Functional Analysis Exercise sheet 8 — solutions

1. Each element z,, defines a linear map L,, : X* — C by L, (f) = f(zn).
Since the sequence f(x,) is Cauchy, it is bounded. Hence, there exists
¢ =c(f) > 0 such that |L,(f)| < ¢ for all n. We note that X* is also
a Banach space. By the Uniform Boundedness Theorem, sup,, || L,| <
oo. Finally,

[ Lnll = sup{[Ln ()] = [If]] = 1} = sup{[f(zn)| : [f]| =1} = [lznl]-
This proves that the sequence x,, is bounded.

2. (a) Suppose that ||z, —z| — 0. Then for every y € H,

| (Zn, y) = (2, 9) | < [lan —z|lllyl] = 0.

Hence, x,, — = weakly. Also by triangle inequality,

lznll = llzl| < [len — 2| — 0.
To prove the converse, we observe that
2 = z|? = [|2[* = (20, 2) = (@0, 2) + [J2a]*.

By weak convergence, (z,,,z) — ||z||*>. Hence, ||z — z,]|> — 0 as
required.

(b) We have

| @nsyn) = (@ 9) [ < [ (@0, yn) = (@ yn) |+ [ {2, 00) — (2,9) |
= [ (@n =2 yn) [+ (2,90 = 9) |-

Since y, — y weakly, the second term converges to zero. By
Cauchy-Schwarz inequality,

| (@n =, yn) | < llan — |[|ynll

Since y, is weakly convergent, it is bounded. Hence, it follows
that | (zp, —z,yn) | = 0.

(c) This is not true in general. For example, consider H = ¢? and
Ty, = Yn = €n. Then e, — 0 weakly, but (e,,e,) = 1 does not
converge to zero.

3. (a) Let L(f) = f(0). We claim that L, — L weak®. Since f is
continuous, for every € > 0 and n > ng(€), we have |f(t)— f(0)| <
e for all t € [0,1/n]. Then

1/n
Lo(f) = L(f)] < n /0 F(t) = F(0)]dt < e.

Hence, L, (f) — L(f) for all f € C(]0,1]).



(b) It follows form (a) that if L,, — S in norm, then S = L. Consider
a function f, such that 0 < f,, <1, f,(0) =0, and f,, = 1 on
[, 2], Then || f,|| =1, and
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1/n

|Ln(fn) = L(fa)| =n fa(t)dt| >

0

Hence, || L, — L|| > %, and the sequence L,, does not converge in
norm.

(a) For n <m,

m 2 m
1Pz = Pl = || Y0 (moen)er|| = D [ (zen) |
k=n+1 k=n+1

Hence, by the Bessel inequality, ||P,z — Ppz|?> < ||z[|?>. This
proves that ||P, — Pp,|| < 1. For & = ey, ||Prx — Ppx| = |len]|-
Hence, ||P, — Pp|| = 1.

If we suppose P,, — P for some P in norm, then [|P, — Py || <
|P, — P|| + ||P — Pnl|| = 0 as n,m — oo, which is impossible.

(b) Werecall that for every x € H,z = > 70 (z,ex) ep and > oo | (z,ex) |2 <

oo. Hence,
00 N
1P — Tzl| = || D> (woex)er|= lim | Y (z,ex)ex
N—oo
k=n-+1 k=n+1
N 00
= lim Z | <.’B,€k> |2 = Z | <x7€k> ’2a
N—oo
k=n+1 k=n+1

and ||Pyx — Iz]| = 0 as n — oo.

(a) We first note that since A,, strongly converge, the sequence of
norms ||A,|| is bounded. We fix ¢ > 0 such that ||A,|| < ¢ for all
n. For every x € X,

|AnBpx — ABz|| < ||ApBpz — A, Bz|| + || A, Bx — ABz||
< [|Anll|Bnz — Bz|| + [[An(Bz) — A(Bz)]|
< ¢||Brx — Bz|| + [|An(Bz) — A(Bz)|

Since A, > A and B, > B, we have ||B,z — Bz| — 0 and
|An(Bz) — A(Bz)|| — 0. Hence,

|ApBnx — ABz|| — 0.



(b) Consider the operators A,, B, : > — (? defined by B,z =
(z,e1) e, and A,z = (x,e,)e1. For every x,y € (2, (Byx,y) =
(z,e1) (en,y) — 0, and ||A,z|| — 0. Hence, A, > A and
B, % B. We also have A, B,z = (z,e1) e;. Hence, A, B,, /> AB.



