
Dynamics/Quantum Chaos. Winter 2013.

Homework 3

(1) Complete the estimates in the proof of the Weyl law (Lecture
6).

(2) Prove that for a function f on Γ\PGL2(R), Γ = PGL2(Z), the
Hecke operator Tp is given by

Tpf(Γg) =

p∑
i=0

f(Γγig),

where

γ0 =

(
p 0
0 1

)
and γi =

(
1 i− 1
0 p

)
, i = 1, . . . p.

(Hint: describe all subspaces of Fp ⊕ Fp.)
(3) Prove that the Hecke operators satisfy:

T 2
p = Tp2 + (p+ 1)I,

TpTpn−1 = Tpn + pI, n ≥ 2.

(4) Prove that the Hecke operators Tpn are self-adjoint and com-
mute with each other.

(5) Let Xp = PGL2(Zp)\PGL2(Qp) and x ∈ PGL2(Z)\PGL2(R).
Show that the corresponding map

Xp → ∆p(x)

to the Hecke tree at x is injective.
(6) Describe the orbits for the action of SL2(Qp) on the tree Xp =

PGL2(Zp)\PGL2(Qp).

In the following problems, Bn,δ(x) denotes the Bowen balls on X =
Γ\SL2(R).

(7) Show that if y ∈ Bn,δ(x) and z ∈ Bn,δ(y), then z ∈ Bn,2δ(x).
(8) Let ν be the probability measure supported on a closed geodesic

in X = Γ\SL2(R). Show that

ν(Bn,δ(x)) 9 0 as n→∞.
(9) Let ν be the invariant measure on X = Γ\SL2(R). Show that

ν(Bn,δ(x)) ≤ c(δ, x)e−2n.

(10) Let ρ be a geodesic line in H such that its endpoints are rational.
Prove that its projection under π : H → M = SL2(Z)\H is
divergent (i.e., for every compact Ω ⊂M , the intersection π(ρ)∩
Ω is a bounded set of the line π(ρ)).
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