustering approximation, the stability
estimate

[Egsl<cn*@+0)7" 3 IVl IV ® g, ar,

bZ(U,S)EPnear

< Ch(140)7"

@) 1 2 (o))
oeTy,
—2m
< Ch(1+9) VIl 2oy 10U 2y
In combination with the inverse inequality

VIl 2y 10l 2y < CRTHIVI vy 1U |12y

we obtain stability for sufficiently large 0 < m = O (1).
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For the consistency estimates we put U = Pu (cf. 6.29)) and employ Lemma 6.24
to argue as in (6.40) resulting in

[EYs| <Ch?(+6)72" > (HVllLoo(rc,)(xysup \U(y>—U(x)|>

b=(0,5)€ Prear )€l xTs

<OR(A+0)7" 3 (Vg [l

b:(o)s)epnear

< Ch?(1+0)7" Z IV 2,y 1l i @ (o))

oeTy,
< Ch* (1446)7" IV 2y Tel gy
< Ch*? (140)7" IV =12y [l gy
and this is consistency for any m > 0.

The quadrature error for the bilinear form a
analogue way:.

1

. can be analysed in a completely

6.6 Hypersingular integral operator

The kernel functions arising in the hypersingular integral equation (4.17) are already
analysed in the context of the single layer kernel. However, due to the smoothness
assumption (6.23c) on the surface, we may employ (6.26) for the approximation qual-
ity of the kernel function k® to obtain by simply repeating all steps in the analysis
of the single layer potential operator the required stability and consistency estimates.
For all U,V € §(1,1,G), there holds

jam (U, V) = an (U, V)] < Cpomp Ul g2y IV | iy

with a function p,, 3 which depends on the local quadrature order m of the nearfield
integrals and the minimal approximation order 3 of the panel clustering approxima-
tion and satisfies p,,, 3 — 0 as m,3 — oo. In other words, the constant Cp,, 5 is
sufficiently small provided m, 3 = O (1) are chosen sufficiently large.

The consistency estimate is derived as for the single layer potential. For all V' €
S§(1,1,G) and u € H?(T'), there holds

lag (U, V) —an (U, V)] < CR [ull ooy IV | ooy -

Both estimates guarantee that the panel-clustering and quadrature approximation
converges with optimal rate provided the undisturbed Galerkin method converges
with optimal order O (h*/?).
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6.7 Double layer potential operator
The panel-clustering error of the double-layer potential has the representation
Epp = Z Vi(z)(U(y) = U(z))erp (z,y) dsyds,
b=(0,5)€Pray ” Lo *T's

with (cf. (6.11))
€1,b (JI, y) = kj? (JI, y) - k? (JI, y) . (642)
We employ estimate (6.24) to derive
Bl Y Geds@.Q) [ V@IV ) - U @) dsds,
b=(0,s)€ P,y Lo xTs

The stability estimate (cf. 6.36)

|Epp| < 05772 ||V||L2(F) HU||L2(F)

C
1—-0C5
is derived in a completely analogous fashion as for the single layer potential. Hence,
for sufficiently small 0 < n = O (1) or sufficiently large 0 < 5 = O (1), the stability
requirements of the first Strang Lemma are satisfied for this term.

For consistency, we proceed again as for the single layer potential operator. Setting
U = Pu (cf. (6.29) leads to the consistency estimate

|Epp| < 1— 2C377h ”V”L2(F) ‘u‘Hl(F) :
The quadrature error analysis is again simply a repetition of the arguments in
Section 6.5.2 and shows that the choice of m = O (1) to be sufficiently large leads to

a consistent and stable perturbation.

7 Conclusions

In this paper, we have presented alternative representations of boundary integral
operators corresponding to the Laplace problem in three dimensions. These repre-
sentations give raise to low order quadrature formulae and panel-clustering approxi-
mations with variable order while preserving the optimal order of convergence. The
key role for the error estimates of the single layer and hypersingular kernel plays a
globally Lipschitz continuous approximation of a suitable antiderivative of the kernel
function. This approximation is obtained by employing a hierarchy of partitions of
unity as cut-off functions.

The complexity of the algorithms behaves as O (n), where n denotes the number
of unknowns without further logarithmic terms. The complexity estimates can be
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carried out as in [23, Section 5] and will be presented, along with numerical results,
in a forthcoming paper.

The panel clustering with variable order is based on “approximate” Lagrange

polynomials and interpolation. The abstract assumptions on the local approximation
error are proved under moderate assumptions on the tree structure and the mesh in
[2]. For Taylor expansions and monomials (centred at cluster centred) these estimates
are proved in [23, Section 5.
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