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Solutions to Problem Set 8
Feedback

Problem 8.1 was done well, and there were only some minor mistakes in computation of Fourier coefficients.
There was a common mistake in Problem 8.2 in computation of Fourier coefficients: note that Fourier
coefficients can not depend on the variables « and y. In Problem 8.3, some people missed to explain why the
function f is measurable and why the series converges. Most people had the right idea how to solve Problem
8.5, but there was some confusion about computing the right condition on n.

Solutions

Solution to Exercise 8.1

Consider the translation on the torus R, : T? — T? by the vector a = (a1, az) € R?, which is the map given
by
Ro(x1,22) = (1 + 1 mod 1,292 + a2 mod 1).

One can check that R, : T?> — T? preserves the two dimentional Lebesgue measure A on T? (you can try to
prove this as exercise). Assume that o is an irrational vector, that is there is no n = (ny,n2) € Z?, n # (0,0),
such that

<n,a>=nja; +ngas =k for some k € Z.

and let us show that R, is ergodic with respect to A by using Fourier series. To prove ergodicity it is enough
to consider a function f € L?(T?, \) that is invariant under R,, that is f o R, = f, and to show that f has
to be constant A-almost everywhere. Since f € L?(T?, \), we can represent f as a 2—dimensional Fourier
series, that is

n=(n1,n2)€Z?

1ol
f(z1,20) = Z cp@?TSEZ L where ¢y = Cny iy :/ / flay, mg)e 2mimmtnae) g dz, (1)
o Jo

are the Fourier coefficients and the equality holds in the L? sense .

Computing the Fourier expansion at Ry (21, z2) = (z1+a1 —k1,x2+as—ka) (where kq, kg are respectively
the integer parts of 1 +aq and x2 + ), since e~ 2minaky — g—2minak2 — | hecause kyng and kono are integers,
we get

fo Rg(xl, $2) — E 62627”'[711(ﬂ?1+041*k1)+n2(962+02*k2)]
(n1,m2)€Z2 (2)
_ § cn627r1'(n10c1+n2a2)62ﬂi(n1r1+ngmg) (SiIlCG eQﬂi(—nlkl—n2k2) — 1)

(n1,n2)€Z? B
Alternatively, in a more compact form one can also write R, (z) = z + « — k and thus

f(RQ(Q)) — 2 :cﬂez-m<g,g+g—&> _ E :Cﬂe2m<g,g>e2m<g,g>e—2m<@,k>

nez? nez?

2 : Cﬂe2m<ﬂ,g>e2m<g,£> (since 672M<Q’E> _ 1).

nez?

By invariance of f, since f o R, = f, we can equate (1) and (2):

n=n€Z? nez?
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2mi<n,r>

By uniqueness of Fourier coefficients the coefficient of the term e must be the same in the two

expressions, thus for any n € Z2 we have

Cn = 62m<g,g>

Cn.-
If n # (0,0), by assumption < n,qa > is not an integer, thus e?™<%a> -£ 1 g0

(1—e*™<n2>)e =0 = ¢,=0.

Thus the only non-zero term in the Fourier expansion is possibly ¢ (g0, so f is constant. This complete the
proof that if « is irrational, R, is ergodic.

Solution to Exercise 8.2

Let X = T? with the Borel o—algebra, A the Lebesgue measure \, o € R and consider the map T : T? — T?
given by
T(x,y) =(r+« modl,z+y modl).

Let us first assume that « is irrational. To prove that T is ergodic with respect to A ergodicity it is enough
to consider a function f € L?(T?,)) that is invariant under T, that is f o T = f, and to show that f has
to be constant A-almost everywhere. Since f € L?(T?,\), we can represent f as a 2—dimensional Fourier
series, that is

1 1
f(I, y) _ Z Cﬂe27ri(nlm+nzy)7 where Cn = Cnymy = / / f(l,7y)672ﬂi(n11+n2y)d$dy, (3)
0 0

n=(n1,nz)€Z?

are the Fourier coefficients and the equality holds in the L? sense.
Evaluating the Fourier expansion at T(x,y) = (¢ + a — k1,2 +y — ka) (where k1, ko are respectively the
integer parts of z +« and x +y), since e 271k = ¢=2minzk2 — 1 hecause kyny and kony are integers, we get

f o T(m, y) = Z Cn627”;[n1(z+a7kl)+n2(ib+y7k2)]
(n1,m2)€Z?
= Z cn62ﬂ-i(n1a)627ri((n1+n2)x+n2y).

(4)

(n1,n2)€Z?
By invariance of f, since foT = f, we can equate (3) and (4):

071627r7,'(n1:r+n2y) _ E Cn627ri(n1 ) 627ri((n1+n2):v+n2y) )

n=(ny,n2)€Z? (n1,n2)€Z2

By uniqueness of Fourier coefficients the coefficient of the term e2 (M1 +n2)x+n29) mygt be the same in the
two expressions, thus for any n € Z? we have

Crytngmy = € . (5)
Thus, |€n, +ny,ns| = [Cny n,| and applying the identity (5) again to ¢, ny = Cny4ny,n, and so on by induction,
we get
|Cn1ma| = Cnidnanal = [Cnit2nana| =+ = [Cnythnama| = - - (k €N)

If no # 0, nok — 0o as k — oo, and so does the norm of the vector (ny + kna, ng). Thus, by the Riemann
Lebesgue Lemma,

lim |Cn1+kn2,n2| =0.
k—o0
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Since the value of |¢y, 4kny,n, | is independent on k, this shows that it has to be zero, so, for k = 0 we already
have

|Cn1,n2‘ =0 = Cnyng = 0, V ng 7é 0.
Let us now consider the coefficients with ny = 0. The identity (5) become

2ming @ PN

2mwing
Cnyo=¢€ Cny 0 1)

cnio(l—e = Cn, 0

Since « is irrational, the orbit OF, _(0) of 0, which consists of the points R, (0)n>0 = {na} for n € N, consists
of distinct points. Thus, if ny # 0 {nia} # {0 a} =0, so (1 — *™™1<) =£ 1. This shows that if no = 0 and
n1 # 0 we have

Cni,0 = 0.

Thus, combining the two conclusions, ¢, n, = 0 for all (nq1,n2) # (0,0) and the only non-zero term in the
Fourier expansion is possibly c(g ), so f is constant. This complete the proof that if « is irrational, T' is
ergodic.

To complete the proof of the if and only if, we now have to show that T is not ergodic if « is irrational.
Let a = p/q. It is enough to find a function f : T? — T? which is invariant and not constant. Consider for
example the function

f(z,y) = sin(2mqx).

Clearly f is a non constant function. Let us show that it is invariant by computing

f(T(z,y)) = sin(2mq (ac + Z)) = sin(27(qx + p)) = sin(2wqx).

Thus, foT = f. This shows that T is not ergodic when « is rational.

Solution to Exercise 8.4

Let G: X — X be the Gauss map and p the Gauss measure.
Part (a) We can write

x)—ilo (n) where P, = R
- g XPn,’ n - 7’L+1”I’L

and yp, denotes the characteristic function (xp, (z) = 1 if z € P, and 0 otherwise). The preimages f~!(A)
are the unions over P,,’s over n such that log(n) € A. In particular, this implies that f is measurable.

The sequence fy(z) = Zgzl log(n) xp, is a sequence of simple functions (finite linear combination of
characteristic functions) which converge monotonically to the positive function f as N — oo. Thus, by
definition of integral with respect of a measure (see Step (2’) and Step (1) in the definition of integrals,
Lecture Notes § 3.4)

N N e}
/ fdu=lim / fvdp= lim_ / nzllog(N )xp,dp = ngnoo;bg(n)u(Pn) = ;log(n)u(P

Recall that the measure p is given by the density m, thus
1/’!‘L 1
d 1 1 —_
/fu Zog ((n+1 n}) Zog /il (14 x)log2
> log(n) 1 logn (n+1)2
= 1 14+—]—1(1 14+ —
Z log 2 <0g< +n> <og< * )) Zlog2 n(n + 2)
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To check that f € Li(u), one needs to check that [ |f|du < +oo. Since f >0, |f| = f, thus it is enough to
check that the above series is convergent. Since for 0 < z < 1

— 1 1
log(1+x):x—ac2+ac3—~-~:a?(Z(—l)kxk> =z e =T sz,

k=0

we can estimate the n term of the series by

(n+1)? n?+2n+1 1 1 1
— ] =1 — | =1 1 < < —.
g(n(n+2) C\ T2t 2 °8 +n2+2n ~n?2+2n " n?

Thus, the series is bounded above by the series

Zlogn (n+1)2 < 1 Zlogn’
log 2 n(n +2 log2 = n?

n=1

which is convergent (for example by the comparision test with the series Zn N where € is any number
such that 0 < e < 1, since logn < n¢ for all n sufficiently large and the series 2 | nzl,e is convergent since
2 —e€>1)). This Concludes the proof that f € L(u).

Part (b) Consider
1 n—1
- Z log a;.
i=0
Let us show that if a; are the continued fraction entries of = [ag, a1, ..., an,...], then

loga; = f(GZ(I)),

where f is as in Part (a). Recall that the entries of the continued fraction expansion give the itinerary of
x with respect to the partition {P,,n > 1}, so that ap = n exactly when = € P,, and a; = n exactly when
G'(z) € P,. Thus, loga; = logn iff G*(z) € P,. On the other hand, by definition of the function f, also

F(Gi(x)) =logn  iff Gi(z) € P,.

This shows that loga; = f(G%(z)). Thus

1 n—1 1 n—1 .
- Z; loga; = - Z:O log(G*(z))

Since G is ergodic with respect to g and f € L'(u) by Part (a), the Birkhoff ergodic theorem gives that for

p-almost every point x € [0, 1]
n—1
.1 i -
Jn L 3@ w) = [ @

Part (c) Let us now show that the geometric mean of the entries of the CF of z, that is

e

A}gnoo(aoag PN CLN_l)

exists for p-almost every z € [0,1] and let us compute it.
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Combining Part (b) and Part (a), for p-almost every x € [0, 1] the following limit exists and is given by

S Sy )

Remark that, taking the exponentials of both sides for a fixed N we get

1
£ s _ (35 tos@0) ¥ _ [ TT gloster) | X
eN 2ui=0 ; :(e =0 08 ‘) = He i = (apaz...an—_1)V (7)

and respectively

N legn [ (ntD)? N (nt1)? ToE N )2 T
En 1 Tog2 log n(n+2) _ H eIOg n(n+2) H € (8)
n(n + 2 '
n=1

Thus, since the exponential function is continuous, for the same (full measure) set of = for which the limit
(6) exists we have

2~
|

lim (agaz...ay—1)¥ = Nnglooe%ifiﬁ‘logw (by (7))

= elimn—soo & 205" log(ar) (by continuity of the exponential)

1 (n+1)?
limy oo Zn 1 1227211 g(n?n«#?))

(by (6))

=€

N
o (n 4 1) =2 -
= ]\;gnoo 1] (n(n ey (by continuity and (8))

’:1

o ((n+1)? o . P
W2 (by definition of infinite product).
n(n

Solution to Exercise 8.5

Let us compute the frequency of occurence of the digit k as second leading digit of {3"},>3. Notice that
the second leading digit of 3™ is k if and only if there exist integers r, s, where 1 < s < 9 and0 < r > 9, such
that

s10" ! 4+ k10" < 3™ < 510" + (k + 1)10".

[For example, if we consider 36 = 2187, taking s = 2, r = 2 and k = 1 we have 2-10% +1-102? < 2187 <
2103 4 2 - 102 shows that the second leading digit of 2187 is 1.] Remark that if there is a second leading
digit, there should be a leading digit, so s > 1. Let us rewrite it as

(10s + k)10" < 3" < (10s + k + 1)10".

Taking logarithms in base 10 and using the properties of logarithms (as log;,(ab) = log;,(a) + log,,(b) and
log,o 10" = 1),

log1((10s + k)10") < logy, 3™ < logyo((k + 1)107),

log10(10s + k) + r < nlog;y3 < logyo(10s + k + 1) +r,

nlogyy 3 € [r +1ogo(10s + k), r + log,o(10s + k + 1)) . 9)
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Remark that since 1 < s <9 and 0 < k <9, we have
10<10s+ k+1 <100 = 1 <logo(10s+k+1) <2.

Thus, for any fixed k, since log,y(z) is an increasing function of z, the intervals [r 4 log,,(10s + k), +
log;,(10s +k+1) for 1 < s <9 are all disjoint and contained in [r+ 1,7 + 2). Considering both sides of the
equation (9) modulo one, the second leading digit is k if there exist an integer 1 < s < 9 such that

(nlog1y3 mod 1) € Iy s, where I, s = [log1o(10s + k) — 1,log,¢(10s + k£ + 1) — 1],
or equivalently,

9
(nlogyp3 mod 1) €I,  where I =] Is.
s=1

Notice that if we call o = log, 3, the sequence

(nlog;p3 mod 1),eny =0, log;p3 mod1, 3log;;3 mod1l, 3log;, modl,...
=0, log;;3 mod1l, log,;3+1log; ;3 mod1l, 2log;y3+logp3 modl,...

is the orbit OEQ (0) of 0 under the rotation by «. Thus,

Card{0 <n < N such that the leading digit of 3" is k }

N
Card{0 <n < N such that (nlog;;3 mod 1) eIy }
N =
Card{0<n <N suchthat R*(0) €[y } 1 X< .
5 : = & Y (B0,
n=0

One can show that log;, 3 is irrational, thus R, is an irrational rotation and hence it is ergodic with respect
to the Lebesgue measure. By Remark 3.7.1 in the Lecture Notes (§ 3.7), the Birkhoff sums of an ergodic
rotation converge for all points to the integral, so

. Card{0 <n < N st. the leading digit of 3" is k} 1 n B
N N = Jim =3 X (RE(0) = ALy

Since each Iy is union of intervals Iy ; = [logy((10s + k) — 1,log,((10s + k + 1) — 1] that are all disjoint,
9
Ale) = A (U Ik,s) =
s=1 s

9
(log1o(10s + &k + 1) — log,4(10s + k)) = Zlogm <1 +
1 s=1

9
)‘(Ik,s)
1

M

105+k) '

S



