THE COMPOSITE MINI ELEMENT

COARSE MESH COMPUTATION OF STOKES FLOWS ON COMPLICATED DOMAINS

DANIEL PETERSEIM AND STEFAN A. SAUTER

ABSTRACT. We introduce a new finite element method, the composite mini element,
for the mixed discretization of the Stokes equations on two and three-dimensional do-
mains that may contain a huge number of geometric details. In standard finite element
discretizations of the Stokes problem, such as the classical mini element, the approxi-
mation quality is determined by the maximal mesh size of the underlying triangulation
while the computational effort is determined by its number of elements. If the physical
domain is very complicated, then the minimal number of simplices, which are necessary
to resolve the domain, can be very large and distributed in a non-optimal way with
respect to the approximation quality. In contrast to that, the minimal dimension of
the composite mini element space is independent of the number of geometric details.
Instead of a geometric resolution of the domain and the boundary condition by the fi-
nite element mesh the shape of the finite element functions is adapted to the geometric
details. This approach allows low-dimensional approximations even for problems with
complicated geometric details such as holes or rough boundaries. We prove its linear
(optimal order) approximability and its inf-sup stability. Further, we will be able to
control the nonconformity in the space without increasing the space dimension in such
a way that the a priori error estimate

= a5 Bl

holds. Thereby, in contrast to the classical methods, the choice of the mesh size
parameter h is not constraint by the size of geometric details. In addition, it turns out
that the method can be viewed as a coarse scale generalization of the classical mini
element approach, i.e. it reduces the computational effort while the approximation
quality depends on the (coarse) mesh size in the usual way.

1. INTRODUCTION

The motion of a viscous incompressible fluid in a bounded, connected Lipschitz domain
Q C R? d € {2,3), can be described by a velocity field u : @ — R? and a pressure
distribution p : Q — R% which fulfill the Stokes equations under the standard Dirichlet
boundary condition

—Au+Vp = f

diva — O} in Q, u=0 on 0, (1.1)

where f : Q — R? is a given force density. Problem (1.1) has been studied in detail, both
analytically and numerically in the literature. A wide range of finite element methods for
the numerical approximation of (1.1) has been developed. In principle, these methods
can also be applied to flow problems on very complicated domains 2 that arise, e.g.,
in environmental modeling or life sciences. However, the standard requirement that the
underlying finite element mesh has to resolve the domain couples the minimal dimension
of the finite element space with the number and size of geometric details, e.g. rough
boundaries or holes. Such a complicated domain €2 is depicted in Figure la, a coarse
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(a) Model domain €. (b) Solution velocity (black= 0, white= 1).

F1GURE 1. A model problem: Stokes flow on the unit square with 100 ran-
domly distributed circular holes (r = 0.005), an Dirichlet-inflow boundary
(cf. Figure 2a) and two Neumann-outflow boundaries, f = 0.

triangulation of € is depicted in Figure 3a. This triangulation is a minimal subdivision in
the sense that further coarsening can only be performed by violating the shape regularity
condition (cf. (2.6)). The application of standard finite elements (cf. Section 2) with
respect to the depicted triangulation leads to a satisfactory approximation of the corre-
sponding Stokes flow depicted in Figure 1b. However, the gain of putting a huge amount
of freedom into the boundary region might be only small since the error is still mainly
determined by the maximal mesh size. The use of coarser unfitted meshes is not satisfy-
ing either since the solution of the model problem behaves critically on perturbations of
the model domain as it can be seen in Figure 2. That means that a simplification of €2
(allowing coarser subdivisions) typically will lead to poor approximations. In this paper,
we will define a method that allows the low-dimensional discretization of such types of
problems while the convergence rates (w.r.t. the mesh size) are preserved. The main idea
is to adapt the shape of the finite element functions instead of resolving the geometric
details by the finite element mesh. This composite mini element belongs to the class of
composite finite element methods which have been introduced to Poisson-type problems
and to problems in linear elasticity ([12], [17]). Here, we will generalize composite finite
elements to the Stokes problem. Thereby the following difficulties have to be overcome:

(a) The definition of the composite mini element based on new extension operators of
finite element functions for Dirichlet, Neumann, or slip-type boundary conditions.

(b) Analysis: Proof of convergence and discrete stability.

(¢) Complexity analysis.

Related approaches in the literature can be found for instance in [2|, where unfitted
meshes are used to approximate elliptic equations with Neumann boundary data. Alter-
native approaches in [13], [24] and [1] are not restricted to Neumann conditions. How-
ever, the introduced coarse spaces are still coupled with the geometry and the major
goal lies in the efficient solution of fine-scale discretization ([24] and [1]). In contrast to
our approach, the asymptotic convergence order of the underlying discretization is not
preserved on coarser meshes. In cases where the geometric details are distributed peri-
odically over the domain, homogenization-based approaches to solve Stokes problems on
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(a) Inflow velocity of (b) Outflow velocity of (c¢) Outflow velocity of (d) Outflow velocity

the model problem. the model problem. the model problem with of the model problem
a different random hole  without holes.
distribution.

FIGURE 2. Consequences of simplification or perturbation of the model
problem introduced in Figure 1 on the outflow behavior: Velocity compo-
nents (21 solid, x9 dotted) on {0} x (0,1) and on {1} x (0,1) for different
domain modifications.
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(a) Triangulation 7 with dark-shaded inner (b) (0.8,1) x (0.25,0.45)-section of Figure
zone T4 (#79°F ~ 1000).

w

a.

FIGURE 3. Shape regular triangulation 7 of the model domain 2 from
Figure la resolving the holes as well as the in- and outflow boundaries:
max. mesh size ~ 107!, min. mesh size ~ 1073, regularity constant ~ 2,
number of triangles ~ 9000.

complicated domains provide a powerful machinery to construct problem-adapted finite
element spaces (see, e.g. [8], [6]). In contrast, composite finite elements do not require
any periodicity assumptions on the geometry.

The paper is organized as follows. In Section 2 we recall the classical mini element for
the weak formulation of the Stokes problem. Then, in Section 3, we define the composite
mini element space. Its convergence analysis is the topic of Section 4 while the final
section is devoted to numerical experiments.
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2. THE WEAK STOKES PROBLEM AND THE CLASSICAL MINI ELEMENT

We first introduce some basic notation. By W;'(€2) we denote the Sobolev space of
LP-functions with weak derivatives up to order m € NU {0} in LP(Q2), p € NU {o0}. In
the special case p = 2, these spaces are Hilbert spaces and denoted by H™(2). We will

write
) for the norm (seminorm) in W7*(€2),

‘ for the norm (seminorm) in H™(2),
and (), 0 for the scalar product in H™(2).
We will use bold letters for the function spaces if their elements are vector valued.

The Sobolev space that contains the velocity fields of Stokes flows with homogeneous
Dirichlet boundary condition is denoted by

H} (Q) := {ue H'(Q): u[yq =0 in the sense of traces} .

The associated pressure space is L3 (Q) := {p e L2(Q) : Jop = 0}. For a given right-
hand side f € H™1(Q) := (H} (), the weak formulation of (1.1) reads: Find a pair
(u,p) € HY () x L3 () such that
a(u,v) +b(v,p) = (f,v)gq, VveHQ),
b(u,q) =0, Vg € L ().

The bilinear forms a : H' (Q) x H' () — R and b : H'(Q) x L?(Q) — R are defined by

(2.1)

a(u,v) := 2/QDu :Dv, Du:= 3 (Vu+ (Vu)"), b(v,q):= —/quivv. (2.2)

Both bilinear forms are continuous and, due to Korn’s inequality (cf. [9] and [14]), the
bilinear form a is coercive with respect to H(l, (Q), i.e., there exists a > 0 such that

a(u,u) > aHuHiQ Vu e Hy(Q). (2.3)

The coercivity constant « depends only on the diameter of €). The bilinear form b fulfills
the inf-sup condition ([10, Lemma 3.2|):

inf sup b(u, p)

T > 3> 0. (2.4)
0£pELF(R) 0£ueHL(Q) Hu”m HpHO,Q

It is well known from the framework of mixed variational problems (cf. [10]) that
coercivity (2.3) and stability (2.4) are sufficient conditions for the unique solvability
of problem (2.1). If the solution has additional smoothness properties, i.e. (u,p) €
(HY (Q) x L§(2)) N (H2(2) x H' ()) then (cf. [21]) there exists a constant Cyeg such
that

hally 0+ [lplly o < Creg[£llo - (25)

We recall the approximation of the weak solution by the classical mini element (see,
e.g., [4]). Its basis is the subdivision of the physical domain € into simplices, which
can only be performed in an exact way if €2 is a polyhedron. In the general case, ()
needs to be approximated by a polyhedral domain Q7. Let 7 := {T;: 1 <i < N} be
a subdivision of Q7 consisting of (closed) simplices. The mesh size of 7 is denoted by
h := maxpecr diam(T). Any two different simplices are supposed either to be disjoint or
to share exactly either one face or one side or one vertex. We will refer to © as the set
of vertices of 7 and to 00 := © N Q7 as the set of boundary vertices. Furthermore, 7°
is assumed to be shape-regular, i.e., there exists p > 0 such that

diam(BT)

> vT €T 2.6
diam(T) = €4 (2:6)

PT =
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where Br denotes the largest ball contained in 7. Based on the triangulation 7 we
define the space of continuous piecewise affine functions

Sr={velC’(Qr)|VT €T : v|; €P}. (2.7)

In order to fulfill the discrete analogue of the inf-sup condition (2.4) the velocity space
has to be enriched by simplex bubble functions, i.e.,

Br=span{yr: T €T}, vyr:=(d+1)"" ] A, (2.8)
yeV(T)

where V(T') denotes the set of vertices of a simplex 7" and Ay, y € V(T'), its barycentric
coordinates. The unconstrained mini element space on 7 is given by

X7 x M7 = (ST D BT) X ST, (2.9)

where bold letters mark vector valued spaces. For problems with homogeneous Dirichlet
boundary condition, the mini element space is given by

Xg— X Mg := ({V €St ’ V‘a@ = 0} EBB']') X ST. (2.10)

{vesr| V‘@QT =0}

If Q = Q7 then the mini element space X% x Mz is conforming, i.e. X% C H§(Q). A
pair (u,p) € X% x (M7 N Lg(Q)) is called the mini element approximation if it fulfills
the discrete variational system

a(u,v) +b(v,p)=(f,v)gq, VVE X9,

b(u,q) =0 Vg e MrNL3(Q).

It is well known that, if the continuous solution satisfies (u*,p*) € H™"(Q) x H" () for
some 1 € (%, 1], the resulting method fulfills the following a priori error estimate

ol 0"~ Bl < @.12)

where C' > 0 is a constant that is independent of h, u*, and p*. As already mentioned
in the introduction, estimate (2.12) indeed reflects the error but not necessarily the
computational effort, namely the dimension of the finite element space. Our focus is on
problems with different scales in the geometry, i.e. the domain contains parts that can be
resolved by coarse meshes, and, in addition, (a huge number of) small geometric details.
The standard (domain resolving) mini element has two disadvantages for problems of
this type:

(2.11)

(1) In practice, one is often interested in a moderate accuracy that cannot be achieved
at a moderate effort if the mesh has very fine parts in order to resolve the geom-
etry.

(2) The mesh density of coarse shape regular triangulations of complicated domains is
determined by the geometry and not by the smoothness properties of the solution.

The composite mini element allows a flexible handling of multiple scales in the geometry
and coarse mesh computations even on very complicated domains.

3. THE COMPOSITE MINI ELEMENT

In this section we define a new mixed finite element for the Stokes equations, the
composite mini element (CME). It decouples the minimal space dimension of the ap-
proximation space from the domain geometry. In the classical finite element methods
this coupling is due to the fact that the boundary condition has to be incorporated in
the space, which usually leads to boundary concentrated meshes. The simple idea is now
not to use every vertex of the mesh as a degree of freedom as it is usually done but
to assign degrees of freedom only to nodal points at a proper distance to the boundary
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and "smear" the shape functions to the boundary by taking the Dirichlet condition into
account. To increase flexibility we will use an overlapping triangulation 7, i.e.

QCQr :zint(U T>.1

T€T

We define shape functions depending only on a subset of nodes of 7 ; the remaining nodes
are slave nodes. The latter are used to adapt the shape of the composite mini element
functions to the complicated zero boundary. We split the triangulation into two disjoint
submeshes, a coarse (inner) part 79°f and a possibly refined (boundary) part 7512¥¢ (see
Figure 3):

T =TT, P#Qrur:= |J TCQ
Te']'dof

Accordingly, the set of vertices © is decomposed into © = @%°f U @327 where ©%f s
set of vertices of 79°f and @2 := @ \ ©4f. The common vertices of 79°f and 7slave
have been put into ©%f and the degrees of freedom will be associated with ©@9°f. We
refer to the vertices in ©%2Y® as slave nodes since later, the values therein are defined
via extension from the inner degrees of freedom toward the boundary conditions. This
approach reduces the number of unknowns in the finite element discretization of the
problem to the order #79°f compared to #7. Thus, the local mesh refinements located
in the slave part of the mesh do not affect the space dimension. This technique will turn
out to be very efficient for problems on domains with rough outer boundaries and (or) a
moderate number of holes (see 3). The crucial point in the definition of the composite
mini element space is the choice of suitable extension operators for the pressure as well
as for the velocity.

3.1. Construction of extension operators for finite elements. First we assign a
closest boundary point X € 9§ and a closest inner simplex Ty € T9f to every slave node
x € @slave by

x — X € arg inf dist(x,y), x> Tx € arg min dist(x,7T). (3.1)
yeof TeTdof
Both mappings are illustrated in Figure 4. They can be computed easily in a preprocess-
ing step, for instance during the assembling of the triangulation (cf. [11], [16]).

3.1.1. Pressure exrtension. Pressure test functions ¢ € Syaor, defined on the inner mesh
Tf are extended to Q7 by

EP: Srat — S7,  (EPq)(x) := { a(x) x €O (3.2)

() xe et

where g7 denotes the affine extension (extension by itself) of g|7 to R?. The operator EP
is well defined since its image is supposed to be a subspace of St.

3.1.2. Velocity extension. We will use a modification of EP for the extension of the ve-
locity which takes into account the homogeneous Dirichlet boundary condition (cf. [17]):

u(x) vx € @df

ur, (x) —uz (X) Vx € @slave, (33)

E%:Srat — S7, E%(x):= {

IThis inclusion condition can be relaxed in the sense that triangulations are allowed if the errors
arising from the domain approximation are negligible.
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(a) The choice of closest boundary point and (b) Inner simplex T with its domain of influence
closest inner simplex. T5'%v° (black bordered). The hatched subset de-
: T-slave
picts 77 2v€.

FIGURE 4. Illustration of a part of a composite mesh 7 with dark-shaded
inner part 79°f,

Note that (Eou) (x) = 0 if x € 99 and that only the linear part of a mini element
velocity field is extended. Using the mean value theorem, (80u) (x) can be rewritten in
the following form

(%) (x) = (Vug,)(x — %), Vx € ol»e, (3.4)

where u = (u!,...,u?)T and Vur, is the (constant) Jacobian matrix of u on Tk.

3.2. Space definition. The composite mini element space is defined as the image of
the mini element space on 79°f under the linear mapping ECME that is composed of the
previous extensions:

8CME : XTdof X MTdof — XT X MT, (uS + uB,p) — (80us + uB,gpp). (35)

Thereby, the bubble part u” € Brar of a velocity field u = u’ +uf, u e Srdof, 1s

simply extended by zero. The operator ESMF is injective, since functions are not changed

on 7%f, If any two elements of X aot X Myaor are different, so are their images. Finally,
the composite mini element space is defined by

XME 5 MPME = EME(X 1a0r x Myaor) € X7 x M.

Note that, in general, the composite mini element is nonconforming because the Dirichlet
boundary condition is satisfied only in an approximate way. This nonconformity can be
controlled in an a priori or, respectively, in an a posteriori way by the local mesh size
in the near boundary zone 752, Note that there is no nonconformity arising from the
pressure part of the space. A pair (u,p) € Xg—ME X (MgMEﬁL% (Q)) defines the composite
mini element approximation if it fulfills the discrete variational system:

a(u,v)+b(v,p) = (£, v)o’ﬂ, Vv € Xg—ME,

b(u,q) =0 Vg e MSMENLZ(Q). (36)
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4. A PRIORI ERROR ANALYSIS

In this section we will present the main theorem on the convergence of the composite
mini element method. Our results are based on the general mixed theory presented in
[10] and [4]. The main steps are the investigation of the approximation properties as well
as discrete coercivity and inf-sup stability.

4.1. Approximability. First, we show that H%)(Q)- functions can be approximated
by the velocity part of the composite mini element space. Usually, a piecewise affine
interpolant Z7 with respect to the mesh 7 is used to prove this property. However, this
is not possible in our situation because the simplices in 752¥¢ do not contain degrees
of freedom. We will use the extensions of the affine interpolants Zzd.r on the inner
mesh 79 instead. Therefore we may apply standard interpolation results on 79°f. The
approximation quality of the proposed method will depend on the choice of 79°f and the
following two constants

T dist (¢, 092)

dist(x, T:
c7 = max T dist (x, T)
teTslave dlam(t)

d C;) = 4.1
an 2 xé%%l}a(ve diam(Tx) (41)

will enter the convergence estimates. We suppose them to be moderately bounded. An
algorithm for the generation of meshes such that (4.1) holds is presented in [16]. It is
well known (cf. [5, Theorem 16.1]) that, for an arbitrary simplex 7 C RY, d = 2,3, with
regularity constant pp, there exists a constant Ciny = Cint(m, p, d) such that

vu € H3(T), (4.2)

. d ,  d
ju—Tral,, < 2 dian() I,
) pT ’
where m € {0,1} and 1 < p < oo, provided W;*(Q2) C H2(Q) 2. Zru € P1(R?) denotes
the linear interpolant of u in the vertices of T. The subsequent lemma analyzes the
approximation quality of Zpu in a neighborhood of T. A basic tool proof is an inverse
estimate of the form

2\, (5-m) d

‘q|m7p7T < P_T hT HqHO,oo,T VQ € Pl(R )’ (43)
where m € {0,1} and p € NU {cc}.
Lemma 1 (Neighborhood property?). Let T be an arbitrary simplex with regularity con-
stant pr, t be an arbitrary simplex with reqularity constant ps. Let the ratio of the
diameters of t and T be denoted by Csie and the distance between T and t relative to the
size of T' by Claigt, t-€.
diam(t)
diam(T)

dist(¢, 7))

Crige = diam(T) ’

and Cgst =
Furthermore let u € H2(COHV(TUt)) and let Iru € P (R?) denote the affine interpolation
of u at the vertices of T'. Then, form € {0,1} and 1 < p < oo, provided W;'(2) C H(Q),
there ezists a constant Cpp = Chp(Cint, d, Csize, Caist pt, pr) > 0 such that

|’U, — ITu|m7p,t < Cﬂp dla‘m(T) (2_%) dlam(t) <%_m) |u‘27COHV(TUt) ’

2The condition W7 (Q) C H?(R) restricts the choices of m and p depending on the dimension d. The
combinations of m and p that will be useful later ((m,p) € {(0,2), (0,00),(1,2)}) are allowed in two as
well as three dimensions.

3A less general two-dimensional version of this lemma has already been given in [17].
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conv(T'Ut) =t

FIGURE 5. Two typical situations for the simplices ¢ and 1" from Lemma 1.

Proof. Let Tyu € P1(R?) denote the affine interpolation of u at the vertices of t. We
define hy := diam(t) and hy := diam(T'). The use of triangle inequality, (4.2), and (4.3)
lead to

‘u - ITu‘m’p’t < ‘u - Itu|m7p7t + |Itu - ITu‘m,p,t
C 2_d+é_ 9 m d__
< G (3) il 0

Note that HZtU—ITUHO o = MaAXyey () |Zu(x)—Zru(x)|. We will relate the interpolates
with respect to T" and ¢ b7y constructing a simplex 7 that contains an arbitrary but fixed
x € V(t) as a vertex while the other vertices are taken from V(T'). More precisely, we
chose 7 out of the d + 1 simplices collected in the set

A= {7|7isasimplex, x € V(r), V(7)\ {x} C V(T)}.
There is at least one 7 € A (cf. Figure 5) that fulfills
1 4
lTnT| > mm. (4.5)
Since 7 NT is again a simplex, we can use HERON’s formula to derive

_dlTnT] S 1 dr| 1
lo(rnT)| T d+1]or|  d+1

diam(BT) > diam(BmT) diam(BT) ;

where, again, B; (resp. B;ar) is the maximal ball contained in 7 (resp. 7N T). For this
choice of 7 we get

PT
d~+1)(1 + Caist + Csize)

diam(T) < (1 + Cdist + Csize)hT7 Pr > ( (46)

4Inequa1ity (4.5) is sharp if T is a regular simplex and x its midpoint.
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Fory e V(r) \{x} = (V(r) N V(T)) and a Taylor expansion argument, we get
| Tyu(x)—Zru(x)| = |Zru(x) — Zru(x)|
= ‘ITu(y) —Iru(y) + V (Zru — Zyu) - (x — y)!

(2 =)
< |V (Zru = Ipu) | diam(7) < |V (Zru — Zru) | |T]? hy

(4.6),(4.5) (1 _4d _d
<IN Tyl S (1Tl - Tl )

(4.2) 1—4 . (4.6) o_d
< (@ian() ) ol ) S 08 g 47

Plugging (4.7) into (4.4) finishes the proof. Devoting more effort to the estimation of the
constants (see [15]) leads to

4(d +1)2 iy (

1+4
p%”p(T )

_d
C’np < 0(2 2) + (1 + C’dist + Csize)3> .

size

O

Next, we will show that an arbitrary H?-function u, which will be fixed throughout

this section, can be approximated sufficiently well by &° (ITdofu) € XgME, i.e. by the

extension of the piecewise affine interpolation with respect to 79°f. Since in general
Q C Qr, it will be useful to extend u to the larger domain Qp. It is known that, if  is
bounded and Lipschitz, there exists a continuous, linear extension operator € : Hk(Q) —

HF(RY), k € Ny, such that
Vuec H(Q): ¢ulg=u and HQ‘EuHHk(Rd) < CeXtHuHHk(Q)’ (4.8)

with a constant Cexy depending only on k and Q (cf. [20]). It is worth noting that for
domains containing a large number of holes and a possibly rough outer boundary, there
exists an extension operator with moderately small norm Cey under mild assumptions
on the geometry. For all details including the characterization of the class of domain
geometries, we refer to [18]. In the following we always identify u with its minimal
extension ®u without mentioning this explicitly. For T' € 79°f the approximation results
are obvious corollaries of the classical interpolation estimate (4.2). We will concentrate
on the boundary region 752, Its elements can be grouped according to their closest
inner simplices. For T' € T9f we define the set of slave simplices by

TP = {t e T | Ix € V(t) : Ta =T} C T,

T;lave is empty for all simplices that do not intersect 9Qraot. A simplex T € 79 with

’T:ﬁlave # () is called extrapolation simplex and T:ﬁla"e its mesh of influence. Additionally,
we fix the subsets of 752V which are exclusively influenced by a single element 7' € 7 9f

by

T i= {te T | vx e V() « T =T} C T™™
An example is depicted in Figure 4b. As a first step for the H! approximation result we
prove a local L>®- estimate. Due to the extension £° the estimate with respect to a slave

simplex t cannot be local in the sense that it depends only on the H?-norm of u on t.
Therefore we introduce neighborhoods of slave simplices

wy = U <TU U ), teTsave,

TeTdof ; teTslave TeTHav
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and neighborhoods of extrapolation simplices

W = th, T € T,

teT;lavc

Lemma 2. There is a constant C = C(Cip, p, ClT,CQT,d) > 0 that does not depend on
u such that

17(2-%)
Hu — gOITdOquO,oo,t <C [(dlam(t) (d—l)h) d:| 2 ‘u|2’wT’ Vit € Tslavc‘

Proof. For t € T52V¢ Jet by := diam(t) and Zyu denote the affine interpolant of u at the
vertices of t. Then

[u— 501'7doqu007t < ju- ItuHoo’t + || Ziu — SOZTdoquOO7t. (4.9)

A bound of the first term in (4.9) is given by (4.2). It remains to bound the second term

in (4.9) or, equivalently, [u(x) — £°Zraru(x)| for x € V(t). We construct a simplex 7

(that does not necessarily belong to 7 (see also Fig. 6a)) with the following properties:
(1) x e,

(2) x is a vertex of T,
1

(3) hy = diam(T) € (’)(ht (%)2), pr > pand 7 C wy.
1
Due to (2.6) and (4.1) such a simplex always exists. The choice h, ~ hy (%) * is made
in order to minimize the bound of the pointwise error (see (4.11) in this proof). Let the
closest inner simplex according to x be denoted by Tx and let its diameter be denoted by
hr, = diam(Tx). Let Z; and Zt, denote the affine interpolation operators corresponding
to 7 and Tx. Then we get

=V (Zru)-(x—X)
£ racru(x) — u(x)| 2 [VIru- (x - %) — Zux) - Zu(x) +Zu(x) —u(x)|
=0
< |V (Zr,u—TZru) - (x = X)| + [ux) — Zru(x)| (4.10)

(4.1),(4.2) _d
ShelTr—Tol|, o+ 2 ),

(4.3) _d
S Tl

h _d
<3 (17— ully o+ = Zouly )+ 52,

2-4)

L1,(4.2) hthf(p 2 (1-2) (2-2)

5 |: hT + hthT ’ + h’T ’ :| |u|2,conV(TU7’) ) (411)
The choice of the diameter of 7 as in 3. leads to the assertion. O

Lemma 3. Let m € {0,1}. There is a constant C = C(Cins, p, ClT, CQT,d) > 0 such that
[~ E°Zzaurul],,, < Ch(E) diam(t) 7" D(u], . v e T
Proof. We separate the linear part of the error by the triangle inequality to estimate:
lu— 501'7dofu‘m’t < |8OITdofu - It(u)‘mt + | Ze(u) — u‘m’t
(4.3),(4.2)

< diam(t) (5-m) HgOZTdofu —Zi(u) Hoo’t + diam(t) (2=m) |u‘2,t'
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We apply Lemma 2 to estimate the first summand and obtain the assertion. The resulting
constant C' equals (%)m times the constant of Lemma 2. O

The error estimates in Lemma 2 and Lemma 3 contain positive powers of diam(t).
Hence, it is possible to localize the approximation error with respect to the elements of
T1ave . Unfortunately, the dependence on the H2-norm of u is not local with respect to
the fine scale mesh. Thus it is not possible to sum up the local errors to get an optimal
global estimate. A deeper analysis is needed to prove the following global approximation
property of the velocity space.

Theorem 1 (Approximation property of XgME) Let m € {0,1}. There is a constant
C = C(Cint, p, C'IT, C'QT, d, Cext) > 0 which does not depend on h such that

|u— E°Zraru < CRE"ul, .
Proof. We start with a splitting of the error:

|u — SOITdofuﬁn’Q < ‘u — ITu‘fn,Q + Z Z ‘ITu — gOITdofu‘fmt. (4.12)
Te']'dof teT;lavc

As indicated before, the direct application of Lemma 3 leads to a suboptimal error bound
in the H'-case. In fact, we use Lemma 3 only on those (few) simplices whose nodes are
assigned to different inner simplices, i.e. it does not exist a T € T9°f such that ¢t € ’Z?la"o.
For all other simplices we will use a more local bound. Let T € 79 and ¢ € ’j—:ﬁlave. By
Ziu C Py (Rd) we denote the affine interpolation of u at the vertices of t, hy := diam(t).
Then

0 (4 2 (%—m) 0
‘8 ZTdofu—ITu‘m = |5 Zrdotu — Itu‘mt N Hé’ ZTdofu—ItuHQoo’t
59, (4-m) ] .
= h, m‘e}x |VItu-(x—%)— (Zyu(x) + VZiu- (x — X))|
XE
=TZiu(x)
(4<) h(1+2_m V(T 7 h(%—m) T, _
IV (T = T+ 15 mae (Tia) - u()
=0
L1,(4.7)
Shi ™™ | Tru — Ta| |+ b2 ful, (4.13)
where { := conv(t U {x | x € V/(¢)}). We insert (4.13) into (4.12) and get
S |Zru- £ au|?,
teTglave
< Z ‘ITu — SOITdofu‘fn’t + Z Iru— SOITdofu‘fnt
tefj‘;lave teT;lave\fj‘;lave
(423),
S S -zl il Y AR g
tefj‘;lave teT;lave\fj‘;lave
_ 2 2 2
< h? 2m< ‘ZTu _ITU“l,fTslavc + Z hf!u‘l{—i- < Z h?) |u‘2,wT )

tefj’;lavc tET;IaVC \/j’;lavc
::MLT

:ZMQ,T ::MS,T



THE COMPOSITE MINI ELEMENT 13

If we could show the existence of constants C; > 0, such that M; r < C,-h2|u|; or for all
i € {1,2,3}, then the proof is finished since

Z |u|2 < C(p, Coxt |u|2Q
Terof

In case of Mj 7 this can be done in the following way:

P ) ) L ,<.2) o 12
17 < |Tru - u‘1j;1avc +|u- ITu‘leslavc SN ‘u|2,conv(fglave)'

For the estimation of My we group simplices from 7 slave 1ot only according to their
extrapolation simplices but also according to their boundary distance. We define the sets

Ag =T Ay = {t e T9 | mgg{dist(x, o) <27%n}, keN,

and choose K such that Ay = ) for all £ > K. Their disjoint versions are given by (cf.
Figure 6b)

Ap = A\ App, 0<k<K-—1, Ag:=Ag. (4.14)

The summation in My can be re-sorted using (4.14):

= Y whEY Y 2—2’%2(%2!11!3,705)

redziave k=0 g glven, =0 7€,

ORI D ol SRS

J=0reA; teTrlven A,
§h222 2’“(2 Sty Jul? )
)= OTEA

Here, /le,T ={te fj’zglave NA, | 7Nt+#0}. Forre Aj and j > k, /le,T is an empty set.
In the other cases, j < k, its number of elements is bounded by a constant C' (ClT ,p,d)
since

dist(t1,t2) <2-27%h Vt,tp € Ay, and  |t;] > ccl, p)@*n)? vt € Ay

Furthermore, Akrr is an empty set if 7 € w;. This leads to

K k K
Mor SIS 2 Jufl =0 <Z 2—2%) uf? .
k=0 Jj=0

=0
N—_——
<2

It remains to estimate Mz 7. Let N(T) denote the set of neighbors of 7' € 79°f in 77d°f,
ie. N(T):={r € T . 70T # §}. Since TH\ T3 C U T3 we get
TEN(T)

K
TR I DI [P O o) SREEED SR ) [T

teTjglave \Tslave k=0 TGN(T) tGTfila"e m«];?lave ﬂAk

< h2‘u‘§,wT< Z Z# Tslave Tslavo Ak)2_2k>-

TEN(T) k

(4.15)
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0

S Tlave \ Flave

Ao

A
s S N

(a) Ilustration of a slave node x (b) The boundary regions A;.
and the simplex 7x from the proof of
Lemma 2 in R?.

FIGURE 6. Some illustrations for the proofs of Lemma 2 and Theorem 1.

A simplex t belongs to the set 732 0 75lave ¢ N(T), if it intersects the (d — 1)-
dimensional manifold on which the mapping

R? 5 x - Ty € argmin{dist(x, T, dist(x, 7)}

has a jump (see also 3.1). Therefore and due to (4.1) and shape regularity (2.6) the
cardinality of Z82ve N T51ave N Ay satisfies

#(TF™e N TN Ay) < 0(CF,Cf p, d)(28)2, VE=1,...,K. (4.16)

In two dimensions, the bounded number of simplices belonging to T;lave NTT™ N A is
O(1). This is not true for d = 3, however, the growth in k is sufficiently slow to preserve
the final estimate:

(4.15),(4.16) 7 K 9 9
N P
k=0

O

The derivation of corresponding approximation results for an appropriate pressure
function p € H! (€) is less technical. However, the pointwise interpolation operator Z dor
which we used up to now is not well defined for H'-functions and has to be replaced by
a quasi interpolation operator Tl : HY(Q7) — S7 of Scott and Zhang® (see e.g. [19]).
Following [19], Theorem 4.1 and Corollary 4.1, the operator Iz is bounded and it exists
a constant Cyin that only depends on p such that

lp = Tz pl|,,, < Coins diam(t) ~™[|p||, ., VteT, me{0,1}. (4.17)

As before we let p € HY(Q2) be fixed and identify it with its extension €p (cf. (4.8)). The
error estimates with respect to the inner mesh 79°f are given in (4.17) and we concentrate
on the boundary part of the mesh.

5Since we only use the approximation property of this operator and not its special structure it is
also possible to use the quasi-interpolation operator as introduced by Clément [7] or its modifications as
described in [22] and [23].



THE COMPOSITE MINI ELEMENT 15

Theorem 2 (Approximation property of MgME) There is a constant C' that depends
only on Cging, p, C'IT, C’QT, and d such that

[p = EPUgaerp|y, < Chlp||,,,. VEE€TI (4.18)
Furthermore we have the global estimate
lp = €°Lzasepll o < Chlp], o
where the constant C' depends only on Cex, p, and the constant of the local estimate.
Proof. We start by estimating the local error. Let t € 75, Then

[P — EPgacrpl|y, < ||p — U7l , + |[Lrp — EPLyacrpl, ,

(4.17),(4.3) 1
S dlamy D 1wt + 1 D0 — Tdof D ot
S diam(t)|[pl], ,, + [t[*[|Z7p — E"Zraoep|

The infinity norm of the affine function equals the absolute value of (HTp — ngTdofp)

in some vertex x € V(t), which can be estimated as follows:

[Tl p(x) — EPMzaoip(x)| = [H7p(x) — M, p(x)| < ||TTzrp — HTXPHOOJ

_1 L1 1
Sl |rp —Tapll,, < diam(T) ]2 [lp]], .,

Hence, (4.18) is proved. The global estimate follows immediately, since the overlap of wy
can be controlled in terms of p. ([l

The preceding approximation result is one basic ingredient of the error analysis in
the next section. Note that there was no restriction concerning the minimal mesh size
in 751%v¢ which will allow us to control the nonconformity in the space by adapting
the local mesh size in 75 and without increasing the space dimension. Further it is
straightforward to generalize the Theorems 1 and 2 to the case of less regular solutions,
say u € H'(Q) and p € H"(Q) for » € (0,1] by using the interpolation theory of
Sobolev spaces (cf. [3]).

4.2. Discrete stability and coercivity. In this section, we will investigate the unique
solvability of the discrete composite mini element systems. The stability proof makes use
of the boundedness of the pressure extension EP.

Lemma 4. There is a constant Cgp = Cep(p,d) such that Hé’ppHO 0 < C’ngpHO Q for

Tdof

all p € Mraor.
Proof. For ¢ € Myaor there holds

(4.3)
sl <3 I€mln S sl C% o+ 3 sl (419)
Terof te']'slavc TETdOf TETSI&VC

Since EPp|; takes its maximum in a vertex x € V(¢), there holds

L1 diam(T ) _1
ol < ol (1 S o 5 5l

where pr,, denotes the extension of p|z, (by itself) to R?. We plug this into (4.19) which
finishes the proof, since the resulting overlap is bounded by the maximal number of
neighbors in 79°f and therefore in terms of p. O

Now we can show that the composite mini element is stable for the boundary conditions
under consideration.
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Theorem 3 (Stability). XgME X M(TJME is a stable pairing, i.e. there is a constant FCME

which only depends on d, p, and the discrete inf-sup constant of the mini element such
that

inf sup —b(u, p) > fOME,
PEMFMENLY(Q) 0£ueXGME Hqu,QHpHO,Q

Proof. We start with the stability of the classical mini element X saor X M a0t With respect

to the inner mesh 79°f, which is known from [4]:

fQ pdivu

7 dof

inf sup

> 4> 0. (4.20)
07ép€MTdofnL(2)(QTdof) O#UEXTdOf ||p||0797'd0f ||u||1797'd0f

Thereby 3 does not depend on the mesh size. We define two mappings to transport this
result to the composite mini element space. The first one is just a slight modification of
EP in order to handle the LZ intersection:

~ 1
gp : MTdof N L%(QTdof) — Mg'ME N LS(Q), q +— gpq — @/ 5pq
Q

Due to Lemma 4, EP is bounded and ngqHOQ < ZC'ngpHOQ o Furthermore &P is a
’ k) T (o)

bijection since £P maps constants on constants and the preimage of a constant function
is constant. In a second step we construct a bounded mapping 7 : Xgdaot — XgME
that satisfies

/ EPqdivru = / gdiva Vg € Myaor. (4.21)
Q QTdof

This step is similar to Fortin’s lemma (cf. [4], Proposition I1.2.9), where such a mapping
is employed to deduce the discrete stability from the continuous one. Let us suppose for
the moment that 7 exists. From (4.20) we know that

2 . : g
Vg € Myaot N LG(Q7aor) Fuy € Xgaor - /Q gdivu, > §HqH0797dof

Tdof e H LA rdot”

The left-hand side can be replaced using (4.21) and the bijectivity of EP which leads to:
Vp € MPMENLE(Q) 3¢ € Myaor N LE(Q7aor), uy € Xgaor = p=EPg  and

- . 8
/delwruq =/Q qdivug > EHQHO,QTdof

g dof

u,| .
IN1,Q - q0f

Let C; denote the operator norm of w. Recalling Cgp as in Lemma 4 we get

inf sup b(u, p) > b .
peMSMENLE(Q) 0AuEXGME HuHLQHpHQQ ~ 4Cer C;

It remains to define m: Let u € Xz aor. The extension of u € X aot by zero (again
denoted by u) is mapped onto Xg—ME by using the H'-orthogonal projection (denoted by
PXg_ME). Due to (4.20) and the coercivity of a on HY(Q7dof) there is a unique u* € Xzaor
satisfying the following discrete Stokes problem of Dirichlet type in Qzdor:

/ D(u*) : D(v) —/ p divv = 0, Vv € Xrdof
Qrdot

Qrdof

/ q divu* = 9(q), Yq € Mzaor N Lg(QTdof),
Q
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where the linear form ¢ : Myaor N L3(Q7a0t) — R is given by g(q) := /g’pq div(u —
Q
PXgMEu). Defining 7u := Pxcueu + u* condition (4.21) is obviously fulfilled. The

operator m is bounded because of the boundedness of the orthogonal projection and
Lemma 4:

. 9(q)|
mu <lu +C < sup 7>
Il g < flulliq_,, otaerty e @) T, n

< (1+C7(1+3Cen))|

=Cr

u| .
‘ 1,2 q0f

O

It is remarkable that we deduced stability from the mini element with respect to the
triangulation 79°f and not from the continuous result on the complicated domain .

Next, we have to investigate the coercivity of the bilinear form a with respect to
the discrete space X$ME. We know from (2.3) that a is coercive on H}(f2). Since

XSME ¢ HE (Q) this result needs to be extended to a certain neighborhood of H ().

This neighborhood can be measured in terms of L?-norm of the trace as can be seen
in the following Lemma, the proof of which (see [15]) is analogous as the proof for the
Poincaré inequality.

Lemma 5 (Equivalent norms in H'(Q)). For all u € H'(Q) there holds HuH%Q <
2
a(u,u) + [[uf|g s

Lemma 5 implies that a is coercive on the composite space XgME if the violation
of the zero boundary condition is not too large. We will make this fact precise in the
subsequent lemma by showing that the nonconformity in the space can be controlled by
the local mesh refinement in the slave part 752 of the mesh 7, more precisely, by the
ratio

i t
R(T) = max M7 T e T,
tE TR 4NINAD dlam(T)

which can be assigned to every extrapolation simplex.

Lemma 6 (Nonconformity). There is a constant C' = C|(p, C?,T) > 0 such that

1
HuHo,aQ < C(Trél;%ﬁf R(T))h> ‘u|1,9 Yu € XGME,

Proof. Let t € TV such that tNO$ # (). We start by estimating the value of u € Xg—ME
at a vertex x of ¢

(34) iaml
u()| £ diam()|V(ulz)| = diam(t) (4.22)

|% ‘u|1,Tx‘

X
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Now we can estimate the LZ-norm of u on 99Q:

Mﬁ,ag < Z Z |antHu|c2>o,t

TeTdof teTslave 1NoOA£D
(4.22),(2.6 |60 N'¢| diam(t)’

= Z Z diam(T) d

TeTdof teTslave1no0£)

(2.6) diam(t)?
23 joangpee B2

T dof dlam(T)
(2.6) |00 N Tlave| diam(t)2| :
~ \TeT9 diam(7) @D ) diam(T) 1L

::Cg

MiT

O

In Lemma 6 we have seen that the nonconformity in the velocity space can be controlled
by the ratios R(7T") independent from the mesh size h. This fact will be important for
the error estimate in the subsequent section. For the unique solvability we want to avoid
constraints on R(7"). The right-hand side in Lemma 6 always contains at least a factor
Vh. So, in view of Lemma 5, there is an hg such that the bilinear form is coercive for
all triangulations with mesh size h < hg. The case h > hg is discussed in what follows.
The bilinear a has a nontrivial kernel given by the set of rigid body motions

R :={A -+b| A € R*? skew symmetric, b € R%}, (4.23)

and it is therefore coercive on a subspace U C H!(Q2) if and only if UNR = {0}. This
is the key to prove discrete coercivity.

Lemma 7 (Discrete coercivity). There is a constant a“™F that does not depend on h
such that a(u,u) > aCMEHuHi o for allu € XGME,

Proof. Let u € XgME, A € R¥™? be skew symmetric and b € R? such that u(x) =
Ax + b. Then, by definition, u(x) = Ax+b = A (x — X) in a slave node x and we get
Ax = —b for all X € {X; | x; € ©%2¥}. Since span{X; | x; € ©°%°} = R? this can only
be true if A =0 and b =0. O

4.3. A priori error estimate. This section provides the main result on the convergence
of the composite mini element method.

Theorem 4. The discrete problem (3.6) has a always a unique solution. Furthermore if
(u*,p*) € (Hy nH™"(Q)) x (LF(Q)NH (), v € (3,1], is the solution of (2.1) then
we have the following a priori error estimate:

Vv
o =l g+ " =2l < C [ Coppet +  sup P luzn

I£]
orvexgre [Vl o

r—1,°

where the constant C depends on oMF, FCME

Theorem 1 and 2.
Furthermore if @ = Qr or R(T) < A" for all T € T then

while Cyppr depends on the constants in

la” = ully o +lp" = pllgo S Y]], 0
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Proof. The unique solvability is a consequence of the Theorems 3 and 7. Following the
abstract mixed theory presented in [4], especially Proposition 2.16, we additionally get
the following error bound

I =l g+ " =plog § it [ue = vl g+ inf [o" ]
1,9 p p O,Q ~ veXS’-ME 1,9 qEMg—ME p q O,Q

|a(u*, v) +b(v,p*) = (£, V) g

+ sup
0£AVEXGME vl 1,0

=K

The infima have been estimated in Section 4. The supremum which reflects the error
due to nonconformity in the space can be estimated by using the identity

/ Du*: Dv + / prdivv —(f,v)gq = / (Du* — p*Iq)v,v), (4.24)

Q Q oN

which holds for the solution (u*,p*) and an arbitrary v € H'(2), and the trace theorem
P50+ 127600 S Il 0+ 177115 o (4.25)

Therefore the nonconformity error K can be estimated as follows

(4.24),(4.25) ) 92 \% H"Ho a0
= * |2 * R
S (P P I et

Finally, the assertion follows from the regularity estimate (2.5) and the interpolation
theory of Sobolev spaces (cf. [3]). O

5. NUMERICAL EXPERIMENTS

Typical applications of the composite mini element are flow problems on domains
with rough outer boundaries which arise for instance in the modeling of rivers, lakes, and
oceans where the shorelines are rarely smooth. Model Problems of such type have been
investigated in [15]. The results show that the theoretical estimates of the previous section
are sharp for the test problems. Performance tests for composite finite elements for the
Poisson equations and elasticity problems can be found in [17] and [16], where especially
the use of overlapping meshes has been investigated. The subsequent experiments are
addressed to flow problems on complicated domains with mixed boundary conditions.
Our first model problem on the unit square with 100 randomly distributes circular holes
of diameter 0.005 is depicted in Figure 1:

—Au+Vp = 0 in €,
diva = 0 in £,
u(x) = 0.5(1+ cos(8m(x2 —0.75))), Vx eI, (5.1)
2(Du(x))r(x) = p)r(x), vx e TV,
u(x) = 0, vx € 00\ (T'mu V),

where I := {0} x (2,%) and TV := {1} x (£,2) U (2, ). The difficulties of problem
(5.1) not only stem from the holes but are also related to the mixed boundary conditions.
The second test problem (see Figure 7) models a force driven flow in a perturbed unit
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(a) Model domain Q := {x € R?* | 0 < x1 < (b) Solution velocity (black= 0, white= 0.5).
1, g(x1) < x2 < 1}, g(x1) := asin(wnx1), a :=
0.001, w := 199.

FIGURE 7. A model problem: Force-driven Stokes flow in a domain with
rough slip bottom boundary.

square (rough bottom boundary) with mixed Dirichlet and slip boundary conditions:

—Au+Vp = f in Q,
divu = 0 in £,
uix) = 0 vx e TP, (5.2)
(u(x),v(x)) = 0, Vx € 00\ I'P,
Dux))r(x) = (Px)TDux)rx))rvx), vxedQ\IP,
where f(x) 1= (cos(2mx2)sin(2mx1), (2 — 3x2)° sin(mx2) cos(27x1))” and T'P := {0} x

[0,1] U [0,1] x {1} U {1} x [0,1]. Analytical solutions of (5.1) or (5.2) are not known,
approximations on very fine meshes will be used for the error indication instead. We will
investigate the mini element spaces with respect to coarse shape-regular meshes (see,
e.g., Figure 3 and 10) for the domains of (5.1) and (5.2). They resolve the geometric
details of the domain, i.e. the rough boundaries and holes, as well as the inflow and
outflow boundaries. The definition of the method in Section 3 has left some freedom in
the choice of the inner mesh 79° determining the composite mini element space. We
will use the simplest possible rule:

te T o dist(t,00) > 1pte

In case of boundary concentrated meshes as depicted in Figures 3 and 10 this choice
leads to moderate constants in condition (4.1), at least for A¥'8¢ € (0, h). Note that this
choice does not take any special properties of the model problems into account. The
sparse linear system SCMEwCME — o which arises from the composite mini element
discretization of (5.1) and (5.2), can be assembled locally in the usual way (see [11], [16],
and [15]). The resulting system matrix is SCMF fulfills

SCME — (ECME)TSECME

ECME SCME

where

is the matrix representation of the linear operator presented in (3.5).
ECME

is a sparse rectangular matrix with order #7 number of rows but only order #7 4ot
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(a) Relative H' (Q) velocity error (o) and rela-  (b) Relative L?(2) pressure error (o) and rela-
tive space dimension ((J) versus h*'*°, h = 0.05.  tive space dimension ([J) versus h*'*"®, h = 0.05.

CME-error

Mini-error

F1GURE 8. Relative errors
relative system dimensions % (O) for resolving triangulations with
h = 0.05 under the variation of the parameter h*®® € (1073,1). The
product of relative error and relative dimension, depicted as a dotted
line, indicates the efficiency of the coarsening process.

in suitable Sobolev norms (o) and

number of columns. It is obvious that the composite system matrix S®MF is (much)
smaller than the classical mini element matrix S. Sparsity can thereby be preserved
since the support of the composite mini element basis functions remains local. As a
consequence the storage requirements are reduced and a (possibly) much smaller system
has to be solved.

Before we present numerical results we will comment on the handling of the boundary
conditions that are not covered by the theory presented before. The inhomogeneous
Dirichlet boundary condition can be handled in the standard way. By introducing a
discrete vector field ug : @ — R? that approximates the inflow condition sufficiently well
the problem can be reduced to a homogeneous problem with a modified right hand side.
Note that ug can be chosen in the full mini element space based on a possibly fine mesh
close to the inhomogeneous Dirichlet boundary which allows to handle even complicated
Dirichlet data. It is therefore independent from the choice of A%12¥¢. From the pressure
part of the composite mini element space we know how to deal with functions that are
unconstrained on the domain boundary. We simply use £P component-wise to define
the values of the velocity test functions close to the Neumann boundary. For the slip
boundary condition in (5.2) we use EP in tangential direction and £° in normal direction.
A theoretical justification of this procedure has been presented in [15] where the use of
slip boundary condition is discussed in detail. The question which extension has to be
used in a slave node x is decided by its closest boundary point X that either belongs to
the Dirichlet, Neumann, or slip boundary.

We will use Problem (5.1) to investigate the behavior of the error and the system
dimension on two coarse triangulation for varying choices of the parameter h%2ve. Figure
8 summarizes the results: In both plots the lower curves ([J) represent the compression
rates, that is the quotients between the dimensions of the composite spaces for varying
values of A% and the classical mini element space. The upper curves (o) show the
relative errors (left: velocity, right: pressure), more precisely the quotient of the errors
of the composite approximations and the full mini element approximation. In between,
the dotted curves (x) are the product of compression rate and relative error. It can be
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(a) Reference output. (b) Mini element output, space (¢) CME output, space dimen-
dimension ~ 7 - 10%. sion =~ 10*.

F1GURE 9. Outflow behavior of the model problem of Figure la: Velocity
components (z; solid, x2 dotted) on {0} x (0,1) and on {1} x (0,1) for
the reference approximation (a), the full mini element approximation (b)
on the triangulation from Figure 3 and composite approximation (c) for

hslave ~ B~ 0.025.

seen that the errors stay almost constant as A%V tends to h. Since the space dimension
rapidly decreases at the same time the efficiency of the composite method increases. Only
for values of h¥18V® > h the pressure error becomes large which indicates that the pressure
extension depends more critical on the choice of h¥®v®. This is not surprising, since
information from the boundary conditions is not available. However, the velocity error in
Figure 8a is not affected from the worse pressure approximation and the behavior is fine if
hs1ave < k. In Figure 9 it can be observed that the generalization of the composite method
to Neumann boundaries works well for the model problem under consideration. Due to
the extension there is an expected loss in smoothness but the general outflow behavior
can be captured without placing additional degrees of freedom. This indicates a certain
potential of the method not only for problems with complicated boundaries but also
with complicated boundary conditions, i.e. complicated Dirichlet data or complicated
distribution of mixed Dirichlet-Neumann boundary conditions.

Finally, we use the second model problem (5.2) to investigate the convergence rates as
the mesh size h decreases. Thereby we compare the classical mini element on a resolving
triangulation (Mini), its composite version (CME) for A% = 0.1h and a classical mini
element with respect to non-matching, quasi uniform triangulations (uniformMini). All
approaches and the according parameter choices are summarized in Table 10. The results
of the slip model computations are depicted in Figure 11, where the dependence of the
velocity and pressure errors on the mesh size and the system dimension are depicted. We
make the following observations:

(1) The (conforming) mini element and its composite version converge at the pre-
dicted optimal (linear) rate (cf. Figure 11a). The compressed method CME is
only slightly worse than the full version (cf. Figure 11a). Note, that the error
of the composite method is larger than full mini error only in a near boundary
zone. Away from the rough boundary the errors are almost equal, i.e. pollution
effects can not be observed for this test case (cf. Figures 11b).

(2) The quasi uniform approach is not competitive (cf. Figures 11a-b). The reason is
that the very crude approximation of the boundary conditions spoils the overall
discretization too significantly. That means that our choice of the minimal mesh
size for the boundary resolution cannot be weakened without increasing the errors.

(3) The dimension of the composite mini element space behaves like h=¢ (cf. Figure
10d). That means that the composite mini element preserves the accuracy of the
full mini element space on the coarser levels while the cost is comparable with the
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(a) Classical mini ele- (b) Composite mini ele- (c) Nonconforming (d) System dimension as a
ment (Mini) on a resolv- ment (CME) on a resolv- classical mini element function of h.
ing mesh (minimal mesh ing mesh with marked (Mini) on quasi uniform
size 2710). degrees of freedom (e) mesh.
(minimal mesh size 277,
hslavc — h)

F1GURE 10. The different approaches for the solution of the model prob-
lem (5.2).

075 = = 075 = - : 0 n 5
10 107 10 10 10 10 10 10 10* 10°
h h number of unknowns

(a) Error on € as a function of h. (b) Error on (0,1) x (0.1,1) as a (c¢) Error on  as a function of
function of h. the system dimension.

FIGURE 11. Convergence of the methods applied to model problem (5.2).
The errors (sum of H!-velocity and L2-pressure error are plotted versus
the maximal mesh size h and the system dimension: Mini (dashed, O),

CME (solid, o), uniformMini (dotted, X ).

quasi uniform approach. This underpins the efficiency of our “fuzzy” treatment
of the boundary conditions.

(4) The composite method is the most efficient method in this test case. Though the
full mini element produces slightly smaller errors than the composite element,
the resulting system dimension is up to 100 times bigger than for CME on the
coarsest level (see Figure 11c¢). In contrast to CME the less costly quasi uniform
method produces unsatisfying approximations.

The gain of the composite method depends on the maximal mesh size h. If h is small
enough to resolve the domain the composite and the full method are almost equal in
cost and accuracy. If one is satisfied with only moderate errors, or one is restricted to
smaller dimensions then the composite method is the better choice. Refinements in the
triangulation which are due to geometric issues do not need to be treated by degrees of
freedom.
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