hp-Finite Elements for Elliptic Eigenvalue Problems:
Error estimates which are explicit with respect to A, h,
and p.
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Abstract

Convergence rates for finite element discretisations of elliptic eigenvalue problems
in the literature usually are of the form: If the mesh width h is fine enough then the
eigenvalues resp. eigenfunctions converge at some well-defined rate. In this paper, we
will determine the maximal mesh width hg — more precisely the minimal dimension of
a finite element space — so that the asymptotic convergence estimates hold for h < hyg.
This mesh width will depend on the size and spacing of the exact eigenvalues, the spatial
dimension and the local polynomial degree of the finite element space.

For example in the one-dimensional case, the condition A3/%hg < 1 is sufficient for
piecewise linear finite elements to compute an eigenvalue A with optimal convergence
rates as hg > h — 0. It will turn out that the condition for eigenfunctions is slightly
more restrictive. Furthermore, we will analyse the dependence of the ratio of the errors
of the Galerkin approximation and of the best approximation of an eigenfunction on A
and h.

In this paper, the error estimates for the eigenvalue/-function are limited to the
selfadjoint case. However, the regularity theory and approximation property cover also
the non-selfadjoint case and, hence, pave the way towards the error analysis of non-
selfadjoint eigenvalue/-function problems.

1 Eigenvalue problems for second order elliptic prob-
lems

In this paper, we shall deal with the numerical approximation of eigenvalue problems for linear
second order partial differential equations.

Let © C R? be a bounded Lipschitz domain with boundary T' and let H* (Q) denote
the usual Sobolev space equipped with the scalar product (-, ) gy and norm ||-[| yxq,. For
simplicity we restrict to the pure Dirichlet problem and denote by Hj () the subspace of
H' (Q) consisting of all functions with vanishing boundary traces. We introduce the usual
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seminorms formally by

Y 2 . E' o 2 ¢ . ‘6' )
v “HL?(Q) = Z ol ID%ull2()  and ||V u”Loo(Q) = H Z ol | D2l (1.1)
|a|=¢ |a|=¢ Lo (@)
and set |ul, := ||V€uHL2(Q) and [ul, == HVZuHLOO(Q).
We shall deal with the problem of seeking eigenpairs (A, e) € C x H} () \ {0} such that
a(e,v) = A(e,v) ) Vv € Hj (), (1.2)
where
a(u,v) = ap (u,v) + a1 (u,v) (1.3)
with!
ap (u,v) := / (AVu, Vo) +cuv and ay (u,v) := / (b, Vu) v. (1.4)
Q Q

The set of all eigenvalues is the spectrum and denoted by ¢ (a). In this paper, we will consider
the case of real analytic coefficients A, b, ¢ and domains with analytic boundary.

Assumption 1.1 The coefficients in (1.4) satisfy

1. Ae C= (Q,RdXd) is symmetric and uniformly positive definite, i.e., there exists con-
stants 0 < Gin, Gmax < 00 such that

Opin < inf  inf M <sup sup M < Umax,
z€2veCi\{0}  |[|o zeQveci\fo} V]|
where (-,-) is the Buclidean scalar product in R? and ||-|| denotes the Euclidean norm.
2. be C™(Q,RY),
3. ce C® (2, Rs),
4. —3divb+c¢ > 0.
5. There exist constants C 4, Cy, Ce, YA, Vo, Ve Such that, for all n € Ny,
Al oo < Cants [l < Conbig, e, < Conl?.

The assumption on the domain are as follows.

Assumption 1.2 ) is a bounded Lipschitz domain with analytic boundary, i.e., there is a
finite family U of open subset in R? along a family of bijective maps® { v : B — U}U oy Such
that
YU elU : xv € C% (By,U), Xy € C™ (U, By),
YU el : xv (BY) = U N, xu (BY)=UNnQ, v (By)=UNR\Q,
ACr, vy YU €U : |XU|n,oo < Crypn!l Vn € Ny.

(1.5)

IFor vectors a,b € C?, we set {(a,b) = Zle a;b; (without complex conjugation).
2B, denotes the unit ball in R? and By := {z € By |24=0}. For o € {+,—}, we set BY :=
{z € By | ozq4 > 0}.



The standard example for an elliptic problem is given by the Laplace operator.

Example 1.3  a. Let Q C R? be a bounded domain. The bilinear form a : H} (Q) x
H} () — R corresponding to the weak formulation of the Laplace operator is given by

a(u,v)=/Q<Vu, V)

and the eigenvalue problem reads: Find (), e) € C x H} (2)\ {0} such that

a(e,v) = A(e,v), Vv € H} (Q).

For d=1 and Q = (0,1), the eigenpairs are given explicitly by
én = Cpsin (nmx) , An = (nm)? n=12...,

where the normalization factor ¢, € R is chosen such that ||e,|| 2 = 1. A simple
calculation shows that the isolation distance between the eigenvalues satisfies

3rvVA > dist (A, 0 () \{A\}) > 7vVA VA€o (a). (1.6)

b. For general d > 1, the isolation distance can be arbitrary small: Consider the Laplace
eigenvalue problem with Dirichlet boundary conditions on the rectangle (0,1) x (0, a.)
with a. = 2,/2 (1 + ) and some ¢ > 0. Then, the following values

128 200
A=9+ ——— d N=14——
Ton+ @ T ote
belong to the spectrum of the Laplacian with homogeneous Dirichlet boundary conditions
and satisfy

A=XN=38

— 0 ase— 0.
e+1

c. The study of the asymptotic distribution of eigenvalues of selfadjoint elliptic operators
goes back to H. Weyl [26] and was refined e.g., in [8, Sec. VI, § 4, Satz 17 and 19/, [4],
[3], [20, Theorem 13.1]. The main result reads

. N (1)
tlir& td/2

= Cy, (1.7)

where N : R — R is a smooth, strictly monotonously increasing function which satisfies
N (A) :=card{N €0 (a): N <A} forall A € o (a). and Cy is a positive constant which
only depends on the space dimension d. If we assume in this light — for the selfadjoint
case — that A\_ < X\ < Ay is a triple of consecutive eigenvalues such that there exists a
(slowly varying) function g : [A_, ;] — R with

N(@t)=Cut"?(1+g(t) and g(\)=0 (1.8a)

and, for all t € [A_, \,],

/ 2.1
d< tg' (1) <CII/\tg (t)

< ! 1.8b
2 " 1+4g(t) = 9 1491~ 97 (1.8b)



where ¢, CI', C31" are positive constants and 0 < a < 1, then, we can derive an estimate
for the spectral gap as follows. To reduce technicalities we assume that A has multiplicity
1. For allt € [A\_, )], (1.8) implies N'(t) > C’d%td/%lc}; (1 —a) and for the relative
spectral gap, we obtain
L (v ()t )
Ar—A_ INTIV )£ 1) - A 2
A A B A
B ‘ 1 (V"N (@)
AN) T 2A(V o N (§)
S2 . dCy (14 2CI) (N" o N71) ()
=41+ g (V) I (NN ()|

where & € [\, \y] for the “+7 sign and & € [A_, \] for “-”. The last quotient on the right-
hand side can be estimated from above by o= 2, where C' only depends on the constants
in (1.8b). According to the middle inequality in (1.8b), the quantity \g' (\) = CI is
bounded from below and above independent of the size of \. Hence, we have derived
under the hypotheses (1.8) and sufficiently large A\_ the estimate

dist (A, o A(a) A _ - (éd Lo ( A:dm)) , (1.9)

d. If we consider the eigenvalues of the Laplacian with homogenous Dirichlet boundary
conditions on Q = (0, 7T)2, then, e.g., the values \3zg = 509, A = A\3g0 = 512, A3g; = 514
are three consecutive eigenvalues. Some tedious calculations yield that Cy and g (t) in
the formula (1.8a) for N (t) can be chosen as

e D and o) — 303407(t — 512) | 38361(t — 512)°
d and g\ = T T 30817050 372817050

128

and the constants cé, C;I, C;H, and 0 < a < 1 according to

¢, =0998..., Cf'=0, C"=4734..., a=00685....

2 Galerkin Finite Element Method

The Galerkin discretisation of (1.2) is based on the definition of a finite dimensional subspace
S C H} (92) and given by seeking pairs (Ag, es) € C x S\ {0} such that

a(es,v) = Ag (es,v), Yv e S. (2.1)

The space S is chosen as a conforming finite element space Sj C Hg (€2) being defined in
the usual way via a finite element mesh G of maximal mesh width A which consists locally
of polynomials of degree p. The conformity condition implies that the functions in S are
continuous, i.e., S5 C C° (), and thus p > 1.

Since domains with (curved) boundary are relevant geometries for our theory, we consider
triangulations with possibly curved elements: The triangulation G consists of elements which

4



are the image of a reference simplex (i.e., the unit simplex in R?). We do not allow hanging
nodes and assume — as is standard — that the element maps of elements sharing an edge
or a face induce the same parametrisation on that edge or face. The maximal mesh width
is denoted by h := max,cg h,, where h, := diam7. Additionally, we make the following
assumption on the element maps F, : 7 — 7.

Definition 2.1 (quasi-uniform regular triangulation) Fach element map F; can be writ-
ten as F, = R, o FMe yhere F210e s an affine map and the maps R, and F*1¢ satisfy for
constants Ciygine, Cretric > 0 independent of h and 7 € G

||(DRT)_1||OO S Cmetrim ||vnRT||oo < C'metric’)/n'n'! vn € NO7

||DFraﬂine||oo < Chatineltr, ||(DF?fﬁne)_1||m < Cafﬁnehr_1

where D denotes the (multidimensional) derivative.

Remark 2.2 Triangulations satisfying Definition 2.1 can be obtained by patchwise construc-
tion of the mesh: Let G™*™ be a fixed triangulation (with curved elements) with analytic
element maps that resolves the geometry. If the triangulation G is obtained by quasi-uniform
refinements of the reference element T and the final mesh is obtained by mapping the subdivi-
sions of the reference element with the macro element maps, then the resulting element maps
satisfy the assumptions of Definition 2.1.

For meshes G satisfying Def. 2.1 with element maps F, we denote the usual space of
piecewise (mapped) polynomials by

SEi={ue€ Hy(Q)|VT €G :ul, 0 F, € P,}. (2.2)

3 Regularity and Approximability of Eigenfunctions

The a priori error analysis for eigenvalue problems requires subtle regularity properties of
eigenfunctions and corresponding approximation properties of finite element spaces. Their
derivation is the topic of this section.
We choose an increasing numbering of the eigenvalues according to their modulus and
their multiplicities
M < ol <.

and define, for 1 < j < N, the space
Ul,j = Span {GZ‘ 01 S 1 S j} (31)

As a measure for the approximation quality of the finite element space S = Sg (cf. (2.2)) we
introduce

d’Q (Ul,jys) — Z <||(I - QS) 6i”l) : (32)

P leslly

where Qg : H} () — S is the H'-orthogonal projection. In order to estimate d (U, ;, S), reg-
ularity properties for eigenfunctions of elliptic operators are needed and subtle approximation
properties for finite element spaces.



Theorem 3.1 Let Q2 be an analytic, bounded Lipschitz domain which satisfies (1.5). Let the
coefficients A, b, ¢ satisfy Assumptions 1.1 and 1.2. Then, any eigenfunction u (normalized to
[ull 2() = 1) is analytic. There exist constants C, K > 0 depending only on the constants in
Assumption 1.1, (1.5), on awm, and the spatial dimension d such that

n+2
||V”+2UHL2(Q) < OK" " max {n, V/ |)\|} Vn € N, (3.3)
where \ is the eigenvalue corresponding to u.

Proof. The statement can be derived from [21, Theorem 5.3.10] as follows. First, let
|A| > 1 and consider (1.2) in the strong form, written as

_E2V . (AVu) + <z3, Vu> +(@E—Du=f nQ with uly,=0

where 2 = )\j_l, b= )\j_lb, ¢ =c/)\j, and f = 0. For the quantity £ in [21, Theorem 5.3.10]
we obtain the estimate

1+ C./ |\ N+ C v/
8_1:205+T/§||+1§1+Cb+ (Al +Ce < C1V/[A],

where C7 := 1+ C, + /1 4+ C.. The other quantities which appear in [21, Theorem 5.3.10]
have to be substituted therein by

Cp—0, CoeC.+1, E—CyA\ Y2, (92 —C2
with Cy := (V14 C. + Cb)_l. From Assumption 1.1(4) we conclude that
Rea (u,u) = /Q (AVu, Va) + Re ((b, Vu) @) + ¢ |ul? (3.4)
_ /Q (AV0, V) 4+ 2 (b, (juf)) + cluf’
= /Q (AVu, Va) + (—%divb+c> |ul?

Assumpt. 1.1(4) 9
> (min ”quL?(Q)

holds. Since u is an eigenfunction corresponding to A and ||ul| 2 g, = 1 we obtain

~1/2
IVull 20y < apin”v/Rea (v w) = V/(Re A) faumin. (3.5)
Plugging these quantities into the estimate in [21, Theorem 5.3.10] we get
n+2
[V 20| oy < O™ 2 max {n, /IN}

where C' only depends on the constants Cy4, Cy, Ci, Y4, Vo5 Ve Cry Iy Gmin- As explained
in [21, Remark 5.3.11] the coercivity assumption which is imposed in [21, Theorem 5.3.10] is
not required for this estimate. The proof of [21, Theorem 5.3.10] covers only the case d = 2.
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However, the only part therein, where d = 2 (instead of general d) is used explicitly, is the
mapping lemma [21, Lemma 4.3.1]. Inspection of the proof shows that the case d = 3 can be
handled analogously (see [22, Lemma C.1]).?

The case |A| < 1 is even simpler because we consider directly

—&?V - (AVu) + (b, Vu) + (c — N u = f in Q with ul|y,=0

where f = 0 and € = 1. By repeating the steps in the first part of the proof with coefficients
b="0,¢=c— X\ with |\| <1 we obtain

[Vt < C(nK)""2.

u”L?(Q) =
[ ]

Theorem 3.2 Let the assumptions of Theorem 3.1 be satisfied. Let u be an eigenfunction
of (1.2) corresponding to an eigenvalue A (normalized to ||ul| 2y = 1). Then, there evist

positive constants Co, C3, o, and sufficiently small Cy > 0 independent of h, A, p such that for
all h, p which satisfy

kh/p < Cy with k := /||

there exists a finite element function ug € S such that

Coh \* Eh\?
sz (8 4 (],

2 2
lollye = /10120y + 2 1012y

where

Proof. In [22, Proof of Theorem 5.4, formula (5.9)] the approximation of some analytic
functions is investigated. However, the conditions on the functions there differ slightly from
(3.3) and, hence, we have to adapt the analysis accordingly. In view of (3.3) we will consider
functions which satisfy

V™| r2(0) £ CK™ max{n, k}" Vn € Ny (3.6)

for some constants C, K, k > 0. Let

V" 0][7
C2 = ) (3.7)
T;NO (2K max {k,n})?"
The combination of (3.6) and (3.7) yields
Z C? S and (trivially) it holds ||V"v||12(r) < Cr (2K max {k,n})". (3.8)

TEG

We employ (22, Lemma C.1] for functions which satisfy the second estimate in (3.8). We
conclude that the pullback @, := v|_ o R, on 7 := R;'(7) satisfies (for suitable constants

3Methods for discretising eigenvalue problems in cases where the spatial dimension d is large are presented
n [14].



C, C' which depend additionally on the constants in Assumption 1.2 and Definition 2.1) the
estimate R 3 n
V"5, | 2y < CC- (C’max{k,n}) .

Since F2fine is affine, the function o, := v|_o F, = @, o Ffn°® satisfies
V" 0: | 12z < CC-R™?C"R" max {n, k}"  Vn € Ny,

Hence, the assumptions of [22, Lemma C.3| are satisfied and we get from [22, (5.9)] and the
first estimate in (3.8) the existence of a finite element function vg € S such that

() ) ) e () (e ()]

By choosing h, p such that

4
v — US”%,JC < 502

kh/p <1
Coh \" (KR’
lv —vsllix < Cs {(hig) +k(0_p> ]

4 Convergence Analysis for the Selfadjoint Case. Error
Estimate for the Eigenvalues.

we obtain

The a priori analysis for elliptic eigenvalue problems is classical (see, e.g., [25], [6], [7], [1],
[13]) and convergence rates for the finite element method are proved provided the mesh width
h is fine enough. In this section we will consider the selfadjoint case, i.e., the sesquilinear
form a; in (1.3) is zero so that a = ag. For this case, sharp error estimates for Ritz values
and Ritz vectors are proved in [16], [11], [18], [23]. We briefly recall and combine them with
the regularity and approximation properties derived in the previous section.
The eigenvectors are denoted by e; and the normalization is chosen so that (e, €m)0 = dpm-
Note that this implies
a(en,em) = An (€n,€m)y = Andnm. (4.1)

The finite element discretisation (2.1) has eigenvalues
Asi < Ag2 < ... < Agn,
where N :=dim S and the corresponding eigenvectors are denoted by eg,, 1 <n < N.

Theorem 4.1 Let Assumption 1.1 be satisfied with b= 0. Let U, ; and d* be defined by (3.1)
and (3.2). Then

M= -
0< - < d* (U, S). (4.2)
J

If a2 (U14,S) <1 for somel < j<dimS then

A=\ < d* (U, S)

0< < = .
Aj 1 —d? (U, 5)




The proof is a combination of [11, Chap. 9, § 2, Theorem 1] with [18, Corollary 2.2] (see
also [25], [16]).

Corollary 4.2 Let the Assumptions of Theorems 4.1, 3.1, and 3.2 be satisfied.

ros9 ey (SR (A7)

2. If we assume (in view of (1.7)) that there is a constant Cy independent of j such that

1. Then,

J < CaA d/2 (4.5)

then,

- VAR cc
? o) < ar ' = .
d (ULJ7 S) ~ C4)‘J <h i 0_) < with 04 min {)\1’ 1} (4 6)

3. Let (4.5) be satisfied. By choosing the discretisation parameters h and p according to

VNh o Gh 2
ng <e 4 o Se 44 p>log ((404)d>\j),

then, for sufficiently large \;, the upper bound in (4.6) is bounded by 1/2 and the error

estimate
0NN g OC VAR
- )\j - min{)\l,l} J h+0'

holds.

4. Let (4.5) be satisfied. For p=1, the condition on h such that d* (Uy;, S) < 1/2 is given

by
2
d/‘*(\/ h) Lo e % (1, & 47
\/_ 5 we 5 min{)\hl} 0'2 + )\1 ( ’ )
Proof. ad 1) Note that Assumption 1.1 implies that 0 < A\; < A; for all j € N. Hence,
co llvll; < vl Yo € H' (Q) with ¢ := min {1, A\ }.

In view of (4.3) we have to estimate the quantity d (Uy;,S) (cf. (3.2)). Let (e;)]_, denote
the eigenvectors as in (3.1) which are orthonormal in L? (Q2). Hence, by using the previous
Theorem, we get (with k; := v/[A;] and ||e;]|; > ev/A;, where ¢ := (nax {amax, Co}) %)

Coh

1= Qa)ell, €y (F28) + i (

kb \P
< L3 Up) < % ]{7_1 Cgh P i kzh P
llesll ~ coC k; O h+o op ’




The quantity d? (U1 ;, S) can therefore be estimated by the right-hand side in (4.4).
ad 2) This is a trivial consequence of part 1 and (4.5).
ad 3) The assumptions on A and p imply

d/Q \/)\jh 2 d/2 d d/2 —%10g((404)t_21)\j)

The estimate of the first term in (4.6) is just a repetition of the previous arguments.

ad 4) For p =1, we get from (4.6)
& (Uy;,S) < CIAT2p2,

and (4.7) follows. m

5 Convergence Analysis for the Selfadjoint Case. Error
Estimate for the Eigenfunctions

In this section, the error of the eigenfunction approximation will be estimated. We assume
throughout this section that Assumption 1.1 (with b = 0) and Assumption 1.2 are satisfied
so that — as a consequence of the Riesz-Schauder theory — the compact solution operator
T : H} (Q) — H} (Q) is well defined via

a(Tu,v) = (u,v), Vo€ H(Q). (5.1)

Note that the eigenfunctions of 7" and (1.2) are the same and the eigenvalues p of T and A of
(1.2) are reciprocal to each other.

Assumption 1.1 implies the Riesz-Schauder theory: The spectrum o (a) of (1.2) is countable
with infinity as the only possible accumulation point. All elements A € o (a) are eigenvalues.
The dimensions of the corresponding eigenspaces

E (X a) :==span{u: (A, u) is an eigenpair of (1.2)} (5.2)

are finite.
For the error analysis, we consider the continuous problem in the form Tu = pu The
discrete version is formulated in an analogous way by introducing the operator T : S — S by

a(Tsu,v) = (u,v), Yu,v € S

and by considering the eigenvalue problem Tsu® = p°u®. Note that Assumption 1.1 (with
b = 0) implies that all continuous and discrete eigenvalues are positive. The eigenspace
corresponding to a continuous eigenvalue p is E (1, T) C Hj () and Es (1, Ts) C S is the
eigenspace corresponding to a discrete eigenvalue p°.
For simplicity, the following convergence theorem covers only the case that all eigenvalues
of T have multiplicity 1, i.e.,
py > g > ... > 0. (5.3)
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Theorem 5.1 (Saad) Let (5.3) and Assumption 1.1 (with b = 0) be satisfied. Let (u;,u;),
1 < j < dimS be the j-th eigenpair of Tu; = pju; with normalization ||ujl|, = 1. Let
djs = min{|uj —p®| S €0 (Ts)\ {uf}} Then, there exists some u; € Eg (uf,Tg) such

that ”
(I — Ps)TPs|f:_ .
Huj—ule < <1+ 1l 11)2£||uj—v||1, (5.4)

a2 g
where Ps denotes the a (-, -)-orthogonal projection onto S.

For a proof, we refer to [24, Theorem 3]. The restriction to simple eigenvalues for the
eigenvector error estimates is quite strong. The error estimates have been generalized in [17]
and [23] to the case of multiple and also clustered eigenvalues.

Estimate (5.4) only makes sense if d; ¢ > 0. This condition can be replaced by a stronger
condition which employs the error estimate for the eigenvalue approximation. From the
max/min principle we conclude that p < ;.

Corollary 5.2 Let the Assumptions of Theorem 5.1 be satisfied and let 1 < j < dim S. If
j > 1, let the finite-dimensional space S be chosen such that

~ LA — Ao
d? (Uy; 4, 8) < =22 2— 5.5
(1,317)_2 y (5.5)
1. Then,

1/2

(I — Ps) TPslf._ .
Huj—ule < <1+ 5 11 Ql)Ielg”uJ -, (5.6)

J
where! v
§; == min 227 with j, = max {j,2}.

i€ip g1} 221

2. Let Assumptions 1.1 (with b = 0) and Assumption 1.2 be satisfied. Further let the
assumptions of Theorem 3.2 be valid. Then,

||“J

. S” hmm{p?} \/_h
—1<C<1+C > Afl/Q( )
||uj||1 5] ’ h+o

3. Assume in addition (cf. (1.9)) that

§; > egh; T, (5.7)

Then,

Huj J||1 1+d/2 ; min{p,2} -1/2 \/_h
=4 < (1+C)\ pmin{p ) A (h+a> (5.8)

[l

4Note that §; is independent of the discretization.

11



Proof. We give the proof only in the case j > 1, because the case j = 1 is a simplified
version thereof.

ad 1) Part 1: Condition (5.5) implies p§ ; > ;.

This follows from (5.5) via

OV
Mf_l B Al L B L (Mj—l - Mf_l) = Hj-1— Hj — >‘j—11 (;)\%
j—1

(4.2) Ni— N - Ni— A
> L (2T 22U S) ) > 2 S .
Part 2) Proof of (5.6).
The min/max principle implies y; — uf 11 > Mj — pj+1 and, hence, part 1 yields

A = A1 Aja — Aj}
2)\]')\]'_1 ’ )‘j)‘j-i-l ‘

djs > min {N}q—l — My, H§ — Mj+1} > min{
ad 2) Standard approximation properties for finite element spaces imply
I(I = Ps) TPsull,_, < Ch™"P2

from which the estimate of the first factor of the right-hand side in (5.6) follows. The combi-
nation with Theorem 3.2 yields the assertion.
ad 3) The third part follows from part 2 and (5.7). m

6 Conclusions

In the following we will discuss different choices of A, h, p and their implication. For simplicity
we assume that Ng := dim S satisfies Ng = O ((p/h)d).
1) Possible choices of hy and p so that the right-hand side in (5.8) is < 1 for A < hy.

(ho, p) (A;B‘F,l) (A;%ﬁ,z) ()\;5_#,3) (02; /108,108 ;)
v LoGF [o(F [o(F) ] ofes)

where a > 0 depends only on ¢ and d. We see that a minimal finite element space S
which has the property that the relative eigenfunction error is (starting to be) below 100%

is characterized by the choices p ~ logA\; and i ~ a)\j_l/ 2 log \;. Afterwards, any reasonable
strategy for enriching the finite element space (h version, p version, adaptive hp version —
depending on the elliptic regularity) will exhibit its textbook convergence rate.

2) In the analytic case (Assumptions 1.1, 1.2) it is most preferable to employ a p-version
of the finite element method (for sufficiently small mesh width k) because, then, the error is
converging exponentially.

Remark 6.1 Nowadays, a posteriori error estimates for finite element discretisations are
popular (see, e.g., [10], [19], [15], [12]), [9], [5]). Also here, the question of the minimal
dimension of a finite element space plays a role (and is still open) especially when computing
higher eigenvalues and corresponding eigenvectors.
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Systematic numerical experiments have been performed and published in [2]. They clearly
show that the dependence of the minimal dimension of the finite element space S on A, J, and
h (such that the relative eigenfunction error is smaller than 100%) is visible also in practical
computations.

Acknowledgements. The author is thankful to an anonymous referree whose suggestions
lead to an improvement of the paper.
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