
Math 109a. Autumn 2004.

Homework 6

In this homework set, you may use that

• πn(Sn) is infinite cyclic group generated by the homotopy class of the
identity map Sn → Sn.

• For k > n, πk(S
n) is finite except when n = 2i and k = 4i− 1.

1. Prove that that the spaces S2 ∨ S1 and ∨∞i=1S
2 have the same n-

homotopy groups for n ≥ 2. Are those spaces homotopy equivalent?

2. Prove that the Hopf fiber bundle S3 → S2 is not trivial.

3. Prove that there is no retraction RP n → RP k for n > k > 0.

4. (a) An exact sequence of homomorphisms of abelian groups

0 → A
α→ B

β→ C → 0

is called split if there exists a homomorphism γ : C → B such that
βγ = idC . Prove that for split sequences as above, B ' A⊕ C.

(b) Let Sn−1 = Sn ∩ {xn+1 = 0} ⊂ Sn, n ≥ 4. Using the long
exact sequence of homotopy groups, compute πk(S

n, Sn−1) for k =
2, . . . , n.

5. (a) Prove the Brouwer fixed point theorem: every continuous map
f : D̄n → D̄n has a fixed point.

(b) (weak Perron-Frobeneous theorem) Let A be a nondegenerate (n×
n)-matrix with nonnegative entries. Using the Brouwer theorem,
prove that A has a positive eigenvalue with eigenvector whose
coordinates are nonnegative. (Hint: Consider a map f : R ×
[a, b] → R× [a, b] where R is a closed region in Rn and a, b > 0.)


